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Abstract—In this paper, we present a simple path-loss prediction
model for link budget analysis in indoor wireless local area net-
works that use heating, ventilation, and air conditioning (HVAC)
cylindrical ducts in the 2.4–2.5-GHz industrial, scientific, and med-
ical band. The model we propose predicts the average power loss
between a transmitter–receiver pair in an HVAC duct network.
This prediction model greatly simplifies the link budget analysis
for a complex duct network, making it a convenient and simple tool
for system design. The accuracy of our prediction model is verified
by an extensive set of experimental measurements.

Index Terms—Heating, ventilation, and air conditioning (HVAC)
systems, indoor wireless local area networks (WLANs), Internet
access, path-loss prediction model.

I. INTRODUCTION

RADIO communications can offer convenient and cost-ef-
fective solutions for providing broad-band wireless access

in indoor environments [1], [2]. However, the performance
of conventional methods for indoor wireless communications
suffers from unpredictable and variable attenuation by the
intervening structures and obstructions in buildings such as
walls, partitions, elevators, etc. [2]–[4]. A new and promising
approach for transmitting and receiving radio frequency (RF)
signals in indoor environments is the use of heating, ventila-
tion, and air conditioning (HVAC) ducts, which was recently
reported [5]–[11].

Published work on the topic of an indoor radio-propagation
channel dates back to 1959 [12]. However, most of the measure-
ments and modeling work have been carried out in the last two
decades with few exceptions, which coincides with the world-
wide success of cellular mobile communication systems. Pre-
vious research dealt with measurements and modeling of the
radio propagation within and into buildings [1], [2], [12]–[20].
The work presented here, however, is more related to the work
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Fig. 1. Experimental setup after [8]. The HVAC duct section shown in the
figure is a generic representation; in different experiments, different composite
duct network configurations with different components (wyes, tees, bends, and
straight ducts) were used (see, for example, Section IV of this paper).

done on path-loss prediction models in tunnels [21]–[26]. Mod-
eling of radio propagation via HVAC ducts has been reported in
[8], where the authors consider only straight ducts.

Previous analysis has shown that indoor wireless networks
using HVAC ducts can support data rates in excess of 1 Gb/s
for distances up to 500 m [7]. These estimates were made
using a propagation model verified with channel measurements
on 0.3-m-diameter spiral ducts. This propagation model deals
with straight duct networks (S networks), where the network
has been considered as an overmoded waveguide. Frequency
measurements were done using simple monopole probes in
the 2.4–2.5-GHz industrial, scientific, and medical (ISM)
band and it was shown that the propagation model predicts a
frequency response that very well matches the measurements
[8]. Extension of this model to more complex elements of
the network, i.e., tees, wyes, etc., should be possible with
techniques such as cascaded scattering matrices [27]. From a
practical point of view, however, it may not be necessary to
find the exact solution to the frequency response of cylindrical
tees, wyes, etc; it is adequate to determine only the average
power loss of the received signal in a duct network that has
tees, wyes, etc. In this paper, a simple path-loss prediction
model was developed for HVAC duct communication systems
operating in the 2.4–2.5-GHz ISM band. This allows for a
simple and accurate link budget analysis in complex HVAC
duct communication systems.

The remainder of the paper is organized as follows. The
problem statement is described in Section II and duct-channel
characterization and some preliminary work is presented in
Section III. Characterization of the path-loss model for different
duct components is done in Section IV. Experimental results for
composite networks involving tees, wyes, etc., and discussions
are presented in Section V. The path-loss model is described in
Section VI, while an illustrating example based on a large-scale

0018-9545/04$20.00 © 2004 IEEE



1204 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 53, NO. 4, JULY 2004

Fig. 2. Measured data (power loss) and the linear fit as a function of transmitter–receiver separation (in meters).

experimental test bed is given in Section VII. Finally, a con-
clusion is provided in Section VIII, while auxiliary material is
relegated to the Appendix.

