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Abstract

We introduce a class of discrete divergences on sets (equivalently binary vectors)
that we call the submodular-Bregman divergences. We consider two kinds of
submodular Bregman divergence, defined either from tight modular upper or tight
modular lower bounds of a submodular function. We show that the properties of
these divergences are analogous to the (standard continuous) Bregman divergence.
We demonstrate how the submodular Bregman divergences generalize many
useful divergences, including the weighted Hamming distance, squared weighted
Hamming, weighted precision, recall, conditional mutual information, and a
generalized KL-divergence on sets. We also show that the generalized Bregman
divergence on the Lovasz extension of a submodular function, which we call the
Loviasz-Bregman divergence, is a continuous extension of a submodular Bregman
divergence. We point out a number of applications of the submodular Bregman and
the Lovdsz Bregman divergences, and in particular show that a proximal algorithm
defined through the submodular Bregman divergence provides a framework for
many mirror-descent style algorithms related to submodular function optimization.
We also show that a generalization of the k-means algorithm using the Lovész
Bregman divergence is natural in clustering scenarios where ordering is important.
A unique property of this algorithm is that computing the mean ordering is
extremely efficient unlike other order based distance measures. Finally we provide
a clustering framework for the submodular Bregman, and we derive fast algorithms
for clustering sets of binary vectors (equivalently sets of sets).

1 Introduction

The Bregman divergence first appeared in the context of relaxation techniques in convex programming
([4]), and has found numerous applications as a general framework in clustering ([2]), proximal
minimization ([5]) and online learning ([31]). Many of these applications are due to the nice properties
of the Bregman divergence, and the fact that they are parameterized by a single convex function.
They also generalize a large class of divergences on vectors. Recently Bregman divergences have
also been defined between matrices ([29, 7]) and between functions ([10]).

In this paper we define a class of divergences between sets, where each divergence is parameterized by
a submodular function. This can alternatively and equivalently be seen as a divergence between binary
vectors in the same way that submodular functions are special cases of pseudo-Boolean functions [3].
We call this the class of submodular Bregman divergences (or just submodular Bregman) ,and in the
following sections show how its properties are related to the (classical continuous) Bregman diver-
gence. We show an interesting mathematical property of the submodular Bregman, namely that they
can be defined based on either a tight modular (linear) upper bound or alternatively a tight modular
lower bound, unlike the traditional (continuous) Bregman definable only via a tight linear lower bound.
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Let V refer to a finite ground set {1, 2, ..., |[V'|}. A setfunction f : 2V — R is submodularif V.S, T' C
V, f(S)+ f(T) > f(SUT)+ f(SNT). Submodular functions have attractive properties that make
their exact or approximate optimization efficient and often practical. They naturally arise in many prob-
lems in machine learning, computer vision, economics, operations research, etc. Submodularity can
be seen as a discrete counterpart to convexity and concavity ([22]) and often the problems are closely
related ([1]).The link between convexity and submodularity is seen via the Lovasz extension ([8, 22])
of the submodular function. Indeed, as we shall see in this paper, the connections between submodular-
ity and convexity and concavity will help us formulate certain discrete divergences that are analogous
to the Bregman divergence. We in fact show a direct connection between a submodular Bregman
and a generalized Bregman divergence defined through the Lovasz extension. Exploiting many of
these relationships then gives us clustering algorithms for the submodular Bregman and the Lovész
Bregman divergences. Further background on submodular functions may be found in the text [11].

An outline of the paper follows. We first define the different types of submodular Bregman in
Section 2. We also define the Lovadsz Bregman divergence, and show its relation to a version of
the submodular Bregman. Then in Section 3, we prove a number of properties of the submodular
Bregman and show how they are related to the Bregman divergence. Finally in Section 4, we provide
applications in the context of clustering and proximal methods. In particular, we show how the
proximal framework of the submodular Bregman generalizes a number of mirror-descent style
approximate submodular optimization algorithms. We also consider generalizations of the k-means
algorithm using the Lovasz Bregman divergence, and show how they can be used in clustering
applications where ordering or ranking is important. We also provide an efficient class of clustering
algorithms on sets of binary vectors via the submodular Bregman.

2 The Bregman and Submodular Bregman divergences

Notation: We use ¢ to refer to a convex function, f to refer to a submodular function, and f as
f’s Lovasz extension. Lowercase characters z, y will refer to continuous vectors, while upper case
characters X, Y, S will refer to sets. We will also refer to the characteristic vectors of a set X as
1x € {0,1}". Note that the characteristic vector of a set X, 1x is such that 1x(j) = I(j € X),
where I(-) is the standard indicator function. We will refer to the ground set as V, and the cardinality
of the ground set as n = |V/|. The (regular continuous) Bregman divergence will be expressed as dg
while we refer to the upper bound submodular Bregman using d’ and the lower bound submodular
Bregman using dy. A divergence on vectors and sets is formally defined as follows: Given a domain
of vectors S, a function d : S x S — R is called a divergence if Vx,y € S, d(x,y) > 0 and Vz € S,
d(xz,x) = 0. Similarly we can define the notion of a divergence on sets Given a lattice of sets £
(recall, £ is alattice if VX, Y € L, X UY, X NY € £),afunctiond : £L x L — Ry is called a
divergence if VX,Y € £,d(X,Y) > 0and VX € L,d(X,X) = 0. For simplicity, we consider
mostly the Boolean lattice £ = 2V but generalizations are possible as well [11].

2.1 Bregman and Generalized Bregman divergences

The Taylor series approximation of a twice differentiable convex function provides a natural way
of generating a (regular continuous) Bregman divergence ([4]). In particular the first order Taylor
series approximation of a convex function is a lower bound on the function, and is linear in x for
a given y and hence given a twice differentiable convex function ¢(x), we can define a divergence

dg : S xS — Ry as:

dg(z,y) = ¢(z) — d(y) = (Vo(y),z —y). (D
For non-differentiable convex functions, we can extend equation (1) to define the generalized Bregman
divergence [14, 20]. Define a subgradient map H4, which for every vector ¥, gives a subgradient
Ho(y) = hy € 0¢(y) [14], where O¢(y) is the subdifferential of ¢ at y.

d (z,y) = ¢(x) — $(y) — (Me(y), 7 — y),Ya,y € S, )
When ¢ is differentiable, then d¢(x) = {V¢(x)} and Hy(y) = Vé(y). More generally, there may
be multiple distinct subgradients in the subdifferential, hence the generalized Bregman divergence is
parameterized both by ¢ and the subgradient-map H4. The generalized Bregman divergences have
also been defined in terms of “extreme” subgradients [28, 20].

di\(,y) = ¢(x) — 6(y) — dop(y (@ —y) and  di(w,y) = 6(z) — (Y) + Tag)(y — ), (3)



where, for a convex set C, o¢(.) £ sup, ¢ (., ). Then notice that we have: ooy (y) (z—y) > (hy, z—

Y) > —0ag(y)(y — ), Vhy € Op(y). This then implies that: di}(x,y) < dg¢(x,y) < di(x, Y),VHe
which justifies their being called the extreme generalized Bregman divergences [14].

2.2 The Submodular Bregman divergences

In a similar spirit, we define a submodular Bregman divergence parameterized by a submodular
function and defined as the difference between the function and its modular (sometimes called linear)
bounds. Surprisingly, any submodular function has both a tight upper and lower modular bound
([171), unlike strict convexity where only a tight first-order lower bound exists. Hence, we define
two distinct forms of submodular Bregman parameterized by a submodular function and in terms
of either its tight upper or tight lower bounds.

2.2.1 Lower bound form of the Submodular Bregman

Given a submodular function f, the submodular polymatroid Py, the corresponding base polytope
B and the subdifferential 0, (Y") (at a set Y') for a submodular function f [11] are respectively:

Py ={x:2(S) < f(5),¥S CV}, B =Psn{x:z(V)=f(V)}, and 4)
0p(Y) ={y e RY : ¥X C V. f(Y) —y(¥) < f(X) —y(X)}. 5)

Note that here y(S) = >, s y(j) is a modular function. In a manner similar to the generalized
Bregman divergence ([14]), we define a discrete subgradient map for a submodular function H ¢,
which for every set Y, picks a subgradient 1 ;(Y) = hy € 0;(Y). Then, given a submodular
function f and a subgradient-map H s, the generalized lower bound submodular Bregman — which

we shall henceforth call djff , is defined as:
A7 (X,Y) = f(X) = f(Y) = hy (X) + hy (Y) = F(X) = f(¥) = (Hp(Y), 1x — 1y)).  (6)

This form of submodular Bregman is parameterized both by the submodular function f and the
subgradient map H;. In the sequel, we shall consider some examples below of the generalized
lower bound submodular Bregman divergence, by instantiating the submodular function f and the
subgradient map H ¢.

The subdifferential corresponding to a submodular function is an unbounded polyhedron [11], with a
large number of possible subgradients. Its extreme points, however, are easy to find and characterize
using the greedy algorithm [8]. Thus, we define a subclass of djff with H ¢ chosen so that it picks
an extreme points of 9;(Y"), which we will call the permutation based lower bound submodular
Bregman, henceforth referred to with d? . The extreme points of 9 (Y") can be obtained via a greedy
algorithm ([8, 11]) as follows:

Lemma 2.1. ([/1], Theorem 6.11) A point y is an extreme point of O;(Y), if and only if there
exists a chain ) = Sy C Sy C --- C S, withY = S, for some j, such that y(S;) — y(Si—1) =
f(Si) = f(Si-1).

Let o be a permutation of V and define S; = {o(1),0(2),...,0()} as its corresponding chain. We
define Xy as the set of permutations oy such that their corresponding chains contain Y, meaning
S‘y| =Y. Then we can define a subgradient hy,,, (which is an extreme point of 0;(Y")) where:

£(81) ifi=1

f(Si) — f(Si—1) otherwise @

Voy € By, hyqy (0y(i)) = {
In the above, hy o, (Y) = f(Y'). Hence define H? as a subgradient map which picks a subgradient
hy,ey , for some 3(Y) = 0y € Xy. Here we treat X as a permutation operator which, for a given
set Y, produces a permutation oy € 3y . Hence the above, directly provides us with a subclass,
which we call the permutation based lower bound submodular Bregman and we can rewrite Eqn. (6),
with the above subgradient as

dF (X,Y) = f(X) = hy,oy (X) = f(X) — (HF(Y), 1x). (8)



As can readily be seen, the d? are special cases of the dj;[f .

il

Similar to the extreme generalized Bregman divergence above, we can define forms of the “extreme’
lower bound submodular Bregman divergences dgc (X,Y)and d?c (X,Y), which provide bounds on the
forms of the lower bound submodular Bregman. In order to obtain these extreme forms of submodular
Bregman, we would need to compute maxy e, (v)(h, 1x — ly) and ming g, (v)(h, 1x — 1y). Both
these expressions are linear programs over the submodular subdifferential. As we shall show below,
this can be obtained easily. In order to show this, we invoke the following theorem from [11].

Lemma 2.2. [/1] For any submodular function f, 9;(Y) = 9pv (Y) x 9y, (), where f¥(X) =
F(X),VX € 0,Y]and fy(Z) = f(ZUY) — f(Y),VZ € [Y,VI\Y. Further define fj;(X) =
fY) = f(Y\X). Then 05(Y) = Pf:& X Pgy., where Pf; is a supermodular polyhedron, corre-

sponding to the supermodular function f}; on [0,Y] and Py, is a submodular polyhedron of fy on
Y, V]\Y.

In other words, the submodular subdifferential is an inner product between a submodular polyhedron
and a supermodular polyhedron.

