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Abstract

In thiswork,weintroduceaninformation-theoreticbasedcorrectionterm
to the likelihoodratio classificationmethodfor multiple classes.Under
certainconditions,thetermis sufficient for optimally correctingthedif-
ferencebetweenthetrueandestimatedlikelihoodratio, andwe analyze
this in the Gaussiancase.We find that the new correctionterm signif-
icantly improves the classificationresultswhen testedon mediumvo-
cabulary speechrecognitiontasks. Moreover, the additionof this term
makesthe classcomparisonsanalogousto an intransitive gameandwe
thereforeuseseveral tournament-like strategies to dealwith this issue.
Wefind thatfurthersmallimprovementsareobtainedby usinganappro-
priatetournament.Lastly, wefind thatintransitivity appearsto beagood
measureof classificationconfidence.

1 Intr oduction

An importantaspectof decisiontheory is multi-way patternclassificationwherebyone
mustdeterminetheclass��� for agivendatavector � thatminimizestheoverall risk:� ��� argmin�
	 � �
��� ���
� ����� � ��� �����
where ��� � � � ��� is the loss in choosing � � when the true classis � . This decisionrule is
provablyoptimalfor thegivenlossfunction[3]. For the0/1-lossfunctions,it is optimalto
simply usetheposteriorprobabilityto determinetheoptimalclass� ��� argmax� � � ��� ���
Thisproceduremayequivalentlybespecifiedusinga tournamentstylegame-playingstrat-
egy. In this case,thereis animplicit classordering

� ������������ ! " !����#$� , anda class-pair( % and&
) scoringfunctionfor anunknown sample� :')(+* � ��� � � (,* � ���.-0/ (,*

suchthat � (+* �21!354 � � �6� %7��89� � �6� & � is the log-likelihoodratio and / (,* �21"3�4 � � %:�;8<� � & � is
thelog prior odds.Thestrategy proceedsby evaluating

'=�:>:�
?
which if positive is followed

by
' � > �
@

andotherwiseby
' �
@�� ?

. This continuesuntil a “winner” is found. Of course,the
orderof theclassesdoesnot matter, asthesamewinner is found for all permutations.In



any event,this styleof classificationcanbeseenasa transitive game[5] betweenplayers
who correspondto theindividualclasses.

In this work we extendthe likelihood-ratiobasedclassificationwith a term,basedon the
Kullback-Leiblerdivergence[2], that expressesthe inherentposteriorconfusabilitybe-
tweentheunderlyinglikelihoodsbeingcomparedfor a givenpair of players.We find that
by includingthis term,theresultsof a classificationsystemsignificantlyimprove,without
changingor increasingthequantityof theestimatedfreemodelparameters.We alsoshow
how, undercertainassumptions,thetermcanbeseenasanoptimalcorrectionbetweenthe
estimatedmodellikelihoodratioandthetruelikelihoodratio,andgainfurtherintuition by
examiningthe casewhenthe likelihoods� � �6� %7� areGaussians.Furthermore,we observe
that the new strategy leadsto an intransitive game[5], andwe investigateseveral strate-
giesfor playingsuchgames.This resultsin further(but small) improvements.Finally, we
considertheinstanceof intransitivity asa confidencemeasure,andinvestigateaniterative
approachto furtherimprovethecorrectionterm.

Section2 first motivatesanddefinesourapproach,andshowstheconditionsunderwhich it
is optimal. Section2.1 thenreportsexperimentalresultswhich show significantimprove-
mentswherethelikelihoodsarehiddenMarkov modelstrainedon speechdata.Section3
thenrecaststhe procedureasintransitive games,andevaluatesa variety of gameplaying
strategiesyielding further (small) error reductions.Section3.1 attemptsto betterunder-
standour resultsvia empiricalanalysis,andevaluatesadditionalclassificationstrategies.
Section4 exploresan iterative strategy for improving our technique,andfinally Section5
concludesanddiscussesfuturework.