II. PROBLEM STATEMENT

In conventional wireless networks, the impulse-response
approach is useful in characterizing the detailed frequency
response of the channel, while average path-loss models are
used to determine the size of the coverage area for indoor radio
communications and in selecting optimum locations for the ac-
cess points. It is well known that, in wireless communications,
simple path-loss propagation models (large-scale models), such
as the Hata and Erikson models, have been used to predict the
received power level in urban areas, indoors, etc. [3], [4]. Most
of the existing models in wireless communications have been
found empirically by fitting curves or analytical expressions
that regenerate a set of measured data. Our goal in this paper is
to show that it also is possible to find (based on extensive mea-
surements) an empirical model that can accurately predict the
path loss for complex HVAC duct networks in the 2.4–2.5-GHz
ISM band.

A practical HVAC network consists mostly of bends, wye
junctions, tee junctions, etc. Therefore, in order to characterize
the path-loss model for a complex HVAC network, we need to
characterize the path loss for each duct component. The path
loss for each duct component is found by averaging the fre-
quency-response magnitude over the frequency band of interest
(2.45-GHz ISM band). The total loss of an HVAC network can
be found by adding losses due to each component. In Section V,
we present data showing that the characterization of each duct
component alone is sufficient for characterizing the approxi-
mate path-loss model for more complex HVAC networks. The
physical mechanisms affecting a modulated signal that propa-
gates through the duct is reported in [9]; therefore, we omit these
details in this paper.

III. PRELIMINARIES

In this section, we describe the experimental measurements
that we used to find the attenuation and antenna-coupling loss
in the HVAC ducts.

A theoretical approach in calculating the antenna-coupling
loss and attenuation loss has been reported in [8]; however,
here we will use our experimental measurements to determine
these parameters. For this purpose, wide-band signal-strength
measurements were made at the 2.4–2.5-GHz ISM band with
a system identical to the one used in [6]. We also used straight
cylindrical ducts 0.3 m in diameter, made of galvanized steel.
The signal was transmitted through the duct by a monopole
antenna of 3.1-cm length (approximately a quarter wavelength)
placed inside the cylindrical ducts. The receiver uses the same
antenna as the transmitter. Both antennas are connected to
an Agilent E8358A Vector Network Analyzer (VNA) via
coaxial cables (see Fig. 1). Measurements of frequency and
time response were done using the VNA in the 2.4–2.5-GHz
ISM band. Frequency measurements were then averaged over
the frequency band, thus giving the average power loss for
each measurement (see the Appendix for a justification of this
procedure). A frequency spectrum plot is also given in the Ap-
pendix (see also [8]). In all of the measurements described, the
ends of the duct networks were open, approximating matched
loads. Reflections from an open end of a multimode cylindrical
waveguide are generally very small when the number of modes
is sufficiently large, as demonstrated in [8].

To find the total attenuation per unit length, we used the “cut-
back” or differential method [28], whereby a set of power mea-
surements over the required spectrum were taken, in this case
2.4–2.5 GHz, using a long duct. Losses due to cabling were
removed by network-analyzer calibration. Eleven straight duct
sections with a length of 3 m each were used to construct a
duct path of length 33 m. After power measurements over a
33-m duct were made, the last 3-m duct section was removed
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Fig. 3. B network used in our measurements. A and B denote the placements
of the transmitting and receiving antennas in the duct. The ends were left open.

TABLE I
AVERAGE POWER LOSS (DECIBEL) COMPARISON BETWEEN A B NETWORK

AND AN S NETWORK WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

from the measurements and we continued with the remaining
ones, which yielded a long duct of length 30 m. This procedure
(known as the “cut-back” or differential method) was repeated
for different duct lengths and a total of 62 measurements were
made. A linear fit was used for the measured data to extract the
attenuation and antenna coupling loss (see Fig. 2). The attenua-
tion loss was found to be 0.16 dB/m, while the antenna coupling
loss was found to be 14.8 dB.

IV. CHARACTERIZATION OF PATH-LOSS MODEL FOR

INDIVIDUAL DUCT COMPONENTS

The measurement procedure for bends, tees, and wyes junc-
tions was similar to that reported in the previous section. The
minimum separation between the transmitter and the receiver
antennas was 3.2 m. This distance is much larger than the decay
length for the closest evanescent mode, , which is 0.2 m.
The frequency measurements made via VNA were then aver-
aged over the frequency band, thus giving the average power
loss for each measurement.

