Submodular Functions, Optimization,

and Applications to Machine Learning
— Spring Quarter, Lecture 11 —

http://www.ee.washington.edu/people/faculty/bilmes/classes/ee563_spring_2018/

Prof. Jeff Bilmes

University of Washington, Seattle
Department of Electrical Engineering
http://melodi.ee.washington.edu/ bilmes

May 2nd, 2018

3 4 f(A)+ f(B) > f(AUB) + f(ANB)
5 be, a 7 ‘ .
S 00 @ @

Prof. Jeff Bilmes EES563/Spring 2018/Submodularity - Lecture 11 - May 2nd, 2018 F1/42 (pg.1/129)



Cumulative Outstanding Reading

Read chapter 1 from Fujishige's book.
Read chapter 2 from Fujishige's book.
Read chapter 3 from Fujishige's book.
Read chapter 4 from Fujishige’s book.
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Announcements, Assignments, and Reminders

&
o Next homeworkYposted on.canvas #555eeg (will include material

from today’s lecture). (Do wat Javadey j1:57 6%,

@ As always, if you have any questions about anything, please ask then
via our discussion board
(https://canvas.uw.edu/courses/1216339/discussion_topics).
Can meet at odd hours via zoom (send message on canvas to schedule

time to chat).
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Logistics

Class Road Map - EE563

@ L1(3/26): Motivation, Applications, &
Basic Definitions,

@ L2(3/28): Machine Learning Apps
(diversity, complexity, parameter, learning
target, surrogate).

@ L3(4/2): Info theory exs, more apps,
definitions, graph/combinatorial examples

@ L4(4/4): Graph and Combinatorial
Examples, Matrix Rank, Examples and
Properties, visualizations

@ L5(4/9): More Examples/Properties/
Other Submodular Defs., Independence,

@ L6(4/11): Matroids, Matroid Examples,
Matroid Rank, Partition/Laminar
Matroids

@ L7(4/16): Laminar Matroids, System of
Distinct Reps, Transversals, Transversal
Matroid, Matroid Representation, Dual
Matroids

@ 18(4/18): Dual Matroids, Other Matroid
Properties, Combinatorial Geometries,
Matroids and Greedy.

@ L9(4/23): Polyhedra, Matroid Polytopes,
Matroids — Polymatroids

@ L10(4/29): Matroids — Polymatroids,
Polymatroids, Polymatroids and Greedy,

@ L11(4/30):( Polymatroids, Polymatroids
and Greedy

L18(5/23):

L—-(5/28): Memorial Day (holiday)
L19(5/30):

L21(6/4): Final Presentations
maximization.

Last day of instruction, June 1st. Finals Week: June 2-8, 2018.
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o o E
P-basis of z given compact set P C RY

Definition 11.2.6 (subvector)
y is a subvector of z if y < z (meaning y(e) < z(e) for all e € E).

Definition 11.2.7 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of z.

Here, by y being “maximal”, we mean that there exists no z > y (more
precisely, no z > y + €1, for some e € E and € > 0) having the properties of
y (the properties of y being: in P, and a subvector of x).
In still other words: y is a P-basis of x if:
© y <z (y is a subvector of z); and
@ yc Pandy+el, ¢ P forall e € E where y(e) < z(e) and Ve > 0 (y
is maximal P-contained).
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R
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E,Z).

rank(A) =max{|I|: I C A, I €I} = max |ANI| (11.23)
€

vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an z € RE:

rank(z) = max (Y(E) :y < zyy € P) = r;lea]gc(x Ay)(E) (11.24)

where y < z is componentwise inequality (y; < z;, Vi), and where

(x Ay) € RE has (z A y)(i) = min(z(i), y(4)).

Sometimes use rankp(z) to make P explicit.

If B, is the set of P-bases of z, than rank(z) = maxycg, y(E).

If z € P, then rank(z) = z(E) (z is its own unique self P-basis).

If Zmin = mingep 2(E), and < Zmin, what then? —o0?

In general, might be hard to compute and/or have ill-defined properties.
Next, we look at an object that restrains and cultivates this form of rank.
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Polymatroidal polyhedron (or a “polymatroid”)

Definition 11.2.1 (polymatroid)

A polymatroid is a compact set P C Rf satisfying
Q@0cP
@ If y <z € P then y € P (called down monotone).

© For every z € RY, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

@ Vectors within P (i.e., any y € P) are called independent, and any
vector outside of P is called dependent.

@ Since all P-bases of x have the same component sum, if B, is the set
of P-bases of z, than rank(z) = y(E) for any y € B,.
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Review
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Matroid and Polymatroid: side-by-side

A Matroid is:
a set system (E,7)
empty-set containing ) € 7
downclosed, D CI'C eI =1 €T
any maximal set I in Z, bounded by another set A, has the same
matroid rank (any maximal independent subset I C A has same size
I11)-
A Polymatroid is:
© a compact set P C R¥
© zero containing, 0 € P
© down monotone, 0 <y<xeP=ycP

©00O0

@ any maximal vector y in P, bounded by another vector z, has the same
vector rank (any maximal independent subvector y < x has same sum

y(E)).
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A polymatroid function's polyhedron is a polymatroid.

Theorem 11.2.1

Let f be a polymatroid function defined on subsets of E. For any x € RY,
and any Pf—basis y* € RE of x, the component sum of y* is

y* (E) =(rank(@)=max (y(E) cy<axy€ ij)
:ACE

7min(w(A) +f(E\A) )!

As a consequence, P]T is a polymatroid, since r.h.s. is constant w.r.t. y*.

(11.10)

Taking '\ B = supp(x) (so elements B are all zeros in z), and for b ¢ B
we make x(b) is big enough, the r.h.s. min has solution A* = B. We recover
submodular function from the polymatroid polyhedron via the following:

rank <i1E\B> = f(F'\ B) = max {y(E\B) Ty € PJT} (11.11)

In fact, we will ultimately see a number of important consequences of this
theorem (other than just that P} is a polymatroid)
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Review
i

A polymatroid is a polymatroid function’s polytope

@ So, when f is a polymatroid function, P]T is a polymatroid.

@ Is it the case that, conversely, for any polymatroid P, there is an
associated polymatroidal function f such that P = P;“?