We are now in a position to show that similar to the submodular polyhedron, a linear program over
the submodular sub-differential can be solved efficiently in certain cases. Though this result follows
directly from the results above, we could not find this result in the literature. Hence we explicitely
prove it here. We introduce the notion of a base sub-differential 65? (Y) = 07(Y)NBy, which is similar

to the base polytope. Define (“)Jl?(Y) ={y:y(X) < f(X),VX CV,y(Y)=fY),y(V) = f(V)}.
Then we have the following facts about 8}3 (Y):
Lemma 2.3. For a submodular function f,

07 (Y) = By x By, ®)
where Byv is the base polytope of f Y on [0,Y] and By, is the base polytope of fy on [Y,V]\Y.
Further 8? (Y') is the convex combinations of the extreme points of 0 (Y'). In other words, 8]1? Y) =
conv(hf  Voy € Zy).

oy’

The proof of the above Lemma is in Appendix A.l Then we show the following crucial theorem.

Theorem 2.1. Given a vector w € R™ and a set Y, consider a permutation o € Xy such that
w(o(1)) > w(o(2)--+ > w(o(]Y)])) and w(o(|Y] + 1)) > --- > w(o(n)). Define s* € R"
such that s*(o(i)) = f(Si) — f(Si=1), fori = [1,2,--- ,n], with S; = [o1, -+ ,0;]. Then
ArgMax eps(y) s W = s*. Further if additionally w is such that w(i) < 0,Vi € Y and w(i) >

0,Vi ¢ Y, then argmax ¢y (y) sTw = s*
The proof of this theorem is in Appendix A.2. Notice that this theorem is very analogous to the

greedy algorithm for the submodular polyhedron. In particular we can use exactly the same procedure,
except that we individually order the elements inside Y and those outside Y, based on w.

Now define the “extreme lower bound submodular Bregman as follows:

dH(X,Y) = f(X) = f(Y) = 00, (1x — 1y) (10)

The theorem above, shall play a significant role in showing that the above expression can be obtained
easily for a submodular function.

Theorem 2.2. For a submodular function f, dgc(X7 VV=fX)+fY)-f(XNY)- f(XUY).

The proof of this theorem is in Appendix A.3. Unfortunately an analogous expression for the other
extreme form of the lower bound submodular Bregman will be unbounded (if maximized over
the entire sub-differential). This can be verified as follows. Notice that the subdifferential is an

unbounded polyhedron and correspondingly di‘-(X ,Y") defined on the polyhedron is unbounded

above. Let hy € 0¢(Y) N By. Then we have that djff(X, Y) = f(X) — hy(X). We then can
define b}, = hy — cly (where Y is the complement of Y) for any constant ¢ > 0. Then with respect

to the subgradient hf., d}7 (X,Y) = F(X) — by (X) = F(Y) + Wy (V) = ¥ (X,Y) + |V N X].



This can be unbounded above. Hence we define d;(X JY)over 95(Y)N By = 8?(}/). Hence
define the other extreme generalized submodular Bregman as:

d?r(X>Y):f(X)—f(Y)"'Uaj?(y)(ly—lX) (11)
Then d?c (X,Y) also has a nice representation, as we show below:

Theorem 2.3. For a submodular function f, dac (X,Y) = f(X) — f(Y) + f(Y\X) — fH(X\Y),
where f*(A) = f(V) = f(V\A)

The proof of this theorem is in Appendix A.4

Finally we relate the different forms of lower bound submodular Bregmans in the Lemma below:

Corollary 2.3.1. For every hy € 9¢(Y) N By, d4(X,Y) < d} (X,Y) < d3(X,Y). Similarly for
every permutation map Y, dgc(X, Y) < df(X,Y) < d?c(X, Y).

The above corollary shows that the extreme submodular Bregman divergences give bounds for d?f
and df . Further we see that dgc is exactly the divergence which defines the submodularity of f. Also
notice that this is unlike the generalized Bregman divergences, where the “extreme” forms may not be
easy to obtain in general [14]. It is easy to check that dff(X ,Y) =0whenever X CY andY C X.
This is not surprising since in these cases the minimum value of d}{f and df over 0¢(Y') is zero.
Further it is possible to show just from the definition of submodularity (independently of the above
theorem) that d%c (X,Y) < d?c(X7 Y).

We show below three examples of the lower bound submodular Bregman divergence. Few more
examples are shown in table 1.

Hamming and weighted Hamming distance:  Recall that given binary vectors 1x, 1y, we can
define the hamming distance as dpy (X, Y) = 37, [1x(j) — 1y (j)| = [X\Y| + [Y\X|. Similarly
for a weight vector w € R}, di (X, Y) = 37, wi|1x(§) — 1y (j)| = w(X\Y) +w(Y'\X). This
is the weighted Hamming distance. Both these distance measures are special cases of the lower bound
submodular Bregman.

Let f(X) =w(X)and H(Y) = 2.w © 1y.

Ay (X,Y) =f(X) = f(Y) = hy (X) + hy (Y)
(X) —w(Y) —2w(XUY)+2w(Y)
w(X|)+w®) —2w(XUY)
:w(X\Y) + w(Y\X) = d%(X, Y) (12)

w

Substituting w =1, gives us the Hamming distance.

Recall and weighted Recall:  For sets X, Y we can define the recall divergence (note that recall
is a similarity and its inverse is a distance measure) as dg(X,Y) =1 — [XOY]

. Similarly we can

define a weighted recall as: d3(X,Y) =1 — “’Eﬁ;;/), for a weight vector ulfl R?.
Let f(X) =1and H(Y) = 7fu%1,‘)“
df'(X.Y) = f(X) = (V) = hy(X) + hy (V)
XUuY
= 1-1- QM(w(;J)) +1
- “’(5(;)“ — d5(X,Y) (13)

Again with w =1, we get back Recall.



Table 1: Instances of the d}{f

Name Type d(X,Y) F(X) hy
Hamming de(X, Y) IX\Y| + [Y\X]| X 2.1y
Weighted Hamming d;{f (X,Y) w(X\Y) + w(Y\X) wX) | 2-wOly
Recall A7 (X,Y) 1- 5o 1 &5
Weighted Recall ;7 (X,Y) 1— 2oy 1 Ll
d(X,Y) = AER(Y, X;Y) 47 (X,Y) 1 e 1 =%
Cond. Mutual Information d?c(X UC,YUCQ) | I(Xx; Xy|Xc),when X NY =0 | H(Xx) -

Conditional Mutual Information as a special case of dgc (X,Y): Define a set function diver-

gence dy (A, B) = I(X 4; Xp|X¢) for sets A, B : AN B = {) and a given set C. Then we have the
famous equality:

I(Xx\y; X\ x|Xxny) = H(Xx) + H(Xy) — H(Xxny) — H(Xxuy)
= d4(X,Y) (14)
with the submodular function f(X) = H(Xx).
This is interesting since conditional mutual information I(X'x\y; Xy\ x|Xxny) can be seen as a

special case of the lower bound submodular Bregman divergence.

2.2.2 The upper bound submodular Bregman

For submodular f, [26] established the following properties:

FO)<FX) = >0 fUIX=GhH+ Y, fGIXnY) (15)
JEX\Y JEY\X
and  f(V)<F(X)— > fGIXUY ={iH+ Y FUIX), (16)
jEX\Y JEY\X

where f(j|X) = f(X Uj) — f(X) is the gain of element j in the context of set X. In [26], it is
shown that these in fact characterize submodular functions, in that a function f is a submodular
function if and only if it satisfies the above bounds. Then we define two divergences, which we call
the Nemhauser divergenceS'

d(X,v)2 - Y fUIX =+ D fUIXNY) = f(Y) (17)
jex\Y Jjev\x

df(X,v)2 - Y fUIXUY =+ D fUIX) - f(Y), (18)
JjEX\Y JjeEY\X

Notice that dﬁf (X,Y) and dg (X,Y) are valid divergences if and only if f is submodular. Similar to

the approach in ([17]), we can relax the Nemhauser divergences to obtain three modular upper bound
submodular Bregmans as:

X, Y)2F(X) = Y FGIX=Uh+ DD 610 - £(Y), (19)
JEX\Y JEY\X

dX V)2 X)) = Y GV =0+ Y FUIX) - FY). (20)
jEX\Y JEY\X

dXYV)2HX) - Y GV -Uh+ Y FGI0) - F). @1
JEX\Y JEY\X

We call these the Nemhauser based upper-bound submodular Bregmans of, respectively, type-I, 11
and III. Henceforth, we shall represent andrefer to them as df s dg and dg and when referring to them
collectively, we will use d{ .3- The Nemhauser divergences are analogous to the extreme divergences of

the generalized Bregman divergences since they bound the Nemhauser based submodular Bregmans.
Its not hard to observe th following fact:




Lemma 2.4. Given a submodular function f, d?{(X, Y) > d{(X,Y) > d{(X,Y). Similarly
d(X,Y) > d)(X,Y) > d[(X,Y)

Similar to the generalized lower bound submodular Bregman dit , we define a generalized upper

bound submodular Bregman divergence dé ; in terms of any supergradient of f. Interestingly for
a submodular function, we can define a superdifferential 9/ (X) at X as follows:

H(X)={z eRV:VY CV, f(X)—2(X) > f(Y) —z(Y)}. (22)

Similar to the subgradient map, we can define G/ as the supergradient map, which picks a
supergradient from G/ (X) = gx € 07(X). Given a supergradient at X, G (X) = gx € 9/(X),
we can define a divergence dé s> as:

dh(X,Y) = f(X) = f(Y) = gx(X) = gx (V) = F(X) = f(¥) = (¢ (X),1x — 1y) (23)

f

In fact, it can be shown that all three forms of d{:g are actually special cases of d,

specific supergradient maps.

in that they form

Define three supergradients as follows:

Loy JIUIX =) ifjeX

w0 ={7g0 7 e B
L_[IGIV—)) ifjex

&0 ={70% 7 ex 9
N JIGIV =) ifjeX

w0 ={foe 7 W @0

Denote the super-gradient corresponding maps Qlf , Qg and gg . Then we have the following theorem.
(proof in Appendix B.1).

Theorem 2.4. For a submodular function f, g, g%, g% € 0 (X). Correspondingly the divergences
d{ , dg and dg are special cases of dé ; with gx being g%, g% and g3 respectively.

Note that a convex function does not have a supergradient and hence an analogous expression
does not exist for the standard Bregman divergence. However this can be seen to be akin to a form
of a concave Bregman divergence (which is actually identical to the class of standard Bregman
divergences, since for every concave function g, —g is convex.) déf also subsumes an interesting
class of divergences for any submodular function representable as concave over modular. Consider
any decomposable submodular function [27] f, representable as: f(X) = >, A\jh;(m;(X)), where
the h;s are (not necessarily smooth) concave functions and the m;s are vectors in R™. Let h} be any
supergradient of h;. Then we define ¢ = . A;h}(m;(X))m;. Further we can define a divergence
defined for a concave over modular function as:

df, (X,Y) = ZAi(hi(mi(X)) = hi(mi(Y)) — hi(mi(X))(mi(X) —mi(Y))  (27)

Then we have the following Lemma. (proof in Appendix B.2).

Lemma 2.5. Let f(X) = >, \ihi(m;(X)), be a decomposable submodular function, where h;’s
are concave functions and m;’s are modular. Then g§" € 0/ (X) and correspondingly df,, is a
special case ofdéf with gx = g§".

We now consider below a number of examples of the upper bound submodular Bregman divergence.
A complete list of examples is in Table 2.



Hamming and weighted Hamming distance: = The Hamming and weighted Hamming can be
shown to be special cases of the upper bound submodular Bregman as well.