2 ExtendedLik elihood-Ratio-basedClassification

TheKullback-Leibler(KL) divergence[2], anasymmetricmeasureof thedistancebetween
two probabilitydensities,is definedasfollows:A � �6B�C�� �EDGF61"3�4 � �IH �C �JH �
where� and C areprobabilitydensitiesover thesamesamplespace.TheKL-divergenceis
alsocalledtheaverage(under� ) informationfor discriminationin favor of � over C . For our
purposes,weareinterestedin KL-divergencebetweenclass-conditionallikelihoods� � �6� %:�
where% is theclassnumber:A � %�B & � �LKM1"3�4 � � �6� %:�� � �6� & � � � �6� %:�:N5�
Oneintuitive way of viewing

A � %�B & � is as follows: if
A � %�B & � is small, thensamplesof

class % aremorelikely to be erroneouslyclassifiedasclass
&

thanwhen
A � %�B & � is large.

Comparing
A � %<B & � and

A � & B<%:� shouldtell us which of % and
&

is morelikely to have its
samplesmis-classifiedby the othermodel. Therefore,the difference

A � %�B & �GO A � & B�%:� ,
when positive, indicatesthat samplesof class

&
are more likely to be mis-classifiedas

class % than samplesof class % are to be mis-classifiedas class
&

(and vice-versawhen
the differenceis negative). In other words, % “steals” from

&
more than

&
stealsfrom %

whenthe differenceis positive, therebysuggestingthat class
&

shouldreceive aid in this
case.This differencecanbeviewedasa form of posterior(i.e., basedon thedata)“bias”
indicatingwhich classshouldreceive favor over the other.1 We canadjust � (,* (the log-
likelihoodratio) with this posteriorbias,to obtaina new functioncomparingclasses% and&

asfollows: ' (+* � � (+* -P/ (+* O A (,*  
1Note that this is not the normalnotion of statisticalbiasasin Q�R where R is an estimateof

modelparameters.



where A (+*TS�VUW � A � %�B & �6O A � & B<%:�X�
The likelihoodratio is adjustedin favor of

&
when

A (+*
is positive, andin favor of % whenA (,*

is negative. We thenuse
')(+*

, andwhenit is positive,chooseclass% .
The above intuition doesnot explain why sucha correctionfactorshouldbe used,since
using � (+* alongwith / (+* is alreadyoptimal. In practice,however, we do not have access
to the true likelihoodratiosbut insteadto an approximationthathasbeenestimatedfrom
trainingdata.Let thevariable� (,* � ��� �
1"3�4 � � �6� %:�;8<� � �Y� & � bethetruelog-likelihoodratio,
and Z� (,* � ��� �[1!354 Z� � �6� %7��8 Z� � �6� & � bethemodel-basedlog ratio. Furthermore,letZA � %�B & � S�LKM1"3�4 Z� � �6� %:�Z� � �6� & � � � �6� %:�:N5�
be the modifiedKL-divergencebetweenthe classconditionalmodels,measuredmodulo

the true distribution � � �6� %:� , andlet ZA (,*\S� ��^] ZA � %<B & �6O_ZA � & B<%:�:` . Finally, let / (,* (resp.Z/ (,* ) bethetrue(resp.estimated)log prior odds.Our (usable)scoringfunctionbecomes:')(,* � ��� � Z� (+* � �a�.-bZ/ (+* O_ZA (+*  (1)

which hasanintuitiveexplanationsimilar to theabove.

Therearecertainconditionsunderwhichtheaboveapproachis theoreticallyjustifiable.Let
usassumefor now atwo-classproblemwhere% and

&
arethetwo classes,so� � %:��-G� � & � � U .A sufficient conditionfor the estimatedquantitiesabove to yield optimal performanceis

for � -c/ � Z� -dZ/ for all � .2 Sincethis is not the casein practice,an % & -dependent
constantterm e may be addedcorrectingfor any differencesas bestas possible. This
yields � -P/ � Z� -bZ/f-0e . We candefinean e -dependentcostfunctiong � eY� � K � � ��� ] � -0/cOMZ� OhZ/EOie ` � N��
which,whenminimized,yields ej� �cD Flk!mGn � -o/pO D Flk!mGn Z� OqZ/ statingthattheoptimal e
underthiscostfunctionis just themeanof thedifferenceof theremainingterms.NotethatD Flk!mGn � � � � %:� A � %<B & �jOr� � & � A � & B�%:� and D Flk!mGn Z� � � � %:�sZA � %�B & �sOr� � & �tZA � & B�%7� . Several
additionalassumptionsleadto Equation1. First, let usassumethat theprior probabilities
areequal(so � � %7� �Eu  ,v ) andthattheestimatedandtruepriorsarenegligibly different(i.e.,/EO_Z/Lw u ). Secondly, if weassumethat D Flk!mGn � �[u , this impliesthat� � %:��89� � & � � A � & B<%:�;8 A � %�B & �
which meansthat

