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Abstract

In thiswork, weintroduceaninformation-theoretibasecdtorrectionterm
to thelikelihoodratio classificatiormethodfor multiple classes.Under
certainconditions thetermis suficient for optimally correctingthe dif-
ferencebetweenhetrue andestimatedik elihoodratio, andwe analyze
this in the Gaussiarcase. We find that the new correctionterm signif-
icantly improvesthe classificationresultswhen testedon mediumvo-
cahulary speectrecognitiontasks. Moreover, the addition of this term
makesthe classcomparisonsnalogoudo an intransitve gameandwe
thereforeuseseveral tournament-lile stratgjiesto deal with this issue.
We find thatfurthersmallimprovementsareobtainedby usinganappro-
priatetournamentLastly, we find thatintransitvity appearso beagood
measuref classificatiorconfidence.

1 Intr oduction

An importantaspectof decisiontheoryis multi-way patternclassificationwherebyone
mustdetermingheclassc* for agivendatavectorz thatminimizesthe overall risk:

ct = argll”nin ZL(C'|C)p(Cl.’L’),

where L(c|c) is the lossin choosinge’ whenthe true classis ¢. This decisionrule is
provably optimalfor the givenlossfunction[3]. For the 0/1-lossfunctions,it is optimalto
simply usethe posteriomprobabilityto determineghe optimalclass

¢* = agmaxp(c|z)
c

This proceduranmay equivalentlybe specifiedusingatournamenstylegame-playingstrat-
egy. In this casethereis animplicit classordering{ci, cz, ..., cy }, anda class-pait(; and
4) scoringfunctionfor anunknonvn samplez:

Sij(z) = Lij(2) + R

suchthat L;; = logp(z|i)/p(x|j) is thelog-likelihoodratio and R;; = logp(¢)/p(j) is
thelog prior odds.Thestratey proceeddy evaluatingS,, ., whichif positiveis followed
by S.,., andotherwiseby S,,.,. This continuesuntil a“winner” is found. Of course the
orderof the classegloesnot matter asthe samewinneris found for all permutations.n



ary event, this style of classificationcanbe seenasa transitve game[5] betweerplayers
who correspondo theindividual classes.

In this work we extendthe lik elihood-ratiobasedclassificatiorwith a term, basedon the
Kullback-Leiblerdivergence[2], that expresseghe inherentposteriorconfusability be-
tweenthe underlyinglik elihoodsbeingcomparedor a givenpair of players.We find that
by includingthis term, the resultsof a classificatiorsystemsignificantlyimprove, without
changingor increasinghe quantityof the estimatedree modelparametersWe alsoshav
how, undercertainassumptionghetermcanbe seenasanoptimal correctionbetweerthe
estimatednodellikelihoodratio andthetruelik elihoodratio, andgainfurtherintuition by
examiningthe casewhenthelikelihoodsp(z|i) are GaussiansFurthermorewe obsene
thatthe new stratgy leadsto anintransitve game[5], andwe investigateseveral strate-
giesfor playingsuchgames.This resultsin further (but small)improvements Finally, we
considertheinstanceof intransitvity asa confidencemeasureandinvestigateaniterative
approachto furtherimprove the correctionterm.

Section2 firstmotivatesanddefinesour approachandshovstheconditionsunderwhichit
is optimal. Section2.1 thenreportsexperimentalresultswhich shav significantimprove-
mentswherethe lik elihoodsarehiddenMarkov modelstrainedon speechdata. Section3
thenrecastghe procedureasintransitve gamesandevaluatesa variety of gameplaying
stratgyiesyielding further (small) error reductions. Section3.1 attemptsto betterunder
standour resultsvia empirical analysis,and evaluatesadditionalclassificationstrateies.
Section4 exploresaniterative stratayy for improving our technique andfinally Section5
concludesanddiscusse$uture work.