Let f(X) = —w(X)and hy = —2.w O ly.
Ay (X.Y) =f(X) = [(Y) = hy (X) + hy (V)
=—wX)+wl)-2w(XUY)+2w(X)
=w(X|)+w(Y) - 2w(XUY)
—w(X\Y) + w(Y\X) = df(X,Y) (28)
Again substituting w =1, gives us the Hamming distance
Precision and weighted Precision: = Recall that the lower bound submodular Bregman gives

recall and weighted recall based divergence. With the upper bound submodular Bregman, we can
get precision and weighted precision. Given sets X,Y we can define the precision divergence as

dp(X,Y)=1- I)I(;?/l' Similarly we can define a weighted precision as: d5X,Y) =1 — “’ng?)’
for a weight vector w € R”}.
Let f(X)=—1land gx = 72%15
dh(X,Y) = f(X) = f(Y) = hy(X)+hy(Y)
w(XUY)
= —-1+41-2———F—+1
+ ot
w(XNY) .
= 1-——— =dp(X,Y 29
w(X) P( ) ) ( )

Again substituting w =1, gives us the Precision.

Generalized KL like divergence on sets:  The upper bound submodular Bregman also generalizes
a divergence which looks very much like a generalized KL divergence on sets. Given sets X,Y

we define a divergence di 1 (X,Y) = |Y|log ‘IYY\I — Y| + | X]. Similarly we can define a weighted
generalized KL divergence as: d%; X,Y) = w(Y) log 583 —w(Y) +w(X), for a weight vector
w e RY.
Let f(X) = —w(X)logw(X) and gx = —(1 + logw(X))w. Then we have that:
A4 (X.Y) = J(X) = J(V) = gx(X) +gx ()
— —w(X)logw(X) + w(Y) logw(Y) + w(X)(1 + logw(X)) — (1 + log w(X))uw(Y)
w(Y) w
= w(Y)logm—w(Y)—i-w(X)szL(X7Y) (30)

Again substituting w =1, we get a cardinality based distance measure dx 1, (X,Y).

We next consider a viewpoint that will make the d{ .3 look more like divergences. We show this in the
following theorem (proof in Appendix B.3).

Theorem 2.5. Given sets X and Y, define the series X = Xg C X7 C Xy--- C X = X UY,
andY =Yy CY1 CYsy--- CY, = X UY. Define X;\X = [x1,---x;] and Y;\Y = [y1,---y;],
then d(X,Y) = 320 [ (e 1(X) = fa51X;-0)] + X5 [F V510 = Fs[V = wy)]. Sim-
ilarly define the series X = Xg 2 X1 2 X9+ 2 Xy, = XNY,andY =Yy D
Yi D Y,--- DY, = XNY. Define X\X; = [x1,---x;] and Y\Y; = [y1,---y,], then
A (XY) = S [Fal0) = flaslX-0)] + S5 [FwslYim1) = flY = yy)]. Finally
(X, Y) = S0, [F(10) = (51X 0] + [f(w]Y50) = Fs|V = )]

2.3 The Lovasz Bregman divergence

The Lovasz extension ([22]) offers a natural connection between submodularity and convexity. The
Lovész extension is a non-smooth convex function, and hence we can define a generalized Bregman



Table 2: Instances of dé ¢

Name dg (X,Y) f(X) gx
Hamming [X\Y]+ [Y\X] [ X] 2.1y
Weighted Hamming w(X\Y) + w(Y\X) —w(X) -2 - wOlx
Precision 1— XY -1 —ix
(X X]
Weighted Precision 1-— ng((;F/) -1 - %
Itakura-Saito like \|§|I log \lffl log| X| ‘ L |
Weighted Itakura-Saito like wie —log 25} —1 log w(X) e
Generalized KL like divergence Y| log \‘?I Y|+ |X| —|X|log | X| —(1+1log|X )1
Weight. Gen. KL divergence w(Y)log 257 — w(Y) + w(X) —w(X)logw(X) | —w(1+ logw(X))
- elYl _ elXIl IX\(‘Y| — X _elXl 1elX!
Cut based - 1 2\T(X\Y)| + 2|T(Y\X)| +27(XNY,XNY)| 15(X)] Eqn. (47)
Cut based - 2 207(X\Y)| + 2|7 (Y\X)| + 2/7(X NV, X NY)] 15(X)]| Eqn. (49)

divergence ([14, 20]) which has a number of properties and applications analogous to the Bregman
divergence. Recall that the generalized Bregman divergence corresponding to a convex function
¢ is parameterized by the choice of the subgradient map H 4. The Lovasz extension of a submodular
function has a very interesting set of subgradients, which have a particularly nice structure in that
there is a very simple way of obtaining them [8].

For simplicity, we define the Lovdsz Bregman divergence on vectors x,y € [0,1]". Then
given a vector y, define a permutation o, such that y[o,(1)] > ylo,(2)] > -+ > yloy(n)]

and define Y, = {0y, (1),---,0,(k)}. The Lovisz extension ([8, 22]) is defined as: f(y) =
>or_1 yloy (k)] f(oy(k)|Yi—1). For each point y, we can define a subdifferential af(y ) which has
a particularly nice form [11]: for any point y € [0,1]", df(y) = N{d;(Y;)|i = 1,2--- ,n}. This
naturally defines a generalized Bregman divergence d ¢ 7 of the Lovsz extension, parameterized by a
subgradient map H # which we can define as:

d; " (2,y) = f(x) = [(y) = (hy,x — ), for some hy, = H(y) € O] (y). (31)

We can also define specific subgradients of f at y as hy.o,. with hy o (oy(k)) = f(Yi) —
f(Yx—1),Vk [22]. These subgradients are really the extreme points of the submodular polyhe-

dron. Then define the Lovasz Bregman divergence d jas the Bregman divergence of f and the
subgradient hy oy ,which can be obtained as follows:

Zyoy Ny, [y (i Zyay Y) — f(Yi) = fly) (32

Thus we have that: R

di(z,y) = f(2) = (hy,0,, %) = (2, ho,0, — hyo,) (33)
Note that if the vector y is totally ordered (no two elements are equal to each other), the subgradient
of f and the corresponding permutation o, at y will actually be unique. When the vector is not totally
ordered, we can consider o, as a permutation operator which defines a valid and consistent total
ordering for every vector y, and we can then define the Bregman divergence in terms of it. Note also
that the points with no total ordering in the interior of the hypercube is of measure zero. Hence for
simplicity we just refer to the Lovadsz Bregman divergence as d i The Lovész Bregman divergence is
closely related to the lower bound submodular Bregman, as we show below.
Lemma 2.6. The Lovdsz Bregman divergences are an extension of the lower bound submodular

Bregman, over the interior of the hypercube. Further the Lovdsz Bregman divergence can be expressed
asdz(z,y) = (x,hy o, — hy o, ), and hence depends only x, the permutation o, and the permutation
f Oz Y,0y

of y(oy), but is independent of the values of y.

Further this relationship can be made more precise as we show in the theorem below. The proof of
this theorem is in Appendix C.




Theorem 2.6. The lower bound submodular Bregman is closely related to the Lovdsz Bregman
divergence in the following ways (Assume Xo C X1 C--- C X, andYy CY; C--- CY, are the
chains corresponding to x and y):

o [f x and y are vertices of the hypercube, then df is exactly d P if the chosen subgradients
of both are the same.

e [fx is a point in the interior of the hypercube and y = 1y is a vertex of the hypercube, then
dp(z,y) = (1—2(ox(n))d’ (Xo, V) + L1 (w(ox (3) — 2(ox (i 4+ 1))d} (X5, Y) +
x(ox(n))d;df (X,,Y), for d**, and dy, as long as the chosen subgradient of d (at
y=1y)is Hs(Y).

e Let y be a point in the interior of the hypercube and x = 1x is a vertex of the hypercube.
Then d;(x,y) = (1—yloy (M))dF (X, Yo) + X0 (y(oy (i) — y(oy (i+1))dF (X, Vi) +
y(oy(n))d?(X, Y.,), where the permutation map X satisfies X (Y;) = oy, Vi.

e Finally, when both x and vy are vectors within the hypercube, d f(x, y) is a convex
combination of d? (Xi,Y;), where X, and Y; belong to the chain of sets corresponding
to vectors = and y and the permutation map X satisfies X (Y;) = oy, Vi.

2.4 Extension of the upper bound submodular Bregman

In this section, we introduce a partial extention of the upper bound submodular Bregman in terms of
the Lovasz extention. This is unlike the Lovdsz Bregman divergence, since the concave extention of a

submodular function is NP hard to compute [30]. However as we show below, we define d” (z, )
as a partial extension of the generalized upper bound submodular Bregman to the interior of the
hypercube through the Lovasz extension. We however restrict x be a vertex of the hypercube, while y
is allowed to be a point in the interior of the hypercube, i.e y € [0, 1]™. Then we have

dl,(1x,y) = f(1x) = fly) = G/ (X), 1x —y) (34)

For simplicity we just represent this as d? . It is evident that d/ (I1x,1ly) = déf (X,Y). However we
can relate df(lx, y) to déf, for any y € [0, 1]™ (proof in Appendix C).

Theorem 2.7. df(lx7 y) is a valid divergence from {0,1}" x [0,1]™ — Ry. Further df(lx, y) =
(1 = oo (), (X.0) + S0 (y(o(0) — (o (i + 1)), (X, V) + y(o(m)al, (X, Y2), as long
as the chosen supergradinet of d¥ is G/ (X).

We shall use this extention in providing effecient algorithms for clustering the submodular Bregman
divergences.

3 Properties of the submodular Bregman and Lovasz Bregman divergences

In this section, we investigate some of the properties of the submodular Bregman and Lovisz Bregman
divergences which make these divergences interesting, both from theorotical and practical viewpoints.

3.1 The submodular Bregman

In the following, we list a number of interestig properties of the submodular Bregman divergences. A
highlight of these properties is as follows. All forms of the submodular Bregman divergences are
non-negative, and hence they are valid divergences. Also the lower bound submodular Bregman
is submodular in X for a given Y, while the upper bound submodular Bregman is supermodular
in Y for a given X. A direct consequence of this is that problems involving optimization in X
or Y (for example in finding the discrete representatives in a discrete k-means like application
which we consider in the later part of this paper), can be performed either exactly or approximately
in polynomial time. In addition to these the forms of the submodular Bregman divergence also
satisfy interesting properties like a characterization of equivalence classes, a form of set separation, a
generalized triangle inequality over sets and a form of both Fenchel and submodular duality. Finally
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the generalized submodular Bregman divergence has an interesting alternate characterization, which
shows that they can potentially subsume a large number of discrete divergences. In particular, a
divergence d is of the form djff iff for any sets A, B C V, the set function f4(X) = d(X, A4) is
submodular in X and the set function d(X, A) — d(X, B) is modular in X. Similarly a divergence d
is of the form déf iff, for any set A, B C V, the set function f4(Y) = d(A,Y) is supermodular in
Y and the set function d(A,Y) — d(B,Y) is modular in Y. These facts show that the generalized
Bregman divergences are potentially a very large class of divergences while Tables 2 and 1 provide
just a few of them.

We now list and prove some interesting properties about the various forms of the submodular Bregman
divergences, and compare it with the corresponding property of its continuous counterpart. We have
already seen some close correspondences while defining them, but now we make the relations more

formal. Note that any property true for d;ﬂf will also be obeyed by the d¥, and any property is true

for dé ; will also be true for any of the special cases d{ sand df .