A � & B�%:� � A � %�B & � underequalpriors. While KL-divergenceis not sym-
metricin general,wecanseethatif thisholds(or is approximatelytruefor agivenproblem)
thentheremainingcorrectionis O D Zx exactlyyielding ZA (+* in Equation1.

To gain further insight, we canexaminethe casewhenthe likelihoodsareGaussianuni-
variatedistributions,with meansy ( �Xy * andvariancesz �( ��z �* . In thiscase,A (,* � U{[| z �(z �* O z �*z �( - � y ( O}y * � �^~ Uz �* O Uz �()�T� (2)

It is easyto seethatfor z �( � z �* thevalueof
A (+*

is zerofor any y ( �Xy * . By computingthe

derivative ���Y�+���� ?� we canshow that
A (+*

is monotonicallyincreasingwith z �( . Hence,
A (,*

is

positive if f z �($� z �* andthereforeit penalizesthedistribution (class)with highervariance.
2Notethatwe have droppedthe � argumentfor notationalsimplicity.



VOCAB SIZE WER � (+* WER
')(+*

75 2.33584 1.91561
150 3.31072 2.89833
300 5.22513 4.51365
600 7.39268 6.18517

Table1: Word error rates(WER) for likelihoodratio � (,* andaugmentedlikelihoodratio')(+*
basedclassificationfor variousnumbersof classes(VOCAB SIZE).

Similar relationshold for multivariateGaussianswith meansy ( �;y * andvariances� ( �9� * .{5A (+* ���;� � � ( ��� �* O0� * ��� �( �=- � y ( O�y * �:� � ��� �* O���� �( � � y ( O�y * � (3)

Theabove is zerowhenthetwo covariancematricesareequal.This impliesthatfor Gaus-
sianswith equalcovariancematrices,

A � & �"� %:� � A � %��"� & � andourcorrectiontermis optimal.
Thisis thesameastheconditionfor Fisher’slineardiscriminantanalysis(LDA). Moreover,
in thecase� ( � ej� * with e0� u , we havethat

A (+*�� u for e � U and
A (+* � u for eP� Uwhich againimpliesthat

A (,*
penalizestheclassthathaslargercovariance.

2.1 Results

We tried this method(assumingthat / (+* � Z/ (,* ��u ) on a mediumvocabulary speech
recognitiontask. In our casethe likelihood functions � � �6� %:� are hiddenMarkov model
(HMM) scores3. Thetaskwechoseis NYNEX PHONEBOOK[4], anisolatedwordspeech
corpus. Details of the experimentalsetup,training/testsets,and model topologies,are
describedin [1]4.

In general,thereareanumberof waysto compute
A (+*

. Theseinclude1) analytically, using
estimatedmodelparameters(possible,for example,with Gaussiandensities),2) computing
the KL-divergenceson training datausinga law-of-large-numbers-like averageof likeli-
hoodratiosandusingtraining-dataestimatedmodelparameters,3) doingthesameas2 but
usingtestdatawherehypothesizedanswerscomefrom afirst pass� (,* -basedclassification,
and4) Monte-Carlomethodswhereagainthesameprocedureas2 is used,but thedatais
sampledfrom thetraining-dataestimateddistributions.For HMMs, method1 above is not
possible.Also, the datasetwe used(PHONEBOOK)usesdifferentclassesfor the train-
ing andtestsets. In otherwords,the training andtestvocabulariesaredifferent. During
training, phonemodelsareconstructedthat arepiecedtogetherfor the testvocabularies.
Therefore,method2 aboveis alsonot possiblefor this data.