Theorem 11.2.1

For any polymatroid P (compact subset of RY, zero containing, down-monotone, and
Va € RY any maximal independent subvector y < x has same component sum

y(E) = rank(z)), there'is a polymatroid function f : 2% — R (normalized,
monotone non-decreasing, submodular) such that P'= PJZ‘_ where
Pf={zeR”:2>0,z(4) < f(A),VAC E}.
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Tight sets D(y) are closed, and max tight set sat(y)
Recall the definition of the set of tight sets at y € Pf+:

D(y) = {A: ACE, y(A) = f(A)} (11.19)

Theorem 11.2.1

For any y € P, with f a polymatroid function, then D(y) is closed under
union and intersection.

We have already proven this as part of Theorem 77 O

Also recall the definition of sat(y), the maximal set of tight elements
relative to y € ]Rf.

sat(y) € (J{T: T e D(y)} (11.20)
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Join V and meet A for z,y € RY

e Forz,y € Rf, define vectors(@ Ay € Rf and@ Vy € Rf such that, for all
eck

(x Vy)(e) = max(z(e),y(e)) (11.19)
(x ANy)(e) = min(z(e),y(e)) (11.20)

Hence,

rzVy= (max(x(el), y(el)) , max(aj(eg), y(eg))7 e ,max(z(en), y(en))>

and similarly

@ From this, we can define things like an lattices, and other constructs.
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Vector rank, rank(z), is submodular

@ Recall that the matroid rank function is submodular.
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Polymatroids

Vector rank, rank(z), is submodular

@ Recall that the matroid rank function is submodular.

@ The vector rank function rank(x) also satisfies a form of submodularity,
namely one defined on the real lattice.
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Polymatroids
[ ARRRRRRARRRRRNARR]

Vector rank, rank(z), is submodular

@ Recall that the matroid rank function is submodular.

@ The vector rank function rank(z) also satisfies a form of submodularity,
namely one defined on the real lattice.

Theorem 11.3.1 (vector rank and submodularity)

Let P be a polizmatrmd polytope.  The vector rank function rank : ]RE — R
with (rank(z ax (y(E) : y < @,y € P)satisfies, for all u,v € ]RE

rank(u) + rank(v) > rank(u v v) + rank(u A v) (11.1)
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1. pve Vi € IK
o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 9 an independent b € P such that:
a<b<uVwv
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.
o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 3 an independent b € P such that:
a'<b<wuVwv and also such that rank(b) = b(E) = rank(u \V v), so b is
a P-basis of w Vv, and thus b < u V v.

uVo
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Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 3 an independent b € P such that:
a <b<wuVwv and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

@ Given e € E, if a(e) is maximal due to P, then a(e) = b(e)
< min(u(e),v(e)).
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 3 an independent b € P such that:
a <b<wuVwv and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

e Given e € E, if a(e) is maximal due to P, then a(e) = b(e)
< min(u(e),v(e)).

@ If a(e) is maximal due to (u A v)(e), then
a(e) = min(u(e),v(e)) < b(e).
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 3 an independent b € P such that:
a <b<wuVwv and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

e Given e € E, if a(e) is maximal due to P, then a(e) = b(e)
< min(u(e),v(e)).

o If a(e) is maximal due to (u A v)(e), then
a(e) = min(u(e),v(e)) < b(e).

@ Therefore, in either case, a =b A (uAv) ...
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

Let a € RE be a P-basis of u A v, so rank(u A v) = a(E).

Claim: By the polymatroid property, 3 an independent b € P such that:
a << wN v and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

Given e € E, if a(e) is maximal due to P, then a(e) = b(e)
< min(u(e),v(e)).

If a(e) is maximal due to (u A v)(e), then

a(e) = min(u(e),v(e)) < b(e).

Therefore, in either case, a =bA (u A ) ...

...and since i< UV v, we get
a+b (11.2)
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1. alh)=  Zalv) «(E)

Let a € RE be a P-basis of u A v, soqgank(u Av) = a(E).

Claim: By the polymatroid property, 3 an independent b € P such that:
a <b<wuVwv and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

Given¥e € E, if a(e) is maximal due to P, then a(e) = b(e)

< min(u(e), v(€)). \ a(fe3) £ 42) = 4145

If a(e) is maximal due to (u A v)(e), then

a(e) = min(u(e),v(e)) < b(e). Y
Therefore, in either case, a=bA (uwAv) ... o r

...and since b < u Vv, we get
a+b=bAuAv+Db (11.2)
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

Let a € RE be a P-basis of u A v, so rank(u A v) = a(E).

Claim: By the polymatroid property, 3 an independent b € P such that:
a <b<wuVwv and also such that rank(b) = b(E) = rank(u V v), so b is
a P-basis of u Vv, and thus b < u V v.

Given e € E, if a(e) is maximal due to P, then a(e) = b(e)

< min(u(e),v(e)).

If a(e) is maximal due to (u A v)(e), then

a(e) = min(u(e),v(e)) < b(e).

Therefore, in either case, a =bA (uAv) ...

...and since b < u V v, we get 9
a+b=bAuAv+b=bAu+bAv (11.2)
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Polymatroids

Vector rank rank(z) is submodular, proof

Proof of Theorem 11.3.1.

o Let a € RY be a P-basis of u A v, so rank(u A v) = a(E).

@ Claim: By the polymatroid property, 3 an independent b € P such that:
a <d<suew,and also such that rank(b) = b(E) = rank(u V v), so b is
a P=basis of @\ v, and thus b < u V v.

e Given e € E, if a(e) is maximal due to P, then a(e) = b(e)
< min(u(e),v(e)).

o If a(e) is maximal due to (u A v)(e), then
a(e) = min(u(e),v(e)) < b(e).

@ Therefore, in either case, a =b A (uAv) ...

@ ...and since b < u Vv, we get

a+b=bAuAv+b=bAu+bAv (11.2)

How? With@=u\/i@) three cases: 1) b is minimum (a+b=>b+b); 2) u is
minimum withb < v (a+b=wu+0b); 3) v is minimum withb < u (a+b=v+b).
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Polymatroids

Vector rank rank(z) is submodular, proof

... proof of Theorem 11.3.1.

@ b is independent, and b A u and b A v are independent subvectors of u
and v respectively, so (b A u)(E) < rank(u) and (b Av)(E) < rank(v).
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Vector rank rank(z) is submodular, proof

... proof of Theorem 11.3.1.