1) Nonnegativity: All forms of submodular Bregmans are divergences, in that d(X,Y) >
0,VX,Y C V and d(X,X) = 0. The property “d(X,Y) = 0iff X = Y we refer to as the
“iff non-negativity property.” In general, the submodular Bregman do not satisfy this property.
However in certain cases they do satisfy this property:

Theorem 3.1. Given a strictly submodular function f, djff (and dé +) satisfy the iff non-negativity
property if the subgradient hy (respectively supergradient gx ) lie in the strict interior of the
subdifferential (respectively superdifferential). Correspondingly, for a strictly submodular functions
f, both I, and dg satisfy the iff non-negativity property.

The above theorem can directly be verified from the definitions of the different forms of the submod-
ular Bregman divergences.

2) Submodularity and convexity: The Bregman divergence (and the generalized Bregman
divergence) is convex in x for fixed y, but not necessarily convex in y for fixed . Similarly the

Lovasz Bregman divergence is convex in z for a given y. Correspondingly, djff (X,Y) is submodular

in X for fixed Y and dé +(X,Y) is supermodular in Y under fixed X. Further, d{ and dg can be
naturally expressed as a difference between submodular functions in X under certain conditions
on the function f (stated and proved in Appendix-D.1) and dg,f (X,Y) is submodular in X for a given
Y and supermodular in Y for a given X.

3) Linearity: The Bregman divergence is a linear operator in ¢. In the theorem below, we give
similar properties for the some forms of the submodular Bregman (proof in Appendix D.2).

Theorem 3.2. For a submodular function f, d? , d{:3, d?,

m and d jare linear operators in f.

4) Equivalence classes: The Bregman divergence of functions which differ only in an affine term
are equal. A similar property holds for certain forms of the submodular Bregman, as shown in the
following (proof in Appendix D.2).

Theorem 3.3. Let m(X) be a modular function. Then d? satisfies: d? (X,Y) = d?er(X, Y).
Similarly d{;s and df,, , satisfy the property that: d{:3(X7 Y) = d{Em(X7 Y)and df, (X,Y) =
dIrm(X,Y).

cm

Thus, we need use only polymatroidal rank functions f within df s d{ .30 dZm

and df[()].

5) Set Separation: The Bregman divergence has the property of linear separation — the set of
points = equidistant to two fixed points i and pg (i.e., {z : dy(z, 1) = dg(z, p2)}) comprise a
hyperplane. The theorem below shows that the upper and lower bound submodular Bregmans have
similar properties (the proofs follow immediately from the definitions).

Theorem 3.4. A set X which is equidistant to two sets Y1 and Y (for the generalized lower bound
case djff (X, Y1) = djff (X,Y5) and generalized upper bound cases déf 1, X) = déf (Y2, X)),
must satisfy an equation of the type m(X) = c(Y1,Ys), where m : 2V — R is a modular function
and ¢(Y1,Y3) is a constant dependent on' Yy and Y.
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While the classical Bregman divergence has this property only when x is the first argument, the
different forms of submodular Bregmans have it for alternative arguments due to their complementary
nature.

6) Generalized Triangle Inequality: = The Bregman divergence doesn’t follow the triangle
inequality in general. However the following generalized Pythagorean theorem holds:

d¢($1, .Tg) = d¢(l’1, 1’2) + d¢(1’2, fE3) — <£L’1 — T, V¢(13) — V(i)(l’g» (35)
We next derive similar relationships for the submodular Bregman (proof in Appendix D.3).

Theorem 3.5. The generalized triangle inequality for d}{f is:
d! (X1, X3) = d}’ (X1, Xo) + d}? (Xa, Xs) = (Ix, — 1x,,hix, — hx,) (36)
Similarly we can give a generalized triangle inequality for dé 5 as:

dl, (X1, X3) = df (X1, Xo) + dl, (X2, X3) — (1x, — 1x,, 0%, — 9x2) 37)

Interestingly, the d{ .3 1n certain cases satisfy the triangle inequality (proof also in Appendix D.3).

Theorem 3.6. For sets X,Y,Z, if X C Y, then we have: di(X,Y) + df(Y,2) > (X, 2).
Similarly if Y C X, then dg(X, Y)+ dé Y, 2) > dg (X, Z). Further dg always satisfies the triangle
inequality, in that VX, Y, Z C V,d§(X,Y) + d}(Y, 2) > d} (X, Z).

7) Fenchel conjugate divergence: djff also enjoys a nice duality relationship with respect to the
Fenchel conjugate of a submodular function [11]. The Fenchel conjugate of a submodular function
is a convex function defined as: f*(y) = max{y(X) — f(X)| X C V},(y € RY). Noting
that f* is convex, we can define 92 f*(y) as the binary subdifferential [11] of f* at y defined as
Oof*(y) ={Y CE | Ve e RV, 2(Y) —y(Y) < f*(z) — f*(y)}. f* may not in general be a
smooth convex function, but we can still define a generalized Bregman divergence with respect to f*,
for binary subgradient Y € 02 f*(y), as:

dp-y (z,y) = [*(@) = [ (y) —2(Y) +y(Y), for Y € 82 f*(y) (38)
An interesting result from [11] states that x € 0;(X) iff X € 0, f*(z). This yields the following
theorem (proof in Appendix-D.4).
Theorem 3.7. Let hx € 0¢(X), hy € 0¢(Y) be two vectors, with hy being the subgradient atY
defining d} (X,Y). Then d}” (X,Y) = dy (hy, hx).

8) Submodular Dual divergence The d{:3 have an interesting property related to submodular
duality. A dual function of a submodular function [11] is defined as f¢(X) = f(V) — f(V — X).
It is known that this dual is a supermodular function, and hence we define a submodular dual as:
f#(X) = —f%(X). Then we have the following theorem.

Theorem 3.8. For a submodular function f, d{# (X,Y) = dg(V — X,V =Y). Similarly,
&(X,Y)=d{ (V- X,V -Y)andd]" (X,Y) = d(V - X,V - Y).

The proof is in Appendix-D.4. This property is interesting, since it connects the (Nemhauser) upper
bound based submodular Bregmans.

9) Necessary and sufficient conditions: The necessary and sufficient conditions for a divergence d
to represent a Bregman divergence is that for any vector a, the function ¢, (z) = d(z, a) is strictly
convex and differentiable, and d(x,y) = dy, (z, y). We can similarly define necessary and sufficient
conditions for a divergence d to represent the submodular Bregman, which we state in the form of the
following theorem (proof in Appendix D.5).

Theorem 3.9. The following are the necessary and sufficient conditions for a divergence d to be an
instance of a submodular Bregman.

(a): A divergence d is of the form d;{f iff for any sets A, B C V, the set function f4(X) = d(X, A)
is submodular in X and the set function d(X, A) — d(X, B) is modular in X.
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(b): A divergence d is of the form déf iff, for any set A, B C V, the set function fo(Y) = d(A,Y)
is supermodular in'Y and the set function d(A,Y) — d(B,Y) is modularin'Y'.

(¢): A divergence d is of the form d? iff, for any set A, the function f4(X) = d(X, A), is submodu-
lar in X, and for every Y, there exists a permutation o of V such that d(X,Y) = d;, -(X,Y).

(d): A divergence d is of the form d{:3 iff, for any set A, the function fo(Y) = d(A,Y) is
supermodular inY, and d(X,Y) = d;g“ (X,Y), for one of the three Nemhauser based upper
bound submodular Bregman.

3.2 The Lovasz Bregman divergence

The Lovasz Bregman divergence also has a number of very interesting properties. In particular, notice
that the Lovasz Bregman divergences are also non-negative (and hence valid divergences). In addition,
they are convex in their first argument for a given second argument. Additionally they also satisfy
the property of linearity, i.e given submodular functions f1, f2, d; 1, (z,y) = dj (z,y) + d g, (2, y).
Further, since it is a form of generalized Bregman divergence, a lot of the properties of generalized
Bregman divergences extend to the Lovasz Bregman divergence as well [28, 14].

In addition, the Lovasz Bregman divergences satisfy a number of other interesting properties. Notable
amongst these is the fact that it has an interesting property related to permutations.

Theorem 3.10. Given a submodular function whose polyhedron contains all possible extreme points
(e.g., f(X)=|X]|) df(x,y) = 0ifand only if o, = oy.

Proof. The proof of this theorem follows from standard notions of the submodular polyhedron,
and the definition of the Lovasz Bregman divergence. Recall Eqn. (39), and it follows that x # 0,
d; (x,y) = 0,iff hy o, = hy o, . Further from the definition of / and the fact that the function f has
all possible extreme points, corresponding to every permutation ¢ we have a unique extreme point.

Hence proved. O

Hence the Lovasz Bregman divergence can be seen as a divergence between the permutations. While
a number of distance measures capture the notion of a distance amongst orderings [19], the Lovasz
Bregman divergences has a unique feature not present in these distance measures. The Lovasz
Bregman divergences not only capture the distance between o, and o, but also weighs it with the
value of z, thus giving preference to the values and not just the orderings. Hence it can be seen
as a divergence between a score x and a permutation o, and hence we shall also represent it as
dj(z,y) = ds(zl|loy) = (2, he,s, — ha,s,). Correspondingly, given a collection of scores, it also
measures how confident the scores are about the ordering. For example given two scores x and y
with the same orderings such that the values of x are nearly equal (low confidence), while the values
of y have large differences, the distance to any other permutation will be more for y than x. This
property intuitively desirable in a permutation based divergence. Finally, as we shall see the Lovasz
Bregman divergences are easily amenable to k-means style alternating minimization algorithms for
clustering ranked data, a process that is typically difficult using other permutation-based distances.

4 Applications

In this section, we show the utility of the submodular Bregman and Lovasz Bregman divergences by
considering some practical applications in machine learning and optimization. The first application
is that of proximal algorithms which generalize several mirror descent algorithms. As a second
application, we motivate the use of the Lovadsz Bregman divergence as a natural choice in clustering
where the order is important. Finally we provide a clustering framework for the submodular Bregman,
and we derive fast algorithms for clustering sets of binary vectors (equivalently sets of sets).

4.1 A proximal framework for the submodular Bregman divergence

The Bregman divergence has some nice properties related to a proximal method. In particular ([5]), let
1) be a convex function that is hard to optimize, but suppose the function (x)+Ad,(x, y) is easy to op-
timize for a given fixed y. Then a proximal algorithm, which starts with a particular 2° and updates at
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every iteration 2! = argmax,¢(z) + Ady (2, z*), is bound to converge to the global minima. In fact
the standard proximal procedures used ¢ as the quadratic function which gives the Euclidean distance.

We define a similar framework for the submodu-
lar Bregmans. Consider a set function F', and an
underlying combinatorial constraint S. Optimiz- X° = ()

ing this set function may not be easy —e.g., if S  while until convergence do

is the constraint that X be a graph-cut, then this L X = argminy . g F(X) + Md(X, X*)
optimization problem is NP hard even if F' is t—t+1

submodular ([17]). Consider now a divergence
d(X,Y) that can be either an upper or lower bound submodular Bregman. Note, the combinatorial
constraints S are the discrete analogs of the convex set projection in the proximal method. We offer
a proximal minimization algorithm (Algorithm 1) in a spirit similar to [5]. We have the following
theorem which guarantees that the solution is monotonically decreasing over iterations.

Algorithm 1: Proximal Minimization Algorithm

Theorem 4.1. Consider the proximal minimization algorithm. Then the values of F(X") are non-
increasing with t (i.e., F(X°) > F(X') > F(X?) > ...). Further since F is a set function, it is
finite, and hence the algorithm is guaranteed to reach a local minimum.