Eithermethod3 or 4 canbeusedin ourcase,andweusedmethod3 in all ourexperiments.
Of course,usingthetruetestlabelsin method3 would betheidealmeasureof thedegree
of confusionbetweenmodels,but theseareof coursenot available(seeFigure2, however,
showing theresultsof a cheatingexperiment).Therefore,we usethehypothesizedlabels
from a first stageto compute ZA (+* .
Theprocedurethusis asfollows: 1) obtain� � �Y� %:� usingmaximumlikelihoodEM training,
2) classifythe testsetusingonly Z� (+* andrecordtheerror rate,3) usingthehypothesized
classlabels(answerswith errors)to step2, compute ZA (,* , 4) re-classifythe testsetusing
thescore

')(+* � Z� (+* O2ZA (,* andrecordthenew errorrate.
')(+*

is usedif eitheroneof
A � %��!� & �

3Using 4 stateper phone,12 Gaussianmixturesper stateHMMs, totaling 200k free modelpa-
rametersfor thesystem.

4Note,however, thaterror resultsherearereportedon thedevelopmentset,i.e., PHONEBOOK
lists � a,b,c,d��� o,y�



VOCAB � (+* RAND1 RAND500 RAND1000 WORLD CUP
75 2.33584 1.87198 1.82047 1.91467 2.12777
150 3.31072 2.88505 2.71881 2.72809 2.79516
300 5.22513 4.41428 4.34608 4.28930 3.81583
600 7.39268 6.15828 6.13085 5.91440 5.93883

Table2: TheWER underdifferenttournamentstrategies

or
A � & �"� %7� is below a threshold(i.e.,whena likely confusionexists),otherwise Z� (+* is used

for classification.

Table1 shows the resultof this experiment. The first columnshows the vocabulary size
of the system(identical to the numberof classes)5. The secondcolumnshows the word
error rate(WER) usingjust � (+* , andthe third columnshows WER using

' (,*
. As canbe

seen,theWERdecreasessignificantlywith thisapproach.Notealsothatnoadditionalfree
parametersareusedto obtaintheseimprovements.

3 Playing Games

We may view either � (+* or
' (,*

asproviding a scoreof class % over
&

— whenpositive,
class % wins, and when negative, class

&
wins. In general,the classificationprocedure

maybeviewedasa tournament-stylegame,wherefor a givensample� , differentclasses
correspondto differentplayers.Playerspair togetherandplay eachother, andthewinner
goeson to play anothermatchwith a different player. The strategy leadingto table 1
requireda particularclasspresentationorder— in thatcasetheorderwasjust thenumeric
orderingof thearbitrarily assignedintegerclasses(correspondingto wordsin this case).

Of coursewhen � (+* aloneis used,theorderof thecomparisonsdo not matter, leadingto
a transitive game[5] (the orderof playerpairingsdo not changethe final winner). The
quantity

')(+*
, however, is not guaranteedto be transitive, andwhenusedin a tournament

it resultsin what is calledanintransitive game[5]. This means,for example,that � might
win over � who might win over � who thenmight win over � . Gamesmaybedepicted
asdirectedgraphs,wherean edgebetweentwo playerspoint towardsthe winner. In an
intransitivegame,thegraphcontainsdirectedcycles.Therehasbeenvery little researchon
intransitive gamestrategies— therearein fact a numberof philosophicalissuesrelating
to if suchgamesarevalid or truly exist. Nevertheless,we derived a numberof tourna-
mentstrategiesfor playingsuchintransitive gamesandevaluatedtheir performancein the
following.

Broadly, therearetwo tournamenttypesthatweconsidered.Givenaparticularorderingof
theclasses

� � � ��� � �� ! " "�;� # � , wedefineasequentialtournamentwhen � � plays � � , thewinner
plays ��� , thewinnerplays �<� andsoon. We alsodefinea tree-basedtournamentwhen � �
plays ��� , � � plays � � , andsoon. Thetree-basedtournamentis thenappliedrecursively on
theresulting �o8 W winnersuntil afinal winneris found.