2 ExtendedLik elihood-Ratio-basedClassification

TheKullback-Leibler(KL) divergence[2, anasymmetrianeasuref thedistancebetween
two probability densitiesjs definedasfollows:
p(X)

D(pllq) = Ejlog o)

wherep andgq areprobability densitiesover the samesamplespace The KL-divergences
alsocalledtheaveragg(underp) informationfor discriminationin favor of p overgq. For our
purposeswe areinterestedn KL-divergencebetweerclass-conditiondik elihoodsp(z|:)
wherei is theclassnumber:

DGls) = [ 1og fj((%l'j))p@mdm

Oneintuitive way of viewing D(i||5) is asfollows: if D(i||j) is small, then samplesof
classi aremorelikely to be erroneouslyclassifiedasclassj thanwhen D(i||j) is large.
ComparingD(i||7) and D(j||¢) shouldtell uswhich of i andj is morelikely to have its
samplesmis-classifiedoy the other model. Therefore the differenceD(i||j) — D(j|]%),
when positive, indicatesthat samplesof classj are more likely to be mis-classifiedas
classi than samplesof classi areto be mis-classifiedas class;j (and vice-versawhen
the differenceis negative). In otherwords,: “steals” from j morethan; stealsfrom i
whenthe differenceis positive, therebysuggestinghat class;j shouldreceve aid in this
case.This differencecanbe viewed asa form of posterior(i.e., basedon the data)“bias”
indicatingwhich classshouldreceie favor over the other* We canadjustL;; (the log-
likelihoodratio) with this posteriorbias,to obtaina new functioncomparingclasses and
j asfollows:

Sij = Lij + Ri; — Dyj.
INote that this is not the normal notion of statisticalbiasasin E© where® is an estimateof
modelparameters.




where

Di; 2 2 (DGilj) - DUl

Thelikelihoodratio is adjustedn favor of j whenD;; is positive, andin favor of ¢ when
D;; is negative. We thenuseS;;, andwhenit is positive, chooseclassi.

The above intuition doesnot explain why sucha correctionfactor shouldbe used,since
using L;; alongwith R;; is alreadyoptimal. In practice,however, we do not have access
to thetruelikelihoodratiosbut insteadto an approximatiorthathasbeenestimatedrom
trainingdata.Let thevariableL;;(z) = logp(z|i)/p(x|j) bethetruelog-likelihoodratio,

andL;;(x) = logp(x|i)/p(x|j) bethemodel-basedbg ratio. Furthermorelet

Ao A p(z|i) )
D(i :/loA ~p(x|i)dz
(i) 2 [ og 2 p(al)
be the modified KL-divergencebetweenthe classconditionalmodels,measurednodulo
the true distribution p(z|i), andlet D;; £ 1 (f)(i||j) - ﬁ(j||i)). Finally, let R;; (resp.
f%ij) bethetrue (resp.estimated)og prior odds.Our (usable)scoringfunctionbecomes:
S; (IL') = I:ij (ﬂf) + Rij — f)” (1)
which hasanintuitive explanationsimilar to the above.

Therearecertainconditionsunderwhichtheabove approachs theoreticallyjustifiable.Let
usassuméor now atwo-clasgproblemwhere; and; arethetwo classessop(i)+p(j) = 1.
A sufficient conditionfor the estimatedquantitiesabove to yield optimal performances

for L+ R = L + R for all z.2 Sincethis is not the casein practice,an ij-dependent
constantterm a may be addedcorrectingfor ary differencesas bestas possible. This

yieldsL + R = L + R + a. We candefinean a-dependentostfunction
N N 2
L(a) :/p(x) (L+R—L—R—a) dz

which,whenminimized,yieldsa* = E, x)L+ R— Ep(X)ﬁ -R statingthattheoptimala
underthis costfunctionis justthe meanof thedifferenceof theremainingterms.Notethat
Epx)L = p(i)D(illj) — p(4)D(jll¢) and By x) L = p(i) D(illj) — p(5)D(jl|¢). Several
additionalassumptiongeadto Equationl. First, let usassumehatthe prior probabilities
areequal(sop(i) = 0.5) andthattheestimatedandtruepriorsarenegligibly different(i.e.,