Proof. Observe from the algorithm that: F(XV*!) + d(X?T1 XV) < F(X?) = F(X't!) <
F(X"), since d(X{ 11, X¥) > 0. Hence we have that F(X"*!) < F(X"). O

Interestingly, a number of approximate optimization problems considered in the past turn out to be
special cases of the proximal framework. We analyze this in detail in [15], and hence provide only a
summary of the results below:

Minimizing the difference between submodular (DS) functions: Consider the case where
F(X) = f(X) — g(X) is a difference between two submodular functions f and g. This problem is
known to be NP hard and even NP hard to approximate [25, 13]. However there are a number of heuris-
tic algorithms which have been shown to perform well in practice [25, 13]. Consider first: d(X, X*?) =
d;f (X, X*) (for some appropriate schedule 3; of permutations), with A = 1 and S = 2V. Cor-

respondingly at every iteration we have: X1 € argminy (f(X) — g(X) +dg,0, (X, X)) =
argminy f(X)—h%,(X), where h¥%, _— (X) refers to the modular lower bound of g at X*. Thus at
every iteration we minimize a submodular function, a process which is the submodular-supermodular
(sub-sup) procedure ([25]). Moreover, we can define d(X, X?) = d{:3(Xt, X)), again with A = 1 and

S = 2V. Then at every iteration, we have: X**! € argmin (f(X) — g(X) +df 4( t,X)) =

argmin y mfﬁ (X) — g(X), where mg(t (X)) refers to one of the modular upper bounds of g at X*.
Thus every iteration is a submodular function maximization, which is exactly the supermodular-
submodular (sup-sub) procedure [13]. Finally defining d(X, X*) = df ,(X*, X) + A3 (X, X"), we
get the modular-modular (mod-mod) procedure [13]. Further, the sup-sub and mod-mod procedures
can be used with more complicated constraints like cardinality, matroid and knapsack constraints
while the mod-mod algorithm can be extended with even combinatorial constraints like the family
of cuts, spanning trees, shortest paths, covers, matchings, etc. [13]

Submodular function minimization: Algorithm | also generalizes a number of approximate
submodular minimization algorithms. If F' is a submodular function and the underlying constraints
S represent the family of cuts, then we obtain the cooperative cut problem ([17], [16]) and
one of the algorithms developed in ([17]) is a special case of Algorithm 1 with F' = f A = 1,
d(X, X" = dl (X", X), and S representing the family of cuts. In this case at every iteration is a stan-
dard graph-cut problem which is relatively easy. If S = 2V above, we get a form of the approximate
submodular minimization algorithm suggested for arbitrary (non-graph representable) submodular
functions ([18]). The proximal minimization algorithm also generalizes three submodular function
minimization algorithms IMA-I, II and III, described in detail in [15] again with A = 1,S = 2" and
d(X, X?) = df (X, X),d}(X?, X) and d(X, X*) = df (X*, X) respectively. These algorithms are
similar to the greedy algorithm for submodular maximization [26]. Interestingly these algorithms
provide bounds to the lattice of minimizers of the submodular functions. It is known [1] that the
sets A ={j: f(410) < 0}, B={j: f(4|V —{4}) > 0 are such that, for every minimizer X*,
A C X* C B. Thus the lattice formed with A and B defined as the join and meet respectively,
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Figure 1: Results of k-means clustering using the Lovasz Bregman divergence (two plots on the left)
and the Euclidean distance (two plots on the right). URLs above link to videos.

gives a bound on the minimizers, and we can restrict the submodular minimization algorithms to

this lattice. However using d = dé as a regularizer (which is IMA-III) and starting with X° = ) and
X% =V, we get the sets A and B [15] respectively from Algorithm 1. With versions of algorithm 1
with d = df and d = dJ, and starting respectively from X° = () and X° = V, we get sets that
provide a tighter bound on the lattice of minimizers than the one obtained with A and B. Further
these algorithms also provide improved bounds in the context of monotone submodular minimization
subject to combinatorial constraints. In particular, these algorithms provide bounds which are better
than %, where v is a parameter related to the curvature of the submodular function. Hence when
the parameter v is a constant, these bounds are constant factor guarantees, which contrasts the
O(n) bounds for most of these problems. As an example, for monotone submodular minimization
subject to a spanning tree, perfect matching or edge cover constraints, we obtain an improved bound
of O(1+(7?7—1)V)’ which matches the lower bound for these problems for the class of submodular

functions with curvature v. For a more elaborate and detailed discussion related to this, refer to [15].

Submodular function maximization: If f is a submodular function, then using d(X, X") =
d?” (X, X7) forms an iterative algorithm for maximizing the modular lower bound of a submod-
ular function. This algorithm then generalizes a algorithms number of unconstrained submodular
maximization and constrained submodular maximization, in that by an appropriate schedule of X,
we can obtain these algorithms. Notable amongst them is a % approximate algorithm and a 1 — é
approximation algorithm for unconstrained and cardinality constrained submodular maximization
respectively. Further, similar to the minimization case, we get improved curvature related bounds for
monotone submodular maximization subject to cardinality and matroid constraints. For a complete
list of algorithms (and results) generalized by this and a much detailed description, refer to [15].

We point out that the proximal framework provided above, is very broad and can be used for
a vast class of optimization problems. In this section however, we have only considered a few
special cases of this framework. Notice that akin to the proximal framework of [5], this framework
will be useful only if the function F/(X) + Ad(X, X*) for an appropriate choice of a submodular
Bregman, is easier than minimizing F' directly. In the above, we considered special cases, which
make F'(X) + Ad(X, X?) either modular, submodular or supermodular, thus making every step of
the algorithm optimal (or approximately optimal). On the other hand, there could be other cases as
well. For example, the performance of most approximate algorithms for constrained submodular
minimization or maximization, depend on the curvature v of a submodular function [15]. In particular,
if F is monotone but too highly curved (for example a matroid rank function), it might be the case
that adding the regularizer, preserves the monotonicity (and submodularity, which is possible if f
is chosen to be an appropriate monotone submodular function), improves the curvature at every
iteration, thus improving the guarantees of every inner iteration. These are some interesting open
questions, which could be investigated in future work.

4.2 Clustering framework with the Lovasz Bregman divergence
In this section we investigate a clustering framework similar to [2], using the Lovisz Bregman

divergence and show how this is natural for a number of applications. Recall that the Lovdsz Bregman
divergence can be written as:

df(x,y) = f(a:) —(hy,0,: ) = (T, he 0, — Py o,)- (39)
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Recall also that the Lovasz Bregman divergence in some sense measures the distance between the
ordering of the vectors and can be seen as a form of the “sorting” distance. We define the clustering
problem as given a set of vectors, find a clustering into subsets of vectors with similar orderings.
For example, given a set of voters and their corresponding ranked preferences, we might want to
find subsets of voters who mostly agree. Let X = {x1, 2, - ,x,,} represent a set of m vectors,
such that Vi, x; € [0, 1]™. We first consider the problem of finding the representative of these vectors.
Given a set of vectors X’ and a Lovdsz Bregman divergence d fra natural choice of a representative

(in this case a permutation) is the point with minimum average distance, or in other words:
n
o = argmin Z d(zillo") (40)
o=

Interestingly for the Lovasz Bregman divergence this problem is easy and the representative permuta-
tion is exactly the permutation of the arithmetic mean of X

Theorem 4.2. Given a submodular function f, the Lovdsz Bregman representative
argmin,, Y ;) d(xi||o’) is exactly 0 = o, = 3 Y30 @

The proof of the above theorem is in Appendix E.1 It may not suffice to encode X using a
single representative, and hence we partition X into disjoint blocks C = {C1, - - - , C} with each
block having its own Lovasz Bregman representative, with the set of representatives given by
M ={0o1,09,- - ,01}. Then we define an objective, which captures this idea of clustering vectors
into subsets of similar orderings:

k
mind Y diwillo;) (41)

j=1lz;€C;

Consider then a k-means like alternating algorithm [21, 23]. It has two stages, often called the as-
signment and the re-estimation step. In the assignment stage, for every point x; we choose its cluster
membership C; such that j = argmin; d ;(;||o;). The re-estimation step involves finding the repre-
sentatives for every cluster C';, which is exactly the permutation of the mean of the vectors in C}.

Algorithm 2: The Lovéasz Bregman k-means algorithm

Given a set of sets X, find a clustering C and set of permutations M.
Initialize MY as a particular choice of initial permutations.

t=20
while not converged do
t—1t+1
The assignment step:
Vi=1,2,--- ,m,assign z; to a cluster C} such that j = argmin, d(zi||of ™).

The re-estimation step:
For the clustering C? obtained above, find the representative (or mean) a§ for each CJt

Algorithm 4 is very similar to the k-means algorithm. Further it is obvious that the performance of
this algorithm depends on the choice of the the initial permutations. We do not consider any schemes
of choosing the initial permutations, however similar to the standard k-means, it is possible to provide
hueristics for this.

We remark here that a number of distance measures capture the notion of orderings, like the
bubble-sort distance [19], etc. However for these distance measures, finding the representative may
not be easy. The Lovisz Bregman divergence naturally captures the notion of distance between
orderings of vectors and yet, the problem of finding the representative in this case is very easy. Then
similar to [2], we can show that:

Lemma 4.1. A k-means clustering algorithm defined above will monotonically decrease the objective
of equation (43) at every iteration.

This theorem can be proved in a manner similar to [2]. Further It is interesting to analyze the results
of this algorithm at convergence. We have the following theorem.
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Lemma 4.2. At the convergence of Algorithm 2, we are guaranteed to converge to a local minimum
in the sense that the loss function cannot be improved by either the assignment step, or by changing
the means (permutations) of any existing clusters.

To demonstrate the utility of our clustering framework, we show some results in 2 and 3 dimensions
(Fig. 1), where we compare our framework to a k-means algorithm using the euclidean distance.
We use the submodular function f(X) = \/w(X), for an arbitrary vector w ensuring unique base
extreme points. The results clearly show that the Lovdsz Bregman divergence clusters the data based
on the orderings of the vectors.

4.3 A clustering framework for the submodular Bregman

It has been shown ([2]) that the Bregman divergence possesses very interesting properties regarding
clustering in the k-means framework. It is the only class of continuous divergences which has the
property that the point having the minimum average distance to a set of points x1, g, - , Ty, 18
simply the mean of these points. The previous section, shows yet another application of this through
the Lovész Bregman divergences.

In this section however, we extend the clustering framework of [2] to cluster sets of binary vectors
(or equivalently sets), with the centroids themselves being binary vectors (sets). Clearly, we cannot
naively use the continuous clustering framework for such vectors. Hence the underlying problem
is to find the set (binary vector) that has the minimum average distance to a set of sets. This can be
useful in machine learning applications where objects (which might be structured and/or variable
length such as strings, trees, or graphs) are well-represented by a fixed size set of binary features. We
motivate this by an example of the Hamming distance clustering.

Example 4.1. In this context, we want to cluster a set of sets, using the Hamming distance. We can
use a k-means like algorithm for this, and the Hamming representative has a particularly nice form.
Given a set of sets X1, Xa,- -+ , X, the hamming representative (we formally define the notion of a

discrete representative in the following section), is X iy which is an integer rounding of % (We
show this in Appendix E.2).

In this paper, we consider a clustering framework using the submodular Bregmans as the class of
discrete divergences (notice that this subsumes the Hamming distance clustering discussed above).

4.3.1 Finding the submodular Bregman representatives

Let ¥ = {X3, Xo, -+, X,,,} represent a set of m sets (or m binary vectors) that we want to cluster.
Then we can define two problems, which we call the left and right means problems respectively. Let
S; and S, represent the left and right Bregman representatives respectively — then we have, for a
divergence d:

S; = argmin d(S,X;), S, =argmin d(X;, S (42)
l sggv ; ( ) sggv ; ( )

Both the above are set function minimization problems that in general can be intractable. However
when d is an instance of the submodular Bregman divergence, some very interesting properties

exist. It is evident from the definitions, for example, that for d = d}{f , the left means problem is a
submodular minimization problem, and correspondingly for d = d’; s, the right means problem is a

submodular maximization problem. Hence there are a number of fast algorithms to approximately
(or sometimes exactly) solve them [9, 18, 12, 24].