A. Bends

The bends used had a radius of curvature of 0.51 m, as shown
in Fig. 3. In this experiment, the values (distance and path loss)
reported in Table I are the average values found as follows: five
separate measurements were made with the transmitter fixed
while the receiver was positioned at different points in the duct,
each new position being 1.3 cm away from its neighbor. The av-
erage distance between the transmitter–receiver pairs was 6.1 m.
The same procedure was followed for a straight duct (S net-
work) for comparison and for the characterization of tees and
wyes (see Sections IV-B and IV-C, respectively).

Fig. 4. T network used in our measurements. A, B, and C denote the
placements of transmitting/receiving antennas in the duct. The ends were left
open.

TABLE II
AVERAGE POWER LOSS (DECIBELS) COMPARISON BETWEEN A T NETWORK

AND AN S NETWORK WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

Fig. 5. Field propagation in a tee junction with 17 equally excited modes
(HFSS simulation results). The diameter of the ducts in the simulation is 0.3 m
and the frequency is 2.45 GHz.

The power-loss comparison is given in Table I. These results
suggest that the impact of a gradual curved bend in the channel
response is very small. In a practical scenario, the HVAC duct
network might include a large number of bends and, hence, their
impact on predicting the path loss between the transmitter and
receiver cannot be neglected.

B. Tees

A T network is shown in Fig. 4 and the power-loss compar-
ison is given in Table II. Based on equal power splitting, one
would expect that the power loss in the straight duct section of
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Fig. 6. Y network used in our measurements. A, B, and C denote the placements of transmitting/receiving antennas in the duct. The ends were left open.

the T network or the perpendicular duct section of the T network
should be 3 dB greater than the power loss in an S network that
has the same distance. However, the results in Table II indicate
that the additional power loss in the straight section of the T net-
work (i.e., AB) is 8.6 dB, while in the perpendicular section of
the T network (i.e., BC) it is 11.2 dB. Presently, our hypothesis
for the explanation of this phenomenon is that, in the case of the
T network, the energy is redistributed between the modes due to
a mode conversion caused by the T junction. Since the antennas
used in the measurements can capture only certain modes, redis-
tribution of the energy between modes results in increased path
loss.

Mode conversion is a known phenomenon that happens in
multimodal waveguides with any nonuniformity (bend, tee,
cross-section change, etc.) [29]–[31]. Simulation results for tee
and wye junctions, excited via waveguide ports, obtained with
the High Frequency System Simulator (HFSS) by Ansoft also
support this explanation. These simulation results show that
the straight through loss of tee junctions is smaller than the
loss through the perpendicular section, in qualitative agreement
with the measurements (see Fig. 5).

C. Wyes

The experimental setup for a Y network is shown in Fig. 6.
Measurements were made using the VNA in the 2.45-GHz ISM
band.

A summary of the average power loss from the experimental
results is given in Table III. It is interesting to note that the av-
erage power loss for AC is 29.3 dB, while the power loss in the
other branches of the Y network are 23.9 and 21.4 dB. Again,
these results can be potentially explained with the aforemen-
tioned mode-conversion phenomenon. Thus, the energy is redis-
tributed between the modes due to a mode conversion caused by
the Y junction, which leads to the differences measured in the
path loss.

Simulation results for wye junctions excited via coaxial
probes, obtained with HFSS, also support this explanation. We
could not obtain exact agreement for the power loss in a wye
junction, probably because of many approximations in HFSS
simulation, such as hollow coax, ideal matching open end, and
no impedance mismatch between transceivers and antennas.
However, our simulations endorsed our measurements in the
sense that path BC (7.4-dB loss in HFSS simulations) is better
than AC (7.9-dB loss in HFSS simulations) and both are worse
than AB (7-dB loss in HFSS simulations). Fig. 7 shows the
path loss obtained via HFSS simulations.

TABLE III
AVERAGE POWER LOSS (DECIBELS) IN A Y NETWORK WITH 0.3-M

DIAMETER CYLINDRICAL DUCTS

V. COMPOSITE NETWORKS: EXPERIMENTAL

RESULTS AND DISCUSSIONS

In this section, we describe experiments performed with com-
posite networks and discuss the implications of the experimental
results obtained.