Basedon the above, we investigatedseveral intransitive gameplaying strategies. For
RAND1, we justchooseasinglerandomtournamentorderin asequentialtournament.For
RAND500, we run 500 sequentialtournaments,eachonewith a differentrandomorder.
The ultimatewinner is taken to be the playerwho wins the mosttournaments.The third
strategy plays1000ratherthan500 tournaments.Thefinal strategy is inspiredby world-
cup soccertournaments:given a randomlygeneratedpermutation,the classsequenceis

5The 75-word caseis an averageresultof 8 experiments,the 150-word caseis an averageof 4
cases,andthe300-word caseis an averageof 2 cases.Thereare7291separatetestsamplesin the
600-word case,andonaverageabout911samplesper75-word testcase.



vocabulary
W��

var max
W��

var max
75 1.0047 0.0071 2.7662 1.0285 0.0759 3.8230
150 1.0061 0.0126 3.6539 1.0118 0.0263 3.8724
300 1.0241 0.0551 4.0918 1.0170 0.0380 3.9072
600 1.0319 0.0770 5.0460 1.0533 0.1482 5.5796

Table3: Thestatisticsof winners.Columns2-4: 500randomtournaments,Columns5-7:
1000randomtournaments.

separatedinto 8 groups.We pick thewinnerof eachgroupusinga sequentialtournament
(the“regionals”).Thena tree-basedtournamentis usedon thegroupwinners.

Table1 comparesthesedifferentstrategies. As canbeseen,the resultsgetslightly better
(particularlywith a largernumberof classes)asthenumberof tournamentsincreases.Fi-
nally, thesinglewordcupstrategydoessurprisinglywell for thelargerclasssizes.Notethat
theimprovementsarestatisticallysignificantover thebaseline(0.002usinga differenceof
proportionssignificancetest)andthe improvementsaremoredramaticfor increasingvo-
cabulary size. Furthermore,the it appearsthat the larger vocabulary sizesbenefitmore
from thelargernumber(1000ratherthan500)of randomtournaments.
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Figure1: 75-wordvocabularycase.Left: probabilityof errorgiventhatthereexistsacycle
of at leastthegivenlength(acycle lengthof onemeansnocycle found).Right:probability
of errorgiventhatat leastthegivennumberof cyclesexist.

3.1 Empirical Analysis

In order to betterunderstandour results,this sectionanalyzesthe 500 and1000random
tournamentstrategies describedabove. Eachset of randomtournamentsproducesa set
of winnerswhich may be describedby a histogram. The entropy � of that histogram
describesits spread,andthe numberof typical winnersis approximately

W��
. This is of

courserelative to eachsample� so we may look at the average( D � W��¢¡ ), variance,and
maximumof this number(theminimumis 1.0 in every case).This is givenin Table3 for
the500and1000cases.

The tableindicatesthat thereis typically only onewinner since D W�� is approximately1
andthevariancesaresmall.Thisshowsfurtherthatthewinneris typically not in acycle,as
theexistenceof a directedcycle in thetournamentgraphwould probablyleadto different
winnersfor eachrandomtournament.The relationshipbetweenpropertiesof cyclesand
WERis exploredbelow.

Whenthetournamentis intransitive (andthereforethegraphpossessa cycle), our second
analysesshows that the probability of error tendsto increase.This is shown in Figure1
showing thattheerrorprobabilityincreasesbothasthedetectedcycle lengthandthenum-



vocabulary � (,* skipWER #cycles(%) breakWER #cycles(%)
75 2.33584 1.90237 13.89 1.90223 9.34
150 3.31072 2.76814 19.6625 2.67814 16.83
300 5.22513 4.46296 22.38 4.46296 21.34
600 7.39268 6.50117 31.96 6.50117 31.53

Table4: WER resultsusingtwo strategies(skipandbreak) thatutilize informationabout
cyclesin thetournamentgraphs,comparedto baseline� (,* . The

{5£J¤
and ¥ £J¤ columnsshow

thenumberof cyclesdetectedrelative to thenumberof samplesin eachcase.

berof detectedcyclesincreases.6 Thispropertysuggeststhattheexistenceof intransitivity
couldbeusedasa confidencemeasure,or couldbeusedto try to reduceerrors.