@ b is independent, and b A u and b A v are independent subvectors of u
and v respectively, so (b A u)(E) < rank(u) and (b A v)(E) < rank(v).

@ Hence,
rank(u A v) + rank(u V v)
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Vector rank rank(z) is submodular, proof

... proof of Theorem 11.3.1.

@ b is independent, and b A u and b A v are independent subvectors of u
and v respectively, so (b A u)(E) < rank(u) and (b A v)(E) < rank(v).

@ Hence,
rank(u A v) + rank(u V v) = a(E) + b(E) (11.3)
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Polymatroids
(RLARRRARRRRRRARRE!

Vector rank rank(z) is submodular, proof

... proof of Theorem 11.3.1.

@ b is independent, and b A u and b A v are independent subvectors of u
and v respectively, so (b A u)(E) < rank(u) and (b A v)(E) < rank(v).

@ Hence,
: Cerank(u Av) + rank(u Vv) = a(E) + b(E = (asi(e) (11.3)

=(bAu)(E)+ (b/\v)(E) (11.4)
= [( Lav) + (L/Iv)j(ﬁ)

Ol
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Polymatroids

Vector rank rank(z) is submodular, proof

... proof of Theorem 11.3.1.

@ b is independent, and b A u and b A v are independent subvectors of u
and v respectively, so (b A u)(E) < rank(u) and (b Av)(E) < rank(v).

@ Hence,
rank(uw A v) + rank(u Vv) = a(E) + b(E) (11.3)
= (bAu)(E)+ (bAv)(E) (11.4)
< rank(u) 4 rank(v) (11.5)
L]
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Polymatroids

A polymatroid function's polyhedron vs. a polymatroid.

@ Note the remarkable similarity between the proof of Theorem 11.3.1
and the proof of Theorem 6.5.1 that the standard matroid rank
function is submodular.
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Polymatroids
(RN RRRARRRRRRARRE!

A polymatroid function's polyhedron vs. a polymatroid.

@ Note the remarkable similarity between the proof of Theorem 11.3.1
and the proof of Theorem 6.5.1 that the standard matroid rank
function is submodular.

@ Next, we prove Theorem 10.4.2, that any polymatroid polytope P has
a polymatroid function f such that P = P}
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A polymatroid function's polyhedron vs. a polymatroid.

@ Note the remarkable similarity between the proof of Theorem 11.3.1
and the proof of Theorem 6.5.1 that the standard matroid rank

function is submodular.

@ Next, we prove Theorem hat any polymatroid polytope P has
a polymatroid function f suelrthat P = P;r.

@ Given this result, we can conclude that a polymatroid is really an
extremely natural polyhedral generalization of a matroid. This was all
realized by Jack Edmonds in the mid 1960s (and published in 1969 in
his landmark paper "Submodular Functions, Matroids, and Certain

Polyhedra").
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.
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Proof of Theorem 77

Proof of Theorem ?77.
@ We are given a polymatroid P.

@ Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amaxlg).
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any z € P, and Ve € E, we have z(e) < 2(F) < amax-
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?77.
@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-
@ Define a function f : 2V 5 R as, for any AC E,

f(A) = rank(amaxlA) (11.6)
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Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-
o Define a function f: 2V — R as, for any A C E,

f(A) = rank(amax14) (11.6)

@ Then f is submodular since

f(A) + f(B)
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Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-
o Define a function f: 2V — R as, for any A C E,

f(A) = rank(amax14) (11.6)

@ Then f is submodular since
f(A) + f(B) = rank(amaxlA) aF rank(amaxlB) (117)
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Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-
o Define a function f: 2V — R as, for any A C E,

f(A) = rank(amax14) (11.6)

@ Then f is submodular since

f(A) + f(B) = I’ank(Olmax]-A) < rank(Oémax]-B) (117)
> rank(amax14 V &max1B) + rank(amaxla A amaxlp) (11.8)
L
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Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-

o Define a function f: 2V — R as, for any A C E,

f(A) = rank(amax14) (11.6)

@ Then f is submodular since

f(A) + f(B) = I’ank(Olmax]-A) < rank(Oémax]-B) (117)
> rank(amax14 V &max1B) + rank(amaxla A amaxlp) (11.8)
= rank(amaxlAUB) F rank(amaxlAﬂB) (119)
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ We are given a polymatroid P.

o Define amax 2 max {x(FE) : € P}, and note that amax > 0 when P
is non-empty, and amax = limy—,o0 rank(alp) = rank(amax1g).

@ Hence, for any x € P, and Ve € E, we have z(e) < z(F) < amax-
o Define a function f: 2V — R as, for any A C E,

f(A) = rank(amax14) (11.6)

@ Then f is submodular since
f(A) + f(B) = rank(amax14) + rank(amax15) (
> rank(amax14 V amax1B) + rank(amaxla A amaxlp) (11.8
= rank(amax1aup) + rank(amax14nB) (
= f(AUB)+ f(ANB) (11.10
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Proof of Theorem 77

Proof of Theorem ?7.

@ Moreover, we have that f is non-negative, normalized with f(()) = 0,
and monotone non-decreasing (since rank is monotone).
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ Moreover, we have that f is non-negative, normalized with f(()) = 0,
and monotone non-decreasing (since rank is monotone).

@ Hence, f is a polymatroid function.
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ Moreover, we have that f is non-negative, normalized with f(()) = 0,
and monotone non-decreasing (since rank is monotone).

@ Hence, f is a polymatroid function.
@ Definition: for any A C FE, define x4 € RE as

z(e) ifecd

za(e) = 0 else

(11.11)

note this is an analogous definition tout for a not necessarily unity vector .
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Proof of Theorem 77

Proof of Theorem ?7.

@ Moreover, we have that f is non-negative, normalized with f(()) = 0,
and monotone non-decreasing (since rank is monotone).

@ Hence, f is a polymatroid function.
@ Definition: for any A C F, define x4 € R{f as

z(e) ifeecd

11.11
0 else ( )

zale) =

note this is an analogous definition to 14 but for a not necessarily unity vector .

@ Hence z4(A) = z(A) and z4(E \ A) = 0.
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Proof of Theorem 77

Proof of Theorem ?7.

@ Moreover, we have that f is non-negative, normalized with f(()) = 0,
and monotone non-decreasing (since rank is monotone).