The other two problems (the right mean with d = d}{f , and left mean with d = dé‘f) can also be
approximately solved, thanks to the structure of the submodular Bregmans and their connection to the
Lovasz extension (Sections 2.3 and 2.4). As shown in the theorem below, the right means problem

with d = djff , is exactly equivalent to solving X, = argming d f(,u, 1s), where p is the continuous
mean of 1x,,1x,, - ,1lx,. Similarly the left means problem with d = dé +, 18 equivalent to solving

X, = argming af (1s, pt). Thus, we need to find the vertex of the hypercube that is closest to the
continuous mean 4 (in the generalized Bregman divergence sense), and correspondingly we would
expect that rounding p would give the optimal mean.
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Algorithm 3: Generalized rounding procedure

1. Define L(S) = Y1 | 2d(S, X;) and R(S) = 31, 2d(X;,5)

2. Sort the elements of y (the continuous mean of 1x,,1x,, - ,1x,) to obtain the chain of sets
Ul gU2 g gUﬂ,

3. Assign S; = Uy, where k = argmin; L(U;) (for the left mean) and k = argmin; R(U;) (for the
right mean).

Consider the procedure described in Algorithm 3 for obtaining the means. Observe that this
procedure is identical to rounding the continuous mean at different thresholds and picking the
best one — that is, picking any of the sets U; corresponds to thresholding the mean p at pu(o (7))
(i.e., setting all elements less than it to 0, and the ones above it to 1). We formally show this in
Theorem 4.3 (proof in Appendix E.2).

Theorem 4.3. We have that:

o The left means problem for d :dé_f, is equivalent to solving X; = argmin y df(lx, n) =

argminy » .-, )\idéf (X,U;), where \; are constants and U;’s are as defined in Algo-
rithm 3.

o The right means problem for the lower bound submodular Bregman is equivalent to solving
X, = argminde(u, 1x) = argminy > ., )\id;rtf (U;, X), where \; are constants and
U;’s are as defined in Algorithm 3.

For the Hamming distance, Algorithm 3 gives the exact representatives.

The above theorem suggests the utility of the rounding procedure 3 for these problems. Notice that
the problem of finding the means is equivalent to minimizing the weighted sum of the divergences to
the chain of sets corresponding to the continuous means. Hence intuitively if the divergence is not
too curved, one would expect the minimizer to be one of the sets in the chain (which corresponds
to rounding the continuous mean at different points). In particular, notice that this is the case for a
modular divergence, like the Hamming or Recall/ Precision etc. Finally however we point out that we
do not have any theorotical guarantees for general forms of submodular Bregman, and it would be
interesting if either constant factor or log factor guarantees could be provided for this.

Hence we see, similar to [2], finding the representative of a given set is computationally efficient and
salable (very low polynomial time complexity, and essentially O(n) in some cases). Importantly,
note that it is the structure of the submodular Bregman divergences that give these nice properties,
and the generalized rounding algorithm will not work for arbitrary discrete divergences.

We formally define the clustering problem in the framework of [2]. Let X = {X;, Xo, - , X, }
represent a set of m sets (or m binary vectors) that we want to cluster.

4.3.2 The clustering framework

We first consider the problem of finding the submodular Bregman representatives. Since the sub-
modular Bregman is not in general symmetric, we have two problems above, which we have called
the left mean (L) and right mean (R) problems respectively. The sets that minimize the expressions
above are the submodular Bregman representatives and are named S; and S, respectively. Hence we
generalize equation (42). Thanks to the nice structure of the submodular Bregman, we can efficiently
find the submodular Bregman representatives as we show in Section 4.3 and Theorem 4.3.

It may not suffice to encode X using a single representative, and hence we partition X" into disjoint

blocks C = {C4, - -, Cy} with each block having its own submodular Bregman representative. Let
d be a discrete divergence (which in this framework, we assume is a form of submodular Bregman)
and M = {My,---, My} be the set of representatives. Then we define the clustering objective as:
E
mind > d(Xi, M;) (43)
j=1X; GCj

Here and in the below, we have explicitly defined the right-means problem, but a similar expression
and equations can be given for the left means as well.

18



Consider now a k-means like alternating algorithm [21, 23]. It will typically have two stages, often
called the assignment and the re-estimation step. In the assignment step, for every point X; we
choose its cluster membership C; such that j = argmin; d(X;, M;). The re-estimation step involves
finding the representatives for every cluster C; (by solving equation (42)). This immediately yields
Algorithm 4.

Algorithm 4: The submodular Bregman k-means algorithm

Given a set of sets X, find a clustering C and set of centroids M that attempts to minimize Eqn. (43)
Initialize M" to be random centroids.

t=0
while not converged do
t—1t+1

The assignment step:

Vi=1,2,---,m,assign X; to a cluster Cjt» such that j = argmin, d(X;, Mltfl).

The re-estimation step:

For the clustering C? obtained above, find the representative M Jt for each Cjt» using equation (42).

For each j, pick the best out of M ]t and M;_l

Algorithm 4 is very similar to the k-means algorithm, except that at every stage, for each j =
1,2,--- , k, we pick the best representative amongst M ]t and M ;_1. By “best”, we mean the one that

has a lesser average distance to the sets in C;. Note that the reason for this is that, in all except one
case (finding the left mean of a lower-bound submodular Bregman function, which is a submodular
minimization problem that can be solved exactly in polynomial time) the representatives of the
submodular Bregman are approximate means (e.g., the right mean problem of the upper bound
submodular Bregman divergence is a submodular maximization problem which can only be solved
approximately in polynomial time, and also the right (respectively left) mean problem of the lower
(respectively upper) bound submodular Bregman function which is also only approximate). Hence by

picking the best of M ]t and M;_l, we are guaranteed to not increase objective (43) at every iteration.

Further, if M ; ~1 is a better representative, then the preceding mean is a better representative of the
current clustering and hence we choose it.

Then similar to [2], we can show that:

Lemma 4.3. A k-means clustering algorithm defined above will monotonically decrease the objective
of equation (43) at every iteration.

This theorem can be proved in a manner similar to [2]. The assignment step clearly reduces the
objective. Further, the way we have defined the re-estimation step, again the objective can only reduce
at every iteration. Since this is a discrete problem with a finite number of clusters k, the number of
distinct clusterings are finite, and hence we are guaranteed to converge.

It is interesting to analyze the results of this algorithm at convergence. We have the following theorem.

Theorem 4.4. The following is true at convergence of Algorithm 4:

e For the left means problem, with the lower bound submodular Bregman, we are guaranteed
to converge to a local minimum in the sense that the loss function cannot be improved by
either the assignment step, or by changing the means of any existing clusters.

e For the right means problem, with the upper bound submodular Bregman, if we use a local
search technique for non-monotone submodular maximization [9], then we are guaranteed
to converge to a local minimum, in the sense that the loss function cannot improve by either
the assignment step, or by taking any subset or superset of the means of the existing clusters.

e For the right means problem of the lower bound submodular Bregman, and the left means
problem, of the upper bound submodular Bregman, we are guaranteed to converge to a local
minimum, in the sense that the loss function cannot improve by either the assignment step or
by any other rounding of the means of the current clustering.
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Proof. For the proof of this theorem, observe first that since submodular minimization can exactly
in polytime, the means computed at every step are the global minima, and hence for the current
clustering no other means can improve the solution. Now for the right means problem of the upper
bound submodular Bregman, since it is a submodular maximization problem, the local search solution
of [9] converges to a local maxima. Further the local maxima has the property that no subset of
superset of the optimal set can be better than it. Hence the means obtained at convergence will have
the property that no subset of superset of them will be better. Finally observe that the generalized
clustering algorithm gives the best rounding of the continuous mean and hence we are guaranteed
that if the assignment step does not change the clustering, then the means obtained will be the best
rounding of the means of the current clusterings. O

5 Conclusions

In this paper, we introduced a submodular Bregman divergence, characterized by a submodular
function. Using both the upper and lower bounds, we defined two forms of the submodular Bregman,
and also analyzed their relation with the Bregman divergence. We also introduced the Lovasz
Bregman divergences, as a form of the generalized Bregman divergence on the Lovasz extention.
We showed how the submodular Bregman divergences generalize many useful distance measures
like the hamming, precision and recall, and showed how the Lovasz Bregman divergences provide
a natural framework for clustering vectors based on their ordering. We Finally we showed some
useful applications of these, in the context of clustering and as a proximal operator, which provides a
framework for submodular optimization.

This new notion of the submodular Bregman divergences are indeed very exciting, and we hope that
they can be found to be useful in many more application contexts in machine learning, in addition to
the ones we consider. Further the Lovdsz Bregman divergences also provide a very exciting class of
continuous divergences, which enrich the already existing utilities of the Bregman divergences in
Machine Learning.
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A Proofs related to the lower bound submodular Bregman

A.1 Proof of Lemma 2.3

Proof. To prove this theorem, observe that 0;(Y) = Pf; x Py, . However since we have that
Yy € 8? (Y),y(Y) = f(Y), we have that the vectors in Pf; actually belong to the base polytope

of f; . Further the base polytope of f;z is exactly the base polytope of f¥. A similar argument
proves that the other part is the base polytope of fy. Lastly observe that the base polytope is a
closed polytope and hence it is the convex combinations of its extreme points. Hence each part in
the direct product is a convex combination of their respective extreme points, and hence the base
sub-differential is a convex combination of the extreme points of the sub-differential. O
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A.2 Proof of theorem 2.1

Proof. Observe that from the earlier result, the submodular sub-differential is a direct product of a
dual submodular polyhedron and a submodular polyhedron. Hence the linear program actually can
be broken up into two smaller linear programs as follows:

maxseaf(y)sTw— max sirwl—&— max s;—wg 44)
’ 91€Pf# $2€Pfy

where w; is a vector formed of elements of w inside Y, and ws is a vector formed of elements
outside Y. Then the results from Fujishige [11] directly show that we obtain the maximizer if we
order the elements using the greedy algorithm, to order the elements both within and outside the
set Y. For the maximizers over 0f(Y") to be bounded however, we require that the elements within
Y be non-positive, while the elements outside Y be non-negative. Since the base subdifferential is
bounded, the linear program over the base subdifferential will always remain bounded. [

A.3 Proof of theorem 2.2

Proof. Observe that 0y, (yynp, (1x — ly) = max,ca, (v)np, (¥, Lx — ly). We then invoke the
theorem above, to order the elements in 1 x — 1y and find a permutation S; = [o(1),0(2),--- ,0(4)],
with S}y = Y. In addition {1x — 1y }(j) < 0,5 € Yand {1x — 1y }(j) > 0,5 ¢ Y, and hence
the maximization over the subdifferential will be bounded.

We require the orderings then to ensure that {1x — 1y }(c(1) > {1x — 1y }(c(2))---{1x —
1y }(o(|Y])) and similarly for elements for those outside Y, {1x — 1y }(o(|]Y] + 1)) > {1x —

Iy Ho (Y] +2)) - {1x = Iy }(o(n)).