A. Composite Network 1: Network of Tees

The experimental setup for a composite network of tees is
shown in Fig. 8. The difference between the power loss of an S
network that has the same distance as the points of measurement
and the measured average power loss between these points is
taken to be the power loss due to tees. For example, let us assume
that we want to calculate the power loss due to tees between
points Z and S. The measured average power loss is 32.7 dB.
The power loss of an S network that has the same distance as ZS
(i.e., 14.8 m) was estimated to be 17.2 dB by using the results of
Section III. The difference between the measured power loss and
the S network is 15.5 dB. This difference is associated with the
power loss due to the three tees that exists between points Z and
S. In the same fashion, we calculated the power losses that are
associated with the number of tees along the path between the
transmitter and receiver pairs. Then, the minimum mean-square
error (mse) criterion was used to calculate the power loss due to
one, two, three, and four tees in the network.

We found that one tee introduces a power loss of 8.2 dB with
a standard error of 2.4 dB, two tees introduce a power loss of
12.6 dB with a standard error of 1.9 dB, three tees introduce a
power loss of 15.5 dB with a standard error of 2.6 dB, and four
tees introduce a power loss of 18.0 dB with a standard error of
0.9 dB (see Table IV). It is interesting to note that, after the first
tee, any additional tee added to the network will introduce an
additional power loss of approximately 3 dB. A possible expla-
nation of this is that mode conversion and scattering in the first
tee results in increased path loss. The redistribution of energy
occurs to a much lesser extent after the first tee, so that addi-
tional loss is simply the 3-dB loss from equal power division at
the tees. Hence, the first tee in the cascade of tees may behave
as a “mode filter.”
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Fig. 7. Channel-frequency response for the wye junction obtained via HFSS simulations.

Fig. 8. Experimental setup for a composite network of tees. A, F, Z, W, R, G, B, S, and T denote the placements of transmitting/receiving antennas in the duct.
The ends were left open.

B. Composite Network 2

In this experiment, we combined different duct segments
(wyes, tees, and bends) and measured the channel-frequency
response using the VNA over the 2.4–2.5-GHz frequency
range. The experimental setup is shown in Fig. 9.

Measured average power levels between different measure-
ment points are given in Table V. The first column in the table
gives the points of measurement as depicted in Fig. 9, while
the second column gives the distance between these points. The
measured average power loss is given in the third column and
the fourth column gives the expected power level between these
two points, which is found as a linear combination of the atten-
uation, power loss in each element, and the antenna-coupling
loss. For example, the path from A to F includes the wye, the
tee, and the bend; hence, the expected power loss for AF is given
as

dB (1)

TABLE IV
AVERAGE POWER LOSS (DECIBELS) DUE TO TEES IN COMPOSITE NETWORK

WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

where is the power loss at F when A is transmitting, is
the multimode attenuation loss, is the distance between A
and F, is the power loss due to the bend, is the power loss
due to the Y junction, is the power loss due to the tee junction,
and is the antenna-coupling loss. Note that depends on
the geometry of the path between the transmitter–receiver pair.
Substituting dB, dB, dB, and

dB, one gets that dB. The last column
shows the difference between the results of the measurements
and the prediction model.
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TABLE V
AVERAGE POWER LOSS (DECIBELS) IN COMPOSITE NETWORK 2 WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

Fig. 9. Experimental setup for composite network 2. A, X, Z, G, B, and F denote the placements of transmitting/receiving antennas in the duct. The ends were
left open.

Looking at the data in Table V, one can conclude that the
path-loss prediction model is in good agreement with the mea-
sured power-loss values. Thus, these results show that if we
know the power loss for each individual component, we can find
the total loss of the composite network by adding the loss of each
element.

C. Composite Network 3

In this experiment, the same duct components as in Sec-
tion V-B are used; however, the order of their placement in the
network has been changed (see Fig. 10).

Measured average power levels between different measure-
ment points are given in Table VI. In constructing this table, the
same guidelines as for Table V were followed. This experiment
again verifies the fact that we can predict the average power loss
of the composite network if the individual power loss of each
network component is known.

VI. PATH-LOSS MODEL

Generally speaking, we expect the path loss for cylindrical
ducts to depend on the following parameters:

• frequency of transmission;
• distance between transmitter–receiver pair;
• radius of the duct;
• antenna length and orientation;
• geometry of the duct network
• material of the duct.