@ Hence, f is a polymatroid function.
@ Definition: for any A C E, define x4 € R{f as

0 else

oale) = {x(e) ifee A L

note this is an analogous definition to 14 but for a not necessarily unity vector .
@ Hence z4(A) = z(A) and z4(E \ A) = 0.
o Consider the polytope PJT defined as:
Pf = {z eRY :x(4) < f(A), VAC E} (11.12)
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Proof of Theorem 77

Proof of Theorem ?7.

@ Given an x € P, then forany A C E, 24 < @maxl4, and
z(A) < amax|A|-
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Proof of Theorem 77

Proof of Theorem ?7.

@ Given an x € P, then forany AC F, x4 < amaxla, and
z(A) < amax|A|-

@ Therefore,

2(A) <max{z(A):z€ P,z4 < amaxla} (11.13)
=max{2(A) : 2 € P,z < amaxla} (11.14)
<max{z(F):z € P,z < amaxla} (11.15)
= rank(amax14) (11.16)
= f(A) (11.17)

Therefore x € P

f

EES563/Spring 2018/Submodularity - Lecture 11 - May 2nd, 2018 F19/42 (pg.49/129)



Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ Given an x € P, then forany AC F, x4 < amaxla, and
z(A) < amax|A|-

@ Therefore,

z(A) <max{z(A):z € P,z4 < amaxla} (11.13)
=max{z(A) : 2 € P,z < omax1a} (11.14)
<max{z(F):z € P,z < amaxla} (11.15)
= rank(amax14) (11.16)
~ f(4) (1117)

Therefore x € PJT.
@ Hence, P C Pf+.
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Proof of Theorem 77

Proof of Theorem ?7.

@ Given an x € P, then forany AC F, x4 < amaxla, and
z(A) < amax|A|-

@ Therefore,

z(A) <max{z(A):z € P,z4 < amaxla} (11.13)
=max{z(A) : 2 € P,z < omax1a} (11.14)
<max{z(F):z € P,z < amaxla} (11.15)
= rank(amax14) (11.16)
~ f(4) (1117)

Therefore z € PJT.
@ Hence, P C PJZ".

@ We will next show that PJT C P to complete the proof.
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Proof of Theorem 77

Proof of Theorem ?7.

o Letx € P;r be chosen arbitrarily (goal is to show that x € P).

—
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

o Letx € P;r be chosen arbitrarily (goal is to show that x € P).

@ Suppose x ¢ P.
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?77?.
o Letx € P;r be chosen arbitrarily (goal is to show that x € P).

@ Suppose@ & P. Then, choose y to be a P-basis of x that maximizes
the number of y elements strictly less than the corresponding x
element. l.e., that maximizes |N(y)|, where

N(y) ={e€ E:y(e) < z(e)} (11.18)
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Proof of Theorem 77

Proof of Theorem ?7.

o Letx € P;r be chosen arbitrarily (goal is to show that x € P).

@ Suppose = ¢ P. Then, choose y to be a P-basis of x that maximizes
the number of y elements strictly less than the corresponding x
element. l.e., that maximizes |N(y)|, where

N(y) ={e€ E:y(e) < z(e)} (11.18)
x
@ Choose w between y and z, so that m
y<w=(y+r)/2<x (11.19)

so y is also a P-basis of w.
¢ e M)

”JLb) L )L x1)
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Proof of Theorem 77

Proof of Theorem ?7.

o Letx € P;r be chosen arbitrarily (goal is to show that x € P).

@ Suppose = ¢ P. Then, choose y to be a P-basis of x that maximizes
the number of y elements strictly less than the corresponding x
element. l.e., that maximizes |N(y)|, where

N(y) ={e€ E:y(e) < z(e)} (11.18)
@ Choose w between y and z, so that

y<w=(y+r)/2<x

so y is also a P-basis of w.

@ Hence, rank(z) = rank(w) = y(F£), and the set of P-bases of w are
also P-bases of x.
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Proof of Theorem 77

(
feel H(ﬂ& x1¢)

)
Proof of Theorem ?77.

@ Now, we have

y(N(y)) <w(N(y)) < f(N(y)) = rank(amaxlny)) (11.20)

the last inequality follows since w < x € P;“, and y < w.
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Proof of Theorem 77

Proof of Theorem ?77.

@ Now, we have

y(N(y)) <w(N(y)) < f(N(y)) = rank(amaxlny)) (11.20)

the last inequality follows since w < x € P]ZF, and y < w.

@ Thus, y Az, is not a P-basis of w Az, since, over

N(y), itis

neither tight at w nor tight at the rank (i.e., not a maximal

independent subvector on N(y)).
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Polymatroids

Proof of Theorem 77

Proof of Theorem ?7.

@ We can extend y A x () to be a P-basis of w A ) since
YNTN(y) < WATN(y)-
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Proof of Theorem 77

Proof of Theorem ?7.

o We can extend y A z(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

@ This P-basis, in turn, can be extended to be a P-basis i of w & .
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Proof of Theorem 77

Proof of Theorem ?7.

o We can extend y A z(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

@ This P-basis, in turn, can be extended to be a P-basis §j of w & .
@ Now, we have §(N(y)) > y(N(y)),
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Proof of Theorem 77

Proof of Theorem ?7.

o We can extend y A z(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

@ This P-basis, in turn, can be extended to be a P-basis §j of w & .
@ Now, we have §(N(y)) > y(N(y)),
@ and also that §(F) = y(E) (since both are P-bases),
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Proof of Theorem 77

Proof of Theorem ?7.

o We can extend y A z(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

@ This P-basis, in turn, can be extended to be a P-basis §j of w & .
e Now, we have §(N(y)) > y(N(y)),

e and also that §(F) = y(E) (since both are P-bases),

@ hence g(e) < y(e) for some e ¢ N(y).
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Proof of Theorem 77

Proof of Theorem ?7.

o We can extend y A z(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

This P-basis, in turn, can be extended to be a P-basis 3 of w & x.
Now, we have (N (y)) > y(N(y)),

and also that §(F) = y(E) (since both are P-bases),

hence g(e) < y(e) for some e ¢ N(y).

Thus, g is a base of x, which violates the maximality of | N (y)|.
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Proof of Theorem 77

Proof of Theorem ?7.

© We can extend y A zy(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

This P-basis, in turn, can be extended to be a P-basis 3 of w & x.
Now, we have (N (y)) > y(N(y)),

and also that §(F) = y(E) (since both are P-bases),

hence g(e) < y(e) for some e ¢ N(y).