Let h represent the maximizer. Then the ordering of h, should contain the elements in X NY first
since those correspond to the maximum value of 1 x — 1y inside Y (Notice that for j € Y, 1y () = 1.
The next set of elements would be the elements in Y\ X . Similarly we can show that for the elements
outside Y (i.e j ¢ Y), we order the elements in X \Y first followed by the rest of the elements.
Hence h(X NY) = f(XNY),h(Y) = f(Y)and (X UY) = f(X UY). Then simple algebra
reveals that:

oo,;(v)(Ix — 1y) = (h,1x — 1y)
= h(X) = h(Y)
= (X NY)+h(X\Y) = h(Y)
=fXNY)+ f(XUY) - f(Y) - f(Y) (45)
Substituting this back, we get dﬁf(X, Y)=f(X)+fY)-f(XNY)—-f(XUY). O

A.4 Proof of theorem 2.3

Proof. Again this follows from the greedy algorithm corresponding to the subdifferential. Notice
that Uaf(y)s(ly — lx) = maX;Leaf(y)B(ly — lx).
Let h represent the maximizer. Then the ordering of h, should contain the elements in Y\ X first
since those correspond to the maximum value of 1y — 1x inside Y. The next set of elements would
be the elements in X NY. Similarly we can show that for the elements outside Y (i.e j ¢ Y),
we order the elements which are not in X U Y first followed by the rest of the elements. Hence
MY\X) = F(Y\X),A(Y) = f(¥) and h(X\Y) = f(V) — F(V\{X\Y}) = f3(X\Y). Then
simple algebra reveals that:
oo, (v)nB; (ly — 1x) = (h, 1y — 1x)

= h(Y) = h(X)

=—-h(XNY)—-h(X\Y)+hrY)
—h(Y)+h(Y\X) — h(X\Y) + h(Y)

= J(V\X) ~ F{(X\X) (46)

Substituting this back, we get the expression for d?. O
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B Proofs related to the upper bound submodular Bregman

B.1 Proof of Theorem 2.4

Proof. Consider first d{ . Now define a vector g} € RV, such that:

Loy JIUIX —G) ifjeX
w0 ={{G0 " i ex “

Now for any Y C V we have:

gx (V) =gk (X) = gx(Y\X)+gx(X NY) - gk(X)
= > A+ DD FGIX =) =D FUIX =)
JEY\X JEXNY jeX
= Y e - Y fulx -y (48)
JEY\X JEX\Y

and we obtain terms belonging to the submodular Bregman of the first type. Hence we have that d{ ,

is a special case of dé ;- We can also similarly define a g% for the submodular Bregman of the second
type, as:

2 (. fGIV =3) ifjeX

g = ‘ o (49)
xo1={36 e

It is not hard to see that from g% (V) — g% (X) we get terms in the submodular Bregman of the

second type, and from g%, we get the submodular Bregman of third type and hence dg dg are also

special cases of d’gc 5 O

B.2 Proof of Lemma 2.5

Proof. We define f(X) = >, \ih;(m;(X)) with A; > 0, Vi. Given that h;’s are concave functions,
we have from the definition of concavity (Vz):

hi(z) — hi(y) — hi(z)(z —y) = 0 (50)

Where R/ here represents a supergradient of the concave function at z. There should be no confusion
to the reader, however, that if h;’s are differentiable at x, then the supergradient is exactly the
derivative. Now consider evaluating this function at z = m;(X) and y = m;(Y"). Further let m; be
the vector corresponding to m;(X), or in other words m;(X) = (m;, 1x). Then we have that:

hi(mi(X)) = hi(mi(Y)) = hi(mi (X)) (mi(X) = mi(Y)) = 0
= hi(mi(X)) = hi(mi(Y)) = hi(mi(X)) ({mi, 1x) = (mi, 1y)) 2 0
= hi(mi(X)) = hi(mi(Y)) = hi(mi(X))(mi, 1x = 1y) > 0
= hi(mi(X)) = hi(mi(Y)) = (hi(mi(X))mi, 1x —1y) 2 0 (51

Note that h;(m(X)) is just a scalar. Hence we have that the supergradient of g;(X) £ h;(m;(X))
(seen as a submodular function) at X is h;(m;(X))m,;. We can then easily show the result, by
multiplying the expression above by )\;, and summing over .

D A (Ralmi(X)) = hami(¥)) = B ma(X))ms Ly — 1)) 2 0
Z Aihi(msi (X)) — Z)\ihi(mi(Y)) - <Z bl (mi(X))mi, 1x — 1y) >0

f(X <Z/\ hi(m;(X))m;, 1x — 1Y> >0 (52)

Hence ), X\;h;(m;(X))m; is actually then a supergradient of f(X) at X. Hence proved. O
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B.3 Proof of Theorem 2.5

Proof. Consider for now dg :

d(X)Y) = = > UV =h+ DD fUIX) - FY)
jex\y jeEY\X
= Y G FXUY) PO+ X UY) = £ = D FGIV - D)
JEY\X jEX\Y
l
= Z[ (10 = f (X, 1]+Z[ (315 1) = FslV = )] (53)

Note that the two sums are over elements, respectively, in X \Y and Y\ X and that the terms within
each of the sums is non-negative. The submodular Bregman seen in this form now seems like a
distance measure, since would expect that (like the Hamming distance dg (X,Y) = | X \Y|+|Y'\ X|)

the distance would be larger if | X'\Y'| and |Y'\ X| is larger. Analogously d{ can also be written as:

k

(X, Y) = 37| Fs10) - £y X,-0)] + i{ PV = FwlY —up)| 64

=1

The bounds now, directly follow from the above equations. The case of d?{ is analogous to the above,
and we leave it to the reader. O

C Proofs related to the continuous extentions of the submodular Bregman
divergences

Proof of Theorem 2.6

Proof. To show the first part, we argue that if + = 1x and y = 1y are vertices of the hypercube
corresponding to sets X and Y, then the subgradient defined on the Lovész extension is actually the
same as the set of modular lower bounds, corresponding to the lower bound submodular Bregman. In
other words if Y is the set corresponding to the vertex 1y, then iy = hq, . To see this, observe that
when 1y is ordered following a permutation 7, all the permutations of sets will involve the ones first
followed by the zeros. Clearly 1y has |Y| ones and hence every such permutation 7 of V' will be such
that W|y| =Y, and hence hy . = hy .. This fact seen with equation (33) and (6) shows the third
item of the theorem. Another probably simpler way to see this fact is that since the subdifferentials
corresponding to h,, and hy are identical, and hence their extreme points are identical.

We then show the second item as follows. Note that this is true for any generalized lower bound Breg-
man divergence, and any generalized Bregman divergence of the Lovdsz extension (any subgradient),
as long as the chosen subgradient of f at 1y and that of f at Y are the same. Now observe that from
the Lovisz extension that we have: f(z) = z(o(n))f(X,) + 317 (2(0(i)) — (o (i + 1)) f(X;) =
Yo Aif(X;). Further also notice that z = Y1 ; A\;1x, and Y | A; = z(c(1)). Thus we have
(using that by, = hy)

dj(z,y) = f(x) = f(y) = (hy,z —y)

= Y INFX) = ) = by, > Nilx —)
- Z NF(X3) + <Z N 1= (o (W)FY) = by (SN + 1=y =3 Adx)
= ZA A (X3, Y) + (1 - y(o(1)d (Xo,Y) (55)

Finally note that since A; > 0 and z(o(1)) < 1 and thus we have the Lovdsz extension of the
Bregman divergence, when x is a continuous vector within the hypercube and y is a vertex of the
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hypercube, is a convex combination of the submodular Bregman between Y and the chain of sets,
corresponding to x.

We now show the third statement of the theorem. Observe that from the Lovasz extension, we have:

Fy) = y(a () f (V) + 75 (w(o(8) — y(o(i + 1)) (Vi) = X7, Aef (V). Further also notice
thaty = > | \;Y; and 21:1 Ai = y(o(1)). First we define now a permutation for every set Y;.
Notice that for every ¢, the permutation o is a valid permutation for Y; since each Y; appears in that
chain. Hence let, hy; o = hy ». In other words, corresponding to every set in the chain, we define the
subgradient corresponding to the same permutation o. Further let z = 1x. Thus we have:

s (@) :f<x>—f< ) - <hw,w—y>
ZAf By, 1 —Zmy)

Z)\ +1-y Z)\f (hy,m(ZAle—y(U(l)))lX—Z)\ilm>
_Z/\ Vi) = (hvior 1x = 1vi)) + (1 = y(e (W) (f(X) = (hyy0. 1x))

—Z/\f = hy, o(X) + (1 = y(e(1))) f(X) = by, 0 (X)

= ZA A (X,Y5) + (1= y(o(1)d} (X, Yo) (56)

Finally the last statement of the theorem directly follows from the above two statements. O

This is the proof of Theorem 2.7.

Proof. First observe that from the Lovdsz extension, we have: f(y) = y(o(n))f(Y,) +

S (o (i) — y(o(i + 1) f(Yi) = S0, Aif (Y;). Further also notice that y = S7 A1y,
and Y. | A\; = y(o(1)). Thus we have:

d (z,y) = ZAf <gx,m—ZAi1n>
= Z/\ +1-y ))f(lx)—i:&f(Y;)—<gx,(ZAz—+1—y(o(l)))lx—zkilw
= ZA Vi) = (gx,1x — 1y;)) + (1 — ((1;))(f(X)—<9X,1X>) |
= Zkidéf(X,Yi)ﬂL(l—y(o(l)))déf(X,Yo) 67

O

D Proofs related to the properties of the submodular Bregman divergences

D.1 Submodularity of the Upper bound submodular Bregman in the first argument

Theorem D.1. In the below, let my (X) be a given modular function in X parameterized by a fixed
Y.

For a fixed Y and if { is monotone non-increasing submodular function, the submodular Bregman
of the first type d}c (X,Y) can be expressed as a difference between two submodular functions in X
as follows:

) = (1) + 3 fxX = +mr(0) - (3 (X)) (58)

JEX\Y JEX\Y
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Similarly, for fixed Y and if f is monotone non-decreasing submodular function, then the submodular
Bregman of the second type d?-(X ,Y') can be expressed as a difference between two submodular
functions in X as follows:

BXY) = (F)+ Y FX D) +me(X) = (D 1(X)) (59)

JEY\X JEY\X

Proof. Recall the expression for the upper bound submodular Bregman of the first type:

d(X,Y) = — N fUIX =G+ DD FGI0) - f(Y) (60)

JEX\Y JEY\X

and if we fix Y, and letting my : V' — R be a modular function in X, we get

Yo FX)+ Y fX =) +my(X) 1)

JEX\Y JEX\Y

We now show that 3~ y\y f(X) and 3¢ x\y f(X — j) are both submodular. Observe first that if
[ is non-increasing, then g(X) = >_,c x\y f(X) is submodular. Again consider X C Z C V and
e ¢ Z. Then we have:

glelX) = g(XUe)—g(X)
= Z f(XuUe)— Z f(X
JEXUe\Y JEX\Y
=Y (X)) + Ie ¢ Y)F(X Ue) (©)
JEX\Y

Now note that X\Y C Z\Y, and f(e|X) > f(e|Z) since f is submodular. Both, however, are

non-positive since f is non-increasing. Hence we have >, v\y f(e|X) = 3 vy f(e]2) =

>_jez\y f(€lZ). Finally note that again as f is non-increasing f(X Ue) > f(Z U e) and hence
g(e|X) = g(e|2).

The proof that > jex\y f(X — 4) is submodular in X is similar to the above except replacing X by

X — j. Note that all the same steps will follow. The claim is proved.