The goal is to minimize the power loss in the duct, subject to
air-flow constraints.1 This problem can be formulated as a linear
constrained-optimization problem. The two major constraints
are the air pressure in the duct and the number of excited modes,
both of which are directly influenced by the radius of the HVAC

1It is well known that one could reduce, for example, the number of modes
in HVAC ducts by using pipes with smaller diameter. However, from a heating,
cooling, and ventilation viewpoint, this could be problematic.
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Fig. 10. Experimental setup for composite network 3. A, X, Z, C, G, and E denote the placements of transmitting/receiving antennas in the duct. The ends were
left open.

TABLE VI
AVERAGE POWER LOSS (DECIBELS) IN COMPOSITE NETWORK 3 WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

duct. Further research is needed to formulate this optimization
problem in a formal manner.

From the experimental results, we have found the power loss
in bends, tees, and wyes of a network of cylindrical ducts 0.3 m
in diameter, made of galvanized steel and excited by 3.1-cm
monopole probe antennas. We have also found that antenna loss
is 14.8 dB. A summary of the power-loss levels from our exper-
imental results is given in Table VII.

The power loss at the user in office will be a function of at-
tenuation in the duct, distance between the transmitter–receiver
pair, the geometry of the duct, and the antenna coupling loss.
Thus [see (2) at the bottom of the page] where denotes the
power received in dBm for the user in office ; de-

TABLE VII
SINGLE-ELEMENT CHARACTERIZATION OF POWER LOSS (DECIBELS) IN BENDS,

TEES, AND Y JUNCTIONS WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

notes the multimode attenuation coefficient in the duct, which
depends on the radius of the duct and the conductivity of
the material; is the distance from the access point (AP) to the
user in the office; , , and denote the number of tees,
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Fig. 11. Experimental setup at the NREC, Carnegie Mellon University.

wyes, and bends from the AP to the user; denotes the
power loss in decibels in the bends; is the antenna coupling
loss; and and denote the power loss due to the
th tee and wyes, respectively, given in Table VII.

It is worth mentioning here that, for other frequency bands,
duct diameters, geometries, and antenna lengths, values given in
Table VII will have to be remeasured before using them in our
path-loss model.

VII. ILLUSTRATIVE HVAC
SYSTEM: CASE STUDY

To illustrate how the path-loss model works, the duct net-
work shown in Fig. 11 (a layout is also shown in Fig. 12) was
constructed at the National Robotics Engineering Consortium
(NREC) Laboratory, Carnegie Mellon University, Pittsburgh,
PA. This experimental setup is representative of what might be
used in office spaces in the U.S. and Europe.

Cylindrical ducts 0.3 m in diameter, made of galvanized
steel with conductivity S m were used for this setup.
The signal was transmitted from the AP through the duct by a
monopole antenna of 3.1-cm length. The receiver uses the same
antenna as the transmitter and both antennas were connected
to an Agilent E8358A VNA via coaxial cables (as in Fig. 1).
Measurements of frequency response were made using the
VNA in the 2.45-GHz ISM band. To find the average power
level, the frequency measurements were then averaged over
the frequency band. In this particular experiment, the ends
of the duct network were terminated with absorbers to avoid
reflections from the surrounding objects.

Table VIII gives the received power for each user using the
prediction model and the measured received power. The power
loss in tees and bends are taken from Table VII and an antenna
coupling loss of 14.8 dB is used. Comparing the experimental
results with the predicted values via our path-loss model, one

can see that the accuracy of the path-loss model is within 3.2 dB
of the experimental results.

To check the effect of the spatial variations across this
large-scale test bed, we proceeded as follows. We used six
transmitting antennas at the access point, each 5 cm apart from
each other, as well as six receiving antennas at point E, each
also 5 cm apart from each other. Then, 36 measurements were
made for each possible combination of the transmitter–receiver
pair. The average power loss of these measurements had a
mean of 36.6 dB and a standard deviation of 2.2 dB. The
predicted power loss between the access point and point E
is 39.7 dB, which is within the 3-dB range of the measured
spatial average power loss. Another observation is that the
power loss measured by using just one transmitting antenna
and one receiving antenna is 36.9 dB, which is within 3 dB of
the measured spatial average power loss. We also measured
the spatial average power loss between points A and E as
follows. We used three transmitting antennas at point A, each
5 cm apart from each other, as well as three receiving antennas
at point E, each also 5 cm apart from each other. Then, nine
measurements were made for each possible combination of
the transmitter–receiver pair. The average power loss of these
measurements was 35.96 dB with a standard deviation of
1.9 dB. The predicted power loss between these two points
is calculated to be 36.3 dB, which is within 0.4 dB of the
spatial average power loss. Thus, one can see that the effect
of the spatial variations across the HVAC ducts is negligible.