Thus, ¢ is a base of z, which violates the maximality of | N (y)|.

This contradiction means that we must have had z € P.
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Proof of Theorem 77

Proof of Theorem ?7.

© We can extend y A zy(y) to be a P-basis of w Az, since
YNTN(y) < WATN(y)-

This P-basis, in turn, can be extended to be a P-basis 3 of w & x.
Now, we have (N (y)) > y(N(y)),

and also that §(F) = y(E) (since both are P-bases),

hence g(e) < y(e) for some e ¢ N(y).

Thus, ¢ is a base of z, which violates the maximality of | N (y)|.
This contradiction means that we must have had = € P.
Therefore, P]fr — P.
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More on polymatroids

Theorem 11.3.2

A polymatroid can equivalently be defined as a pair (E, P) where E is a

finite ground set and P C Rf is a compact non-empty set of independent
vectors such that

@ every subvector of an independent vector is independent (if x € P and
y < x theny € P, i.e., down closed)
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ids
(RERR ERANEAN]

More on polymatroids

Theorem 11.3.2

A polymatroid can equivalently be defined as a pair (E, P) where E is a
finite ground set and P C Rf is a compact non-empty set of independent
vectors such that

@ every subvector of an independent vector is independent (if x € P and
y < x theny € P, i.e., down closed)

Q /fu,v € P (ie., are independent) and u(E) <
v(E), then there exists a vector w € P such
that

u<w<uVwo (11.21)
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Polymatroids

More on polymatroids

Theorem 11.3.2

A polymatroid can equivalently be defined as a pair (E, P) where E is a
finite ground set and P C Rf is a compact non-empty set of independent
vectors such that

@ every subvector of an independent vector is independent (if x € P and
y < x theny € P, i.e., down closed)

@ Ifu,v € P (ie., are independent) and u(E) <
v(E), then there exists a vector w € P such
that

u<w<uVo (11.21)

Corollary 11.3.3

The independent vectors of a polymatroid form a convex polyhedron in RY .
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Polymatroids

Review

@ The next slide comes from lecture 6.
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Polymatroids

Matroids by bases

In general, besides independent sets and rank functions, there are other
equivalent ways to characterize matroids.

Theorem 11.3.3 (Matroid (by bases))

Let E be a set and B be a nonempty collection of subsets of E. Then the
following are equivalent.

@ B is the collection of bases of a matroid;
@ ifB,B € B,andx € B'\ B, then B'—x+y € B for somey € B\ B'.
© IfB,B' ' €B,andx € B'\ B, then B—y+x € B for somey € B\ B'.

Properties 2 and 3 are called “exchange properties.”
Proof here is omitted but think about this for a moment in terms of linear
spaces and matrices, and (alternatively) spanning trees.
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Polymatroids

More on polymatroids

For any compact set P, bis a base of P if it is a maximal subvector within
P. Recall the bases of matroids. In fact, we can define a polymatroid via
vector bases (analogous to how a matroid can be defined via matroid bases).

Theorem 11.3.4

A polymatroid can equivalently be defined as a pair (E, P) where E is a
finite ground set and P C Rf is a compact non-empty set of independent
vectors such that

@ every subvector of an independent vector is independent (if x € P and
y < x theny € P, i.e., down closed)

@ ifb,c are bases of P and d is such that b A ¢ < d < b, then there exists
an f, withd A e < f < ¢ such that dV f is a base of P

© All of the bases of P have the same rank.

Note, all three of the above are required for a polymatroid (a matroid
analogy would require the equivalent of only the first two).
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A word on terminology & notation

@ Recall how a matroid is sometimes given as (E,7) where r is the rank
function.
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Polymatroids

A word on terminology & notation

@ Recall how a matroid is sometimes given as (E,7) where r is the rank
function.

@ We mention also that the term “polymatroid” is sometimes not used for
the polytope itself, but instead but for the pair (E, f),
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Polymatroids
(RRARRRARRNRRNR ARR

A word on terminology & notation

@ Recall how a matroid is sometimes given as (E,7) where r is the rank
function.

@ We mention also that the term “polymatroid” is sometimes not used for
the polytope itself, but instead but for the pair (£, f),

@ But now we see that (E, f) is equivalent to a polymatroid polytope, so
this is sensible.

F27/42 (pg.75/129)
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Where are we going with this?

@ Consider the right hand side of Theorem 77:
min (z(A) + f(E\A): ACE)
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Where are we going with this?

o Consider the right hand side of Theorem 77:
min (z(A) + f(E\A): ACE)

@ We are going to study this problem, and approaches that address it, as
part of our ultimate goal which is to present strategies for submodular

function minimization (that we will ultimately get to, in near future
lectures).
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Where are we going with this?

o Consider the right hand side of Theorem 77:
min (z(A) + f(E\A): ACE)

@ We are going to study this problem, and approaches that address it, as
part of our ultimate goal which is to present strategies for submodular
function minimization (that we will ultimately get to, in near future
lectures).

@ As a bit of a hint on what's to come, recall that we can write it as:
z(F) + min (f(A) — z(A) : A C E) where f is a polymatroid function.
v o

2(4)
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Another Interesting Fact: Matroids from polymatroid
functions

Theorem 11.3.5

Given integral polymatroid function f, let (E,F) be a set system with
ground set E and set of subsets F such that

VFeF, ¥ C SCFIS| < f(S) (11.22)

Then M = (E, F) is a matroid.

Exercise

And its rank function is Exercise.
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Matroid instance of Theorem 77

e Considering Theorem 77, the matroid case is now a special case, where
we have that:

Corollary 11.3.6

We have that:

maX{y(E> 1Y € Pipg, set(M)yy < -T} = min {TM(A) + w(E \ A) :AC E}
(11.23)

where 7,/ is the matroid rank function of some matroid.

EES563/Spring 2018/Submodularity - Lecture 11 - May 2nd, 2018 F30/42 (pg.80/129)



Pe Greedy
[ ARRRRRNNANY]

Review

@ The next two slides come respectively from Lecture 11 and Lecture 10.
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Polymatroids and Greedy
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Polymatroidal polyhedron (or a “polymatroid”)

Definition 11.4.1 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

@ Vectors within P (i.e., any y € P) are called independent, and any
vector outside of P is called dependent.