The proof of the second part of the theorem for the submodular Bregman of the second type is very
similar so we leave it for the reader. O

D.2 Proofs of theorems 3.2 and Theorem 3.3

Proof of Theorem 3.2

Proof. Observe the way we have defined the permutation based lower bound Bregman divergence.
For a given Y, 0;(Y) is a linear operator in f [11]. Hence the extreme points are linear operators of
f and correspondingly Ay is a linear operator of f. From this it directly follows from the definition

that d}{f (X,Y) is a linear operator in f.
For the modular upper bound based submodular Bregman, we see that the gain of a submodular
function (i.e., f(j|.)) is a linear operator in f, and hence f(j|X), f(j|E—3j), f(j|0) and f(5]X —{5})

are all linear operators of f and hence the upper bound submodular Bregmans are linear operators in
I O

Proof of Theorem 3.3
Proof. Consider first the permutation based lower bound Bregman divergence d?. Notice that

dZ(X,Y) = m(X)—hy ,(X), where hy is the modular lower bound of m(X) in Eqn. (7). However
for any permutation o, we have >, hy(j) = >2;cx m(j) = m(X), and correspondingly
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dn(X,Y) = 0,VX,Y. Hence df1,,(X,Y) = dj;[f (X,Y) using the linearity of d;{f given by
Theorem 3.2.

In a similar manner we can show this for both of the upper bound Bregman divergences. Consider for
example the first type for f = m. Then we have f(X) — 3" cx\y F(I1X —5) + 2 ey x F(710) —
fY) = m(X) = m(X\Y) + m(Y\X) — m(Y) = 0. A similar argument can be provided
for the second type and hence again from Theorem 3.2’s linearity, we have that d/*™(X,Y) =
df 5(X,Y) O

D.3 Proof of Theorem 3.5 and Theorem 3.6

Proof of Theorem 3.5.

Proof. Consider first the generalized lower bound submodular Bregman. Given three sets X7, X5
and X3, we can write:

di (X1, Xa2) +d} (X2, X3) = F(X31) = f(X2) = (hx,, 1x, — 1x,)
+ f(XQ) - f(X?)) - <h’X37 1X2 - 1X3>
= f(Xl) - f(XS) - <hX3a 1X1 - 1X3>
- <hX27 1X1 - 1X2> + <hX37 1X1 - 1X2>
=} (X1, X3) + (hx, — hxy 1x, — 1x,) (63)

To show the second part, we have the generalized upper bound submodular Bregman. (Eqn. (23)).

L, (X1, Xo) + df, (Xa, X3) = f(X1) = £(X2) = (gx,,1x, — 1x,)
+ f(X2) = f(X3) = (9x2: 1x, — 1xy)
= f(X1) = f(X3) = (9x1, 1x, — 1x,)
—{9x2, 1x — 1xy) + (9x15 1x, — 1xy)

= déf (X17X3) + <gX1 — 9X>> 1X2 - 1X3> (64)

as desired. O

Proof of Theorem 3.6.

Proof. Firstdefine: g = XNYNZ, f=YNZ\g,e=XNZ\g,d=XNY\g,a=X\{d,e,g},

b=Y\{d,g,f},andc = Z\ {e, g, f}. Consider now:

d(X,Y)+di(Y,Z) = f(X + 3 X)) = S FUIE - )+ FY) - £(2)
JEY\X jEX\Y
+ > G- > fUIE - )
JEZ\Y JEY\Z
= fX + O U+ DD G = > FGIE =)
JEY\X JEZ\Y jey\z

Now we consider df (X,Y) + d} (Y, 2) — d}(X,Z) = Y ;e\ x FUIX) + Tiemy FUIY) =
Yienx JUIX) = 2ievz FUIE = J) = Xiex\w FUIE = J) + Xjex\z JUIE — J) =
D en fUIX) + 2 5ee FUIY) + 20, (FUIY) = FUIX)) = 2 epue FUIE — {j}). The last step
can be verified from the Venn-diagram for sets X, Y, Z, and using the expressions for a, b, ¢, d, e, f
and g. Hence for the triangle inequality, we need:

S GIE =Y <D FGIX) + ) FGIY) + ) (FGIY) = £(IX)) (65)

jEbUEe Jjeb j€e jEcC
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For this to be true we require that f(j|Y) > f(j]X),Vj € ¢, which will be true if either Y C X
or ¢ = (). Also we get an analogous expression from the triangle inequality for the upper bound
submodular Bregman of second type:

DOFGI0) = DT FGIX) + D FUIY) + Y (FUIY =) — FGIX = {5))  (66)
jEbUe JED jEe JEd

Thus here we need f(5]Y — {j}) < f(4|X — {4}), Vs € d, which will follow if X C Y ord = ().

The proof of the triangle inequality of dz’; follows in lines very similar to the above, and we leave it to
the reader. 0

D.4 Proofs of Theorem 3.7 and Theorem 3.8

Proof of Theorem 3.7

Proof. First observe that hy € 0¢(Y') an
we have df*(h)qhx) :f*(hy> *(
F*(hy) = hy(Y) = £(Y) and f*(ix)
hy (V) = f(Y) = hx(X) + f(X) — hy
d?f (X,Y), as desired.

nd hence Y € 02f(hy). Thus, directly from the definition,
x) — hy (X) + hx(X). Further, also from [11], we have,
= hx(X) — f(X). Therefore, we have: ds«(hy,hx) =
(X) + hx(X) = f(X) = f(Y) = hy(X) + hy (V) =

O

Proof of Theorem 3.8

Proof. Consider the first expression and we start for the dual function, with the submodular Bregman
# . . .

of the first type. d{ (X,Y) = f#(X) _ZjeX\Y f#EIX —{7}) +Zj€Y\X 10 - f#(Y) =

fV=X) = f(V) + Xjex\y FUIV = X) = 2ienx JUIV = i) + F(V) = F(V = Y) =

df(V — X,V —Y). We have used here the fact that f#(j|X — {j}) = f#(X) — f#(X — {j}) =

—fWM+fV-X)+fV)—f(V-X+{j}) = —f@U|V — X). Similarly we can show that

f7(10) = f(5]V — {j}). Note that we started with the submodular Bregman of the first type, for

X and Y of the dual function f#, but obtained the submodular Bregman of the second type for
V — X,V —Y of f. The other expressions can be shown in a similar fashion. [

D.5 Proof of Theorem 3.9

Proof of Theorem 3.9

Proof. We first show the necessary and sufficient conditions of the generalized lower bound sub-
modular Bregman. Notice that a generalized lower bound submodular Bregman satisfies both of
the given properties (of being submodular in the first argument given the other, and that for given
sets A, B, the difference d(X, A) — d(X, B) is modular in X). Hence one side is direct. To
show that any divergence satisfying these properties is a lower bound submodular Bregman, define
f(X) = d(X,0). Clearly f is a submodular function, and correspondingly, define hy = 0. Now
consider any d(X, A). From the second property we know that for a modular function m, and any
set function g, d(X, A) — d(X,0) = ma(X) + g(4) = d(X,A) = d(X,0) + ma(X) + g(A).
Now since d(A, A) = 0, we have d(A, ) + ma(A) + g(A4) = f(A) + ma(A) + g(4) = 0. Hence
we have g(A) = —ma(A) — f(A). Then we have that d(X, A) = d(X,0) + ma(X) + g(A) =
f(X)+ma(X)—ma(A) — f(A). This is a lower bound submodular Bregman, using hy = —m4
for all sets A. Further we can see that since d is a valid divergence, h 4 is a subgradient. The statement
is proved. The necessary and sufficient conditions for the generalized upper bound based submodular
Bregman can be showed exactly using the same approach like above.

Now consider the necessary and sufficient conditions of the permutation based lower bound submod-
ular Bregman. Observe that the function f4(X) is submodular in X, and f4(X) and f(X) differ
in only a modular term and hence the corresponding submodular Bregman are identical. To show
that a divergence satisfying these properties is a lower bound submodular Bregman, observe that d is
directly a permutation based lower bound submodular Bregman characterized by a permutation o
and function f4. Hence proved.
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Finally, for the Nemhauser based upper bound submodular Bregman, observe that first the function

fa is supermodular. Further we also have: f4(X) = d{:S(A, Y) = f(A)— f(X)+modular(X) +c.
Hence f(X) and —f4(X) differ in only a modular term and hence the submodular Bregman
associated with f(X) and —f4(X) are identical. Clearly a function satisfying these properties
is indeed a Nemhauser based upper bound submodular Bregman parameterized by a submodular
function — f4(X). The statement is now proved. O

E Proofs in the Applications

E.1 Proof of theorem 4.2

Proof. The proof of this is direct from the definition. Define i = % Sor

= argmin Y d:(x;,x)
z€[01]" ;

= argmian(xi) — (hg,0n, i)
zefo1]" 7

n

= argmin Z f(xz) - <hz,0z7xi>
z€[01]™ i=1

= argmme zi) = f(&) + f (i) = (ha,o,, x:)

ze[01]™

n

= argmin Y f(w;) — f() +d; ,_ (i, ) (67)

S (O e
Hence p = fi is a minimizer of equation (40). Correspondingly o = ¢, is the Lovdsz Bregman
permutation representative. O

E.2 Proof of theorem-4.3

Proof of item 1:

Proof. Recall that we can define a continuous extension of the upper bound submodular Breg-

man d/ (1x,y) from Eqn. (34), for y being a point in the interior of the hypercube. Define
p= 213" 1x, as the continuous mean. Then we have:

argmin y Zd’gcf (X, X;) = argmin y E:dfh(lx7 1x,)
i=1 i=1

= argminy Z< Fix,) = (gx,1x — 1X7:>)

— argminy Z (faX) — F) = (s L — )+ () — f(m))

= argminy f(1x) — f(1) — (g, 1x — p) = argminy @ (1x, 1)

This gives a nice relation that we need to find a hypercube vertex 1 x that is “closest” to the continuous
mean p through a divergence d j- It seems that rounding the continuous mean g should provide us
with the set X. We use this intuition and provide a generalized rounding procedure as follows. Recall
then from Theorem 2.7, we have:

df (1x, ) = (1=p(o(1))dL, (X, 0 +Z plo(i+1)dl (X, Ui)+u(o(n)dl, (X, Uy)
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where the sets U; are obtained from ordering the elements of y in decreasing order, on the basis of a
permutation ¢ such that U; = [o(1), -+ ,0(3)].

Now from the intuition of vectors, we can see that the problem of finding X is now equivalent to
finding the minimum of a weighted sum of d;{f (X, U;) with the sets U; being a chain of sets. Thus
we would expect the set X to be one of the sets U; to minimize this sum.

O

Proof of item-2 and clustering using hamming distance:

This theorem actually follows from the relation of the generalized submodular Bregman and the
generalized Bregman divergence through the Lovasz extension from Theorem 2.6. Now observe that:

argminXZd?f(Xi,X) = argminXdeA(lXi,lx)

i=1 i=1

= argminy Z(f(lxi) — f(1x) = (hx,1x, — 1X>>

= argminy Y- (F(1x) = f0) = (o 1x = )+ ) - F1x))
=1

— argminy f(1x) — f(u) — (hx, 1x — ) = argmincd;(1x, 1)

Thus again we have now a relation that the mean set X is the closest point in terms of the generalized

Bregman divergence f of the continuous mean p, and hence we approximate this problem by rounding
the continuous mean.

Now consider clustering using the Hamming distance. We have:

argmin dy(X,X;) = argmin X|+|X;] — 21X NX;
gX;H() gX;HI\\ |

= argminn|X| — 2| X NX;
ainnX| - 32200 x|

= argmin{ly,ly) —2(1x, )
X

= argmin(ly,ly —21y,)
X

(68)

Clearly if 1 — 2u(j) > 0, we have that 1x(j) = 0 and vice-verse. Thus we have 1x(j) = 0,
if u(j) < 0.5, and hence X is equivalent to rounding the continuous mean p at 0.5. Hence the
generalized rounding procedure will give an exact result.
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