R — R =~ 0). Secondlyif we assumehat £, x)L = 0, thisimpliesthat

p(i)/p(4) = D(jlli)/ D(ill5)
which meanshat D(j||¢) = D(i||j) underequalpriors. While KL-divergenceis notsym-
metricin generalwe canseethatif thisholds(or is approximatelyruefor agivenproblem)
thentheremainingcorrectionis —EY exactly yielding D;; in Equationl.

To gainfurtherinsight, we canexaminethe casewhenthe lik elihoodsare Gaussiaruni-
variatedistributions,with meansu;, p; andvariances?, (7]2-. In this case,

2 2
o; a; 2 1 1
= 1w (- (@)
4 O'JQ- Uf a;‘.’ 01.2
It is easyto seethatfor o7 = af thevalueof D;; is zerofor ary p;, u;. By computingthe
derivative ‘?92"; we canshow that D;; is monotonicallyincreasingwith a?. Hence,D;; is

positive iff 012, > aJ? andthereforeit penalizeghedistribution (class)with highervariance.

“Notethatwe have droppedthe z argumentfor notationalsimplicity.



VOCABSIZE WERL;; WERS;;

75 2.33584 1.91561
150 3.31072 2.89833
300 5.22513 4.51365
600 7.39268 6.18517

Table1: Word error rates(WER) for likelihoodratio L;; andaugmentedik elihoodratio
S;; basectlassificatiorfor variousnumbersof classegVOCAB SIZE).

Similar relationshold for multivariateGaussiansvith meansu;, ¢; andvariances;, ;.

4Dy = tr(B%7 = 25570 + (i — )T (57 = 27 (i — ) ®3)
Theaboveis zerowhenthetwo covariancematricesareequal. Thisimpliesthatfor Gaus-
sianswith equalcovariancematrices,D(j||i) = D(i||j) andourcorrectiontermis optimal.
Thisis thesameastheconditionfor FisherslineardiscriminantanalysigLDA). Moreover,
inthecaseX; = aX; with a > 0, we havethatD;; < 0 fora < 1andD;; > 0fora > 1
whichagainimpliesthat D;; penalizeghe classthathaslargercovariance.

2.1 Results

We tried this method(assuminghat R;; = Rij = 0) on a mediumvocahulary speech
recognitiontask. In our casethe likelihood functionsp(z|i) are hiddenMarkov model
(HMM) scores. Thetaskwe chosaés NYNEX PHONEBOOK(4, anisolatedwordspeech
corpus. Details of the experimentalsetup,training/testsets,and model topologies,are
describedn [1]*.

In generalthereareanumberof waysto computeD;;. Thesencludel) analytically using
estimatednodelparametergpossible for example with Gaussiamensities)2) computing
the KL-divergenceson training datausing a law-of-large-numbers-lik averageof lik eli-
hoodratiosandusingtraining-dataestimatednodelparameters3) doingthe sameas?2 but
usingtestdatawherehypothesize@nswersomefrom afirst passL;;-basedlassification,
and4) Monte-Carlomethodsvhereagainthe sameprocedureas? is used,but the datais
sampledrom thetraining-dataestimatedistributions. For HMMs, method1 above is not
possible.Also, the datasetwe used(PHONEBOOK)usesdifferentclassedor thetrain-
ing andtestsets. In otherwords,the training andtestvocahlulariesare different. During
training, phonemodelsare constructedhat are piecedtogetherfor the testvocahularies.
Thereforemethod2 aboveis alsonot possiblefor this data.

Eithermethod3 or 4 canbeusedin our case andwe usedmethod3 in all our experiments.
Of courseusingthetruetestlabelsin method3 would be theideal measureof the degree
of confusionbetweermodels but theseareof coursenot available(seeFigure2, however,

shawing the resultsof a cheatingexperiment). Therefore we usethe hypothesizedabels

from afirst stageto computeD;;.