In conclusion, it is clear that, for such a large-scale experi-
mental test bed, this is an excellent agreement that verifies the
validity of the simple path-loss prediction model developed in
this paper. This allows for a simple and accurate link budget
analysis of complex HVAC systems.

VIII. CONCLUSION

In this paper, we described an approximate path-loss model
based on measurements made on cylindrical HVAC ducts in the
2.4–2.5-GHz ISM band, 0.3 m in diameter, made of galvanized
steel and excited by 3.1 cm monopole probe antennas.

Via the extensive experiments conducted, it was shown that
the impact of bends in an HVAC duct network is negligible. The
path loss in this case was approximately 0.3 dB. It was also
shown that in the 2.4–2.5-GHz ISM band, one tee introduces
an 8.2-dB loss in either section of a T network, while each addi-
tional tee introduces an approximately 3-dB loss in either direc-
tion. These findings imply that the use of HVAC ducts for RF
transmission in buildings is a very promising technique.

Our measurements in a large-scale experimental test bed
showed an excellent agreement between the path loss predicted
by the model developed in this paper and the measured path
loss. This allows for a simple and accurate link budget analysis
in more complex HVAC systems that include bends, tees, wyes,
etc.

dBm dBm (2)
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Fig. 12. Floor plan considered in the experimental setup.

TABLE VIII
MEASURED AND PREDICTED POWER LEVELS AT EACH USER FOR 1 W
TRANSMITTED POWER WITH 0.3-M DIAMETER CYLINDRICAL DUCTS

In summary, a path-loss model that can predict the power
level at any location in the HVAC duct system has been
presented. This model uses experimentally determined param-
eters of duct-system components. The methodology that we
presented allows one to experimentally characterize any type of
component used in HVAC duct networks excited by any type of
antenna and also allows a system designer to predict path-loss
contours for all types of HVAC duct network configurations in
an extremely simple and time-efficient manner.

APPENDIX

JUSTIFICATION OF POWER AVERAGING

OVER THE 2.45-GHZ ISM BAND

In this Appendix, we justify the use of our averaging approach
of the power loss in HVAC ducts. The voltage delivered to the
load connected to the receiving antenna can be written in the
form

(3)

where and are, respectively, the amplitude and phase
of the contribution from the th propagating mode.

The total power in a frequency band can be estimated by av-
eraging the amplitude squared of the received voltage over the
band, provided that the following assumptions are satisfied:

• span of frequency covers many coherence bandwidths;
• constant with frequency over the band of interest;
• is a uniformly distributed random variable over the

range .
To show that this is true, take the expectation over frequency

of the magnitude squared of

(4)

since ranges over and are statistically independent;
thus, ,
since . Thus

(5)

where is the power in the th mode and the
total power is simply the sum of the power in each mode.

Fig. 13 shows the frequency response of a 5.3-m distance sep-
aration between the antennas in the HVAC duct. Using the afore-
mentioned procedure, with 1601 frequency samples, we found
that the average power loss for a 5.3-m (antenna separation)
straight HVAC duct is dB.

The above frequency response has a coherence bandwidth of
6.22 MHz (a 20-dB threshold level was used in the impulse re-
sponse to calculate the coherence bandwidth for 50% signal cor-
relation). Thus, one can consider approximately 16 subbands (in
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Fig. 13. Frequency response of a 5.3-m straight HVAC duct. Cylindrical ducts 0.3 m in diameter made of galvanized steel with conductivity � = 10 S=m were
used for this measurements. The signal was transmitted through the duct by a monopole antenna of 3.1-cm length.

fact, it is slightly higher than 16) for which the signal measure-
ments are statistically independent. This is a large enough sta-
tistical sample to get a reasonable estimate of the expectation
given in (4).
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