@ Since all P-bases of 2 have the same component sum, if 3, is the set
of P-bases of z, than rank(z) = y(E) for any y € B,.
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Maximum weight independent set via greedy weighted rank

Theorem 11.4.5

Let M = (V,Z) be a matroid, with rank function r, then for any weight
function w € RY., there exists a chain of sets Uy C Us C ---C U,, CV
such that

max {w(I)|T € T} = > Xir(U5) (11.8)
=1
where \; > 0 satisfy
w=> A\l (11.9)
=1
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Polymatroidal polyhedron and greedy

o Let (F,Z) be a set system and w € R¥ be a weight vector.
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Polymatroidal polyhedron and greedy

@ Let (E,Z) be a set system and w € ]Rf be a weight vector.

@ Recall greedy algorithm: Set A = (), and repeatedly choose y € F'\ A
such that AU {y} € 7 with w(y) as large as possible, stopping when
no such y exists.
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Polymatroids and Greedy
(RNL RRNRNNAN

Polymatroidal polyhedron and greedy

@ Let (E,Z) be a set system and w € Rf be a weight vector.

o Recall greedy algorithm: Set A = (), and repeatedly choose y € E'\ A
such that AU {y} € Z with w(y) as large as possible, stopping when
no such y exists.

e For a matroid, we saw that independence system (E,7) is a matroid iff
for each weight function w € Rf, the greedy algorithm leads to a set
I € T of maximum weight w(I).
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Polymatroidal polyhedron and greedy

o Let (E,T) be a set system and w € R¥ be a weight vector.

o Recall greedy algorithm: Set A = (), and repeatedly choose y € E'\ A
such that AU {y} € Z with w(y) as large as possible, stopping when
no such y exists.

e For a matroid, we saw that independence system (E,7) is a matroid iff
for each weight function w € Rf, the greedy algorithm leads to a set
I € T of maximum weight w([).

e Stated succinctly, considéring max{w(Zl): I € Z}, then (E.Z) is a
matroid iff greedy works for this maximization.
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Polymatroids and Greedy
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Polymatroidal polyhedron and greedy

@ Let (E,Z) be a set system and w € Rf be a weight vector.

o Recall greedy algorithm: Set A = (), and repeatedly choose y € E'\ A
such that AU {y} € Z with w(y) as large as possible, stopping when
no such y exists.

e For a matroid, we saw that independence system (E,7) is a matroid iff
for each weight function w € Rf, the greedy algorithm leads to a set
I € T of maximum weight w([).

o Stated succinctly, considering max{w(I): I € I}, then (E,Z) is a
matroid iff greedy works for this maximization.

@ Can we also characterize a polymatroid in this way?
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Polymatroidal polyhedron and greedy

@ Let (E,Z) be a set system and w € Rf be a weight vector.

o Recall greedy algorithm: Set A = (), and repeatedly choose y € E'\ A
such that AU {y} € Z with w(y) as large as possible, stopping when
no such y exists.

e For a matroid, we saw that independence system (E,7) is a matroid iff
for each weight function w € Rf, the greedy algorithm leads to a set
I € T of maximum weight w([).

o Stated succinctly, considering max{w(I): I € I}, then (E,Z) is a
matroid iff greedy works for this maximization.

e Can we also characterize a polymatroid in this way?
@ That is, if we consider max {wJL cx € ij} where P;“ represents the

“independent vectors”, is it the case that P]T is a polymatroid iff greedy
works for this maximization?
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Polymatroidal polyhedron and greedy

@ Let (E,Z) be a set system and w € Rf be a weight vector.

o Recall greedy algorithm: Set A = (), and repeatedly choose y € E'\ A
such that AU {y} € Z with w(y) as large as possible, stopping when
no such y exists.

e For a matroid, we saw that independence system (E,7) is a matroid iff
for each weight function w € Rf, the greedy algorithm leads to a set
I € T of maximum weight w([).

o Stated succinctly, considering max{w(I): I € I}, then (E,Z) is a
matroid iff greedy works for this maximization.

@ Can we also characterize a polymatroid_in this way?
@ That is, if we consider rax {w:z: 1T € PJZ"} where P;r represents the

“independent vectors”, is it the case that P]T is a polymatroid iff greedy
works for this maximization?

e Can we, ultimately, even relax things so that w € RF?
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Polymatroidal polyhedron and greedy

e What is the greedy solution in this setting, when w € RF?
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Polymatroidal polyhedron and greedy

e What is the greedy solution in this setting, when w € RF?
@ Sort elements of E w.r.t. w so that, w.l.o.g.
E = (e1,ea,...,ey) with w(ey) > w(ez) > -+ > w(en).
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Polymatroidal polyhedron and greedy

e What is the greedy solution in this setting, when w € RF?
@ Sort elements of E w.r.t. w so that, w.l.o.g.
E = (e1,ea,...,ey) with w(ey) > w(ez) > -+ > w(en).
o Let k& + 1 be the first point (if any) at which we are non-positive, i.e.,

w(ey) >0 and 0 > w(egqy).
That is, we have

w(er) > w(e2) > - > w(ex) > 0> wleps1) > -+ > wlem) (11.24)
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Polymatroidal polyhedron and greedy

e What is the greedy solution in this setting, when w € RF?

@ Sort elements of E w.r.t. w so that, w.l.o.g.
E = (e1,ea,...,ey) with w(ey) > w(ez) > -+ > w(en).

o Let k& + 1 be the first point (if any) at which we are non-positive, i.e.,
w(ey) >0 and 0 > w(egqy).

o Next define partial accumulated sets E;, for i = 0...m, we have w.r.t.
the above sorted order:

E Y el eo,. . 65} (11.25)

(note Eg =0, f(Ep) =0, and E and Ej; is always sorted w.r.t w).
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Polymatroidal polyhedron and greedy

e What is the greedy solution in this setting, when w € RF?