The procedurehusis asfollows: 1) obtainp(z|i) usingmaximumlik elihoodEM training,
2) classifythe testsetusingonly ﬁij andrecordthe errorrate, 3) usingthe hypothesized
classlabels(answerswith errors)to step2, computef),-j, 4) re-classifythe testsetusing
thescoreS;; = L;; — D;; andrecordthenew errorrate. S;; is used eitheroneof D(i||;)

3Using 4 stateper phone,12 Gaussiarmixturesper stateHMMs, totaling 200k free model pa-
rameterdor thesystem.

“Note, however, that error resultsherearereportedon the developmentset,i.e., PHONEBOOK
lists {a,b,c,d{0,y}



VOCAB L;; RAND1 RANDS500 RAND1000 WORLD CUP

75 2.33584 1.87198 1.82047 1.91467 212777
150 3.31072 2.88505 2.71881 2.72809 2.79516
300 5.22513 4.41428 4.34608 4.28930 3.81583
600 7.39268 6.15828 6.13085 5.91440 5.93883

Table2: The WER underdifferenttournamenstratejies

or D(j||¢) is below athreshold(i.e.,whenalikely confusionexists),otherwiseiij is used
for classification.

Table 1 shows the resultof this experiment. The first columnshaows the vocahulary size
of the system(identicalto the numberof classes). The secondcolumnshaws the word
error rate (WER) usingjust L;;, andthe third columnshovs WER using.S;;. As canbe
seenthe WER decreasesignificantlywith this approachNotealsothatno additionalfree
parametergareusedto obtaintheseimprovements.

3 Playing Games

We may view either L;; or S;; asproviding a scoreof class: over j — whenpositive,
classi wins, and when negative, classj wins. In general,the classificationprocedure
may be viewed asa tournament-stylggame,wherefor a givensamplez, differentclasses
correspondo differentplayers. Playerspair togetherandplay eachother andthe winner
goeson to play anothermatchwith a differentplayer The stratgy leadingto table 1
requireda particularclasspresentatiomrder— in thatcasethe orderwasjust thenumeric
orderingof thearbitrarily assignednteger classegcorrespondindgo wordsin this case).

Of coursewhen L;; aloneis used,the orderof the comparisonslo not mattey leadingto

a transitve game[5] (the orderof player pairingsdo not changethe final winner). The

quantity.S;;, however, is not guaranteedo be transitve, andwhenusedin a tournament
it resultsin whatis calledanintransitve game[3. This meansfor example,that A might

win over B who mightwin over C' who thenmight win over A. Gamesmay be depicted
asdirectedgraphs,wherean edgebetweentwo playerspoint towardsthe winner. In an

intransitive game thegraphcontaingdirectedcycles. Therehasbeenverylittle researclon

intransitve gamestratgies— therearein facta numberof philosophicalissuesrelating

to if suchgamesarevalid or truly exist. Neverthelesswe derived a numberof tourna-
mentstratgiesfor playing suchintransitve gamesandevaluatedtheir performancen the

following.

Broadly, therearetwo tournamentypesthatwe consideredGivena particularorderingof
theclasseqci, ca, ..., cy }, we defineasequentiatournamentvhenc; playses, thewinner
playscs, thewinnerplayscs andsoon. We alsodefinea tree-basedournamenivhenc,;
playscs, c3 playscs, andsoon. Thetree-basedournaments thenappliedrecursvely on
theresultingV/2 winnersuntil afinal winneris found.