As an attemptat the latter, we evaluatedtwo very simpleheuristicsthat try to eliminate
cycles as detectedduring classification. In the first method(skip), we run a sequential
tournament(usingarandomclassordering)until eitheraclearwinneris found(atransitive
game),or a cycle is detected. If a cycle is detected,we selecttwo playersnot in the
cycle,effectively jumpingout of thecycle,andcontinueplayinguntil theendof theclass
ordering.If winnercannotbedetermined(becausetherearetoofew playersremaining),we
backoff anduse� (+* to selectthewinner. In asecondmethod(break), if acycle is detected,
we eliminatethe classhaving the smallestlikelihoodfrom that cycle, andthencontinue
playingasbefore.Neithermethoddetectsall thecyclesin thegraph(their numbercanbe
exponentiallylarge).

As canbeseen,theWER resultsstill provide significantimprovementsover thebaseline,
but arenobetterthanearlierresults.Becausethetournamentstrategy is coupledwith cycle
detection,thecyclesdetectedaredifferentin eachcase(thesecondmethoddetectingfewer
cyclespresumablybecausethe eliminatedclassis in multiple cycles). In any case,it is
apparentthat furtherwork is neededto investigatethe relationshipbetweenthe existence
andpropertiesof cyclesandmethodsto utilize this information.

4 Iterati veDetermination of KL-di vergence

In all of our experimentsso far, KL-divergenceis calculatedaccordingto the initial hy-
pothesizedanswers.We would expect that usingthe true answersto determinethe KL-
divergencewould improve our resultsfurther. The top horizontallines in Figure2 shows
theoriginalbaselineresults,andthebottomlinesshow theresultsusingthetrueanswers(a
cheatingexperiment)to determinetheKL-divergence.As canbeseen,theimprovementis
significanttherebyconfirmingthatusing

A (+*
cansignificantlyimprove classificationper-

formance. Note also that the relative improvementstaysaboutconstantwith increasing
vocabularysize.

This further indicatesthatan iterative strategy for determiningKL-divergencemight fur-
ther improveour results.In this case, Z� (+* is usedto determinetheanswersto computethe

first setof KL-divergencesusedin
' k � n(+*

. This is thenusedto computea new setof an-

swerswhich thenis usedto computea new scores
'¦k � n(+*

andsoon. Theremainingplots in
Figure2 show theresultsof this strategy for the500and1000randomtrials case(i.e., the
answersusedto computetheKL-divergencesin eachcaseareobtainedfrom theprevious
setof randomtournamentsusingthehistogrampeakproceduredescribedearlier). Rather
surprisingly, theresultsshow that iteratingin this fashiondoesnot influencetheresultsin

6Note that this shows a lower boundon thenumberof cyclesdetected.This is sayingthat if we
find, for example,four or morecyclesthenthechanceof erroris high.
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Figure2: Baselineusinglikelihoodratio (top lines),cheatingresultsusingcorrectanswers
for KL-divergence(bottom lines), and the iterative determinationof KL-distanceusing
hypothesizedanswersfrom previousiteration(middlelines).

any appreciableway— theWERsseemto decreaseonly slightly from their initial drop. It
is thecase,however, thatasthenumberof randomtournamentsincreases,the resultsbe-
comecloserto theidealasthevocabularysizeincreases.We arecurrentlystudyingfurther
suchiterativeproceduresfor recomputingtheKL-divergences.

5 Discussionand Conclusion

We have introduceda correctionterm to the likelihoodratio classificationmethodthat is
justified by the differencebetweenthe estimatedand true classconditionalprobabilities� � �6� %:�<� Z� � �Y� %:� . Thecorrectionterm

A (+*
is anestimateof theclassificationbiasthatwould

optimally compensatefor thesedifferences.The presenceof
A (+*

makes the classcom-
parisonsintransitive andwe introduceseveral tournament-like strategies to compensate.
While the introductionof

A (,*
consistentlyimprovesthe classificationresults,further im-

provementsareobtainedby the selectionof the comparisonstrategy. Furtherdetailsand
resultsof our methodswill appearin forthcomingpublicationsandtechnicalreports.
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