@ Sort elements of E w.r.t. w so that, w.l.o.g.
E = (e1,ea,...,ey) with w(ey) > w(ez) > -+ > w(en).

o Let k + 1 be the first point (if any) at which we are non-positive, i.e.,
w(ey) >0 and 0 > w(egqy).

o Next define partial accumulated sets E;, for i = 0...m, we have w.r.t.
the above sorted order:

E Y el eo,. . 65} (11.25)

(note Eg =0, f(Ep) =0, and E and Ej; is always sorted w.r.t w).

o The greedy solution is the vector x € RY with elements defined as:

def

z(e1) = f(E1) = fler) = fer| Eo) = f(er|0) (11.26)
2(e)) ¥ F(E) — f(Ei1) = fles|Eiy) fori=2...k  (11.27)
2(e;) L0fori=k+1...m=|E| (11.28)
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Some Intuition: greedy and gain

e Note z(e;) = f(ei|Ei—1) < f(e;

E') forany E' C E; 4
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Some Intuition: greedy and gain

e Note z(e;) = f(ei|Ei—1) < f(e;|E') forany E' C E;
@ So z(e1) = f(e1) and this corresponds to w(ey) > w(e;) for all i # 1.

woc = 2. ) "”{z")

ol XIE‘")‘
€y ¢ Flenr
Z AN
£laln) f - #e A
— -
o 4le) e,
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Some Intuition: greedy and gain

e Note z(e;) = f(ei|Ei—1) < f(e;|E') forany E' C E;
@ So z(e1) = f(e1) and this corresponds to w(ey) > w(e;) for all ¢ # 1.

@ Hence, for the largest value of w (namely w(ey)), we use for z:(e1) the
largest possible gain value of e; (namely f(e1]|0) > f(ei|A) for any
AC E\{er}).
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Some Intuition: greedy and gain

e Note z(e;) = f(ei|Ei—1) < f(e;|E') forany E' C E;

@ So z(e1) = f(e1) and this corresponds to w(ey) > w(e;) for all ¢ # 1.
@ Hence, for the largest value of w (namely w(ey)), we use for z(e;) the
largest possible gain value of e; (namely f(e1]|0) > f(ei|A) for any

AC E\{ei})
@ For the next largest value of w (namely w(ez)), we use for xz(ez) the

next largest gain value of ez (namely f(ez|e1)), while still ensuring (as
we will soon see in Theorem 11.4.1) that the resulting x € Py.
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Some Intuition: greedy and gain

e Note z(e;) = f(ei|Ei—1) < f(e;|E') forany E' C E;

@ So z(e1) = f(e1) and this corresponds to w(ey) > w(e;) for all ¢ # 1.
@ Hence, for the largest value of w (namely w(ey)), we use for z(e;) the
largest possible gain value of e; (namely f(e1]|0) > f(ei|A) for any

AC E\{ei})
@ For the next largest value of w (namely w(esz)), we use for x(ez) the

next largest gain value of ez (namely f(ez|e1)), while still ensuring (as
we will soon see in Theorem 11.4.1) that the resulting x € Py.

@ This process continues, using the next largest possible gain of ¢; for
x(e;) while ensuring (as we will show) we do not leave the polytope,
given the values we've already chosen for x(e;/) for i’ < i.
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

The vector z € RY as previously defined using the greedy algorithm
maximizes wx over P]T, withaw € RE, if f is submodular.
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

The vector z € RY as previously defined using the greedy algorithm
maximizes wx over P]T, with w € RE, if f is submodular.

Proof.
o Consider the LP strong duality equation:

. E
max(wx:xEP]T) :mln(z yaf(A) :y eR? ,Z yala Zw)
ACE ACE
(11.29)
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

The vector z € RY as previously defined using the greedy algorithm
maximizes wx over P]T, with w € Rf, if f is submodular.

Proof.
o Consider the LP strong duality equation:

. E
max(wx:xEP]T) :mln(z yaf(A) :y eR? ,Z yala Zw)
ACE ACE
(11.29)

@ Sort E by w descending, and define the following vector y € RiE as
yi, <+ w(e;) —w(ejp1) fori=1...(m—1), (11.30)
yE < w(en), and (11.31)
ya < 0 otherwise (11.32)
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Polymatroidal polyhedron and greedy

o We first will see that greedy z € PJT (that is z(A) < f(A),VA).
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Polymatroidal polyhedron and greedy

Proof.
o We first will see that greedy z € PJT (that is z(A) < f(A),VA).
o Order A = (ay,as,...,a;) based on order (e1,ea,...,em).
L[ Ja| Jaefas| | [aa| Jas|...[] |

‘61‘62‘63‘64‘65‘66‘67‘68‘69‘610‘611‘...‘em‘




Polymatroidal polyhedron and greedy

Proof.
o We first will see that greedy x € Pf+ (that is z(A) < f(A),VA).

@ Order A = (aj,as,...,ar) based on order (e1,e9,...,6en).

| | |@| |@l@| | |o| a5 |...| |
| emvea| € eaimesnlesniuerliean) eo | o [ e | ... | em |

o Definee™ : E — {1,...,m} so that e71(e;) = i.
This means that with A = {a1,az,...,ar}, andVj <k

{ai,a2,...,a;} C {61, €2,..., 6571<a7)} (11.33)
and -
5=
{al, az, ..., aj_l} - {61, €2,... 765_1(a-)—1} (11.34)
Also recall matlab notation: a1.; = {ai1,az,...,a;}. 7

E.g., with j = 4 we get 671(a4) =9, and

{a1,a2,a3,a4} C {e1,e2,...,e9} (11.35)
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Polymatroidal polyhedron and greedy

Proof |

o We first will see that greedy z € PJT (that is z(A) < f(A),VA).

o Order A = (ay,as,...,a;) based on order (e1,e9,...,6em).
| @ |@|@| | |a| |a|...| |

‘61'62'63|e4|€5|66|€7|68‘69‘610‘611‘...‘em‘
o Definee ! : E— {1,...,m} so that e7!(e;) = i.
@ Then, we have z € P]T since for all A:

k
f(A) = Z f(aila:i—1) (11.33)
=1
k
> Z f(ai|€1:e*1(ai)—1) (1134)
=1
= Z f(a|61:e—1(a)71) = I(A) (1135)
aCA
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Polymatroidal polyhedron and greedy

o We first will see that greedy z € PJT (that is z(A) < f(A),VA).

o Order A = (ay,as,...,a;) based on order (e1,ea,...,em).
|| Ja| lafas| | Jas| Jas|...| |

‘61‘62‘63‘64‘65‘66‘67‘68‘69‘610‘611‘...‘em‘
o Definee ' : E— {1,...,m} so that e !(e;) = i.
@ Then, we have z € P]f“ since for all A:

k
f(A) = Z f(aila:i—1) (11.33)
=1
k
> Z f(ai|61:e*1(ai)—1) (1134)
=1
= Z f(a|61:e—1(a)71) = I(A) (1135)
aCA
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Polymatroidal polyhedron and greedy

o y being dual feasible in Eq. 11.29 means: y > 0 and > ,cpyala > w.
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Polymatroidal polyhedron and greedy

o y being dual feasible in Eq. 11.29 means: y > 0 and > ,cpyala > w.