Basedon the above, we investigatedsereral intransitve game playing stratejies. For
RAND1, we justchoosea singlerandomtournamenbrderin a sequentiatournamentFor
RANDS500, we run 500 sequentiatournamentseachonewith a differentrandomorder
The ultimatewinner is taken to be the playerwho wins the mosttournaments.The third
stratgyy plays 1000ratherthan500 tournaments.The final stratayy is inspiredby world-
cup soccertournaments:;given a randomlygenerategermutation the classsequences

>The 75-word caseis an averageresultof 8 experimentsthe 150-word caseis an averageof 4
casesandthe 300-word caseis an averageof 2 cases.Thereare 7291 separateestsamplesn the
600-word case andon averageabout911sampleper75-word testcase.



vocahilary | 27 var max | 2H var max
75 1.0047 0.0071 2.7662| 1.0285 0.0759 3.8230
150 1.0061 0.0126 3.6539| 1.0118 0.0263 3.8724
300 1.0241 0.0551 4.0918| 1.0170 0.0380 3.9072
600 1.0319 0.0770 5.0460| 1.0533 0.1482 5.5796

Table3: The statisticsof winners. Columns2-4: 500 randomtournamentsColumns5-7:
1000randomtournaments.

separatedhto 8 groups.We pick the winner of eachgroupusinga sequentiatournament
(the“regionals”). Thenatree-basetiournaments usedon the groupwinners.

Table1 compareghesedifferentstratgies. As canbe seenthe resultsgetslightly better
(particularlywith alargernumberof classespsthe numberof tournamentsncreasesFi-
nally, thesingleword cupstrateyy doessurprisinglywell for thelargerclasssizes.Notethat
theimprovementsarestatisticallysignificantover the baseling0.002usinga differenceof
proportionssignificancetest)andthe improvementsare more dramaticfor increasingvo-
cahulary size. Furthermorethe it appearghat the larger vocahulary sizesbenefitmore
from thelargernumber(1000ratherthan500) of randomtournaments.
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Figurel: 75-wordvocahulary case Left: probabilityof errorgiventhatthereexistsacycle
of atleastthe givenlength(a cycle lengthof onemeanso cycle found). Right:probability
of errorgiventhatatleastthe givennumberof cyclesexist.

3.1 Empirical Analysis

In orderto betterunderstandur results,this sectionanalyzeghe 500 and 1000random
tournamenttratgyies describedabove. Eachsetof randomtournamentgproducesa set
of winnerswhich may be describedby a histogram. The entropy H of that histogram
describests spread,andthe numberof typical winnersis approximately2?. This is of

courserelative to eachsamplez so we may look at the average(E[2H]), variance,and
maximumof this number(the minimumis 1.0in every case).Thisis givenin Table 3 for

the500and1000cases.

The tableindicatesthat thereis typically only onewinner since E2¥ is approximatelyl
andthevariancesaresmall. This shavsfurtherthatthewinneris typically notin acycle,as
the existenceof a directedcycle in the tournamengraphwould probablyleadto different
winnersfor eachrandomtournament. The relationshipbetweenpropertiesof cyclesand
WER s exploredbelow.

Whenthe tournaments intransitve (andthereforethe graphpossess cycle), our second
analysesshaws that the probability of errortendsto increase.This is shavn in Figure 1
shaving thatthe errorprobabilityincrease$oth asthe detectectycle lengthandthe num-



vocalulary | L;; | skipWER #cycles(%)| breakWER  #cycles(%)
75 2.33584| 1.90237 13.89 1.90223 9.34
150 3.31072| 2.76814 19.6625 2.67814 16.83
300 5.22513| 4.46296 22.38 4.46296 21.34
600 7.39268| 6.50117 31.96 6.50117 31.53

Table4: WER resultsusingtwo stratgies(skip andbreak) that utilize informationabout
cyclesin thetournamengraphscomparedo baselineL;;. The4* and6" columnsshawv
thenumberof cyclesdetectedelative to thenumberof samplesn eachcase.

berof detectedtyclesincreases® This propertysuggestshattheexistenceof intransitivity
couldbeusedasa confidenceneasureor could beusedto try to reduceerrors.

As an attemptat the latter, we evaluatedtwo very simple heuristicsthat try to eliminate
cycles as detectedduring classification. In the first method(skip), we run a sequential
tournamenfusingarandomclassordering)until eithera clearwinneris found (atransitve

game),or a cycle is detected. If a cycle is detected,we selecttwo playersnot in the

cycle, effectively jumping out of the cycle, andcontinueplaying until the endof the class
ordering.If winnercannotedeterminedbecaus¢herearetoo few playersremaining) we

bacloff anduseL;; to selecthewinnetr. In asecondnethod(break), if acycleis detected,
we eliminatethe classhaving the smallestlik elihood from that cycle, and then continue
playingasbefore.Neithermethoddetectsall the cyclesin the graph(their numbercanbe

exponentiallylarge).

As canbe seenthe WER resultsstill provide significantimprovementover the baseline,
but areno betterthanearlierresults.Becausehetournamenstratayy is coupledwith cycle

detectionthe cyclesdetectedaredifferentin eachcase(thesecondnethoddetectingewer

cycles presumablybecausedhe eliminatedclassis in multiple cycles). In ary case,it is

apparenthatfurtherwork is neededo investigatethe relationshipbetweerthe existence
andpropertieof cyclesandmethoddo utilize thisinformation.

4 lterati ve Determination of KL-di vergence

In all of our experimentsso far, KL-divergenceis calculatedaccordingto the initial hy-
pothesizecanswers.We would expectthat usingthe true answergo determinethe KL-
divergencewould improve our resultsfurther. The top horizontallinesin Figure2 shavs
theoriginal baselinaesults andthebottomlinesshaw theresultsusingthetrueanswerga
cheatingexperiment)to determinethe KL-divergence As canbe seentheimprovementis
significanttherebyconfirmingthatusing D;; cansignificantlyimprove classificationper
formance. Note alsothat the relative improvementstaysaboutconstantwith increasing
vocahulary size.

This furtherindicatesthat an iterative strateyy for determiningKL-divergencemight fur-
therimprove our results.In this case,L;; is usedto determinethe answerdo computethe

first setof KL-divergenceausedin SS). This is thenusedto computea new setof an-

swerswhich thenis usedto computea new scoressf.z) andsoon. Theremainingplotsin
Figure2 show theresultsof this strateyy for the 500and1000randomtrials case(i.e., the
answerausedto computethe KL-divergencesn eachcaseareobtainedfrom the previous
setof randomtournamentsisingthe histogrampeakproceduredescribecearlier). Rather
surprisingly the resultsshow thatiteratingin this fashiondoesnot influencethe resultsin

®Note thatthis shavs a lower boundon the numberof cyclesdetected This is sayingthatif we
find, for example four or morecyclesthenthe chanceof erroris high.
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Figure2: Baselineusinglik elihoodratio (top lines), cheatingesultsusingcorrectanswers
for KL-divergence(bottom lines), and the iterative determinationof KL-distanceusing
hypothesize@nswerdrom previousiteration(middlelines).

ary appreciablavay — the WERsseemo decreasenly slightly from their initial drop. It
is the case however, thatasthe numberof randomtournamentsncreasesthe resultsbe-
comecloserto theidealasthe vocahulary sizeincreasesWe arecurrentlystudyingfurther
suchiterative proceduregor recomputinghe KL-divergences.

5 Discussionand Conclusion

We have introduceda correctiontermto the likelihoodratio classificationmethodthatis
justified by the differencebetweenthe estimatedand true classconditionalprobabilities
p(z|?), p(x|i). Thecorrectionterm D;; is anestimateof the classificatiorbiasthatwould
optimally compensatdor thesedifferences. The presenceof D;; makesthe classcom-
parisonsintransitve and we introducesereral tournament-lile stratgyiesto compensate.
While the introductionof D;; consistentlyimprovesthe classificatiorresults furtherim-
provementsare obtainedby the selectionof the comparisorstrateyy. Furtherdetailsand
resultsof our methodswill appeatin forthcomingpublicationsandtechnicalreports.
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