@ Next, we check that y is dual feasible. Clearly, y > 0,
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Polymatroidal polyhedron and greedy

o y being dual feasible in Eq. 11.29 means: y > 0 and }_ 4 pyala > w.

@ Next, we check that y is dual feasible. Clearly, y > 0, (;) 3
@ and also, considering y component wise, for any i, we have that <
m—1
> ya=> um =Y (wle) —wlej)) +wlem) = wles).
A:e;€A Jj>i =1

EES563/Spring 2018/Submodularity - Lecture 11 - May 2nd, 2018 F37/42 (pg.111/129)



Pol reedy
(RRRRNE ANNAN

Polymatroidal polyhedron and greedy

Proof.
o y being dual feasible in Eq. 11.29 means: y > 0 and > ,cpyala > w.
@ Next, we check that y is dual feasible. Clearly, y > 0,

@ and also, considering y component wise, for any i, we have that

m—1
> ya=> um =Y (wle) —wlej)) +wlem) = wles).
A:e;€A Jj>i =1

@ Now optimality for x and y follows from strong duality, i.e.:

wr =Y w( w(e;) f(ei Ei1) = iw(ei)(f(Ei) - f(EH))

Ms

eck p=ll =il
m—1

= Z f(Ei)<w(€i) = w<€i+1)) + f(E Z yaf(A
=1 ACE
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Polymatroidal polyhedron and greedy

@ The equality in prev. Eq. follows via Abel summation:

(11.36)

(11.37)

(11.38)

(11.39)
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What about w € R¥

) x9= £l16:)) =7 aept

@ When w contains negative elements, we have z(e;) = 0 for
1=k+1,...,m, where k is the last positive element of w when it is
sorted in decreasing order.
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What about w € R¥

W Wy - ﬁH—P,;_
o X e B

@ When w contains negative elements, we have x(e;) = 0 for
1=k+1,...,m, where k is the last positive element of w when it is
sorted in decreasing order.

@ Exercise: show a modification of the previous proof that works for
arbitrary w € R¥
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

Conversely, suppose PJT is a polytope of form

Pf+ = {z eRE: x(A) S f(A),VA _g E} then the greedy solution to
max(wx : x € P) is optimum only if f is submodulég'. bransd fancbin
Proof.

@ Choose A and B arbitrarily, and then order elements of E as
(e1,€2,...,em), with E; = (e1,ea,...,¢€;), so the following is true:
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

Conversely, suppose PJT is a polytope of form
Pf+ = {x eRF 1 z(A) < f(A),VAC E} then the greedy solution to
max(wx : x € P) is optimum only if f is submodular.

Proof.
@ Choose A and B arbitrarily, and then order elements of E as
(e1,€2,...,em), with E; = (e1,ea,...,¢€;), so the following is true:
o For1 <p<gq<m, A= {emesymuuyer €rti, -, €ep} = E, and

B = {emesymmmeiles<i; - - -.€q; = Ly U(Eg\ Ep) = (ANB)U(B\ A)

e &

i Y
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

Conversely, suppose PJT is a polytope of form
Pf+ = {z € R : 2(A) < f(A),VA C E}, then the greedy solution to
max(wx : x € P) is optimum only if f is submodular.
Proof.
@ Choose A and B arbitrarily, and then order elements of E as
(e1,€2,...,em), with E; = (e1,ea,...,¢€;), so the following is true:
o For1<p<qg<m, A={ei,e2,...,€x €kt1,...,6p} = E, and
B = {61, €2,y €Ly ptly .-, €q} = EkU(Eq\Ep) = (AQB)U(B\A)
o Note, then we have AN B = {e1,...,ex} = Ey, and AUB = Ej,.
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

Conversely, suppose PJT is a polytope of form

Pf+ = {z € R : 2(A) < f(A),VA C E}, then the greedy solution to
max(wx : x € P) is optimum only if f is submodular.

Proof.

@ Choose A and B arbitrarily, and then order elements of E as
(e1,€2,...,em), with E; = (e1,ea,...,¢€;), so the following is true:

o For1<p<qg<m, A={ei,e2,...,€x €kt1,...,6p} = E, and
B:{61,62,...,€k,€p+1,...,€q}:EkU(Eq\Ep):(AﬁB)U(B\A)

o Note, then we have AN B = {e1,...,ex} = Ey, and AUB = Ej,.

o Define w € {0,1}"™ as:

wE N 1, =108 (11.40)
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Polymatroidal polyhedron and greedy

Theorem 11.4.1

Conversely, suppose PJT is a polytope of form

Pf+ = {z € R : 2(A) < f(A),VA C E}, then the greedy solution to
max(wx : x € P) is optimum only if f is submodular.

Proof.

@ Choose A and B arbitrarily, and then order elements of E as
(e1,€2,...,em), with E; = (e1,ea,...,¢€;), so the following is true:

|

o For1<p<qg<m, A={ei,e2,...,€x €kt1,...,6p} = E, and
B:{61,62,...,€k,€p+1,...,€q}:EkU(Eq\Ep):(AﬁB)U(B\A)

o Note, then we have AN B = {e1,...,ex} = Ey, and AUB = Ej,.

o Define w € {0,1}"™ as:

wE N 1, =108 (11.40)

@ Suppose optimum solution x is given by the greedy procedure.
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Polymatroidal polyhedron and greedy
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Polymatroidal polyhedron and greedy
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Polymatroidal polyhedron and greedy

@ Thus, we have
z(B)= > x= Y z=f(AUB)+ f(ANB) - f(4)
i€l,...k,p+1,....q i:e;€EB
(11.44)
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Polymatroidal polyhedron and greedy

@ Thus, we have

z(B) = > =Y wz=f(AUB)+ f(ANB) - f(4)
i€l,...k,p+1,....q i:e;€EB
(11.44)

@ But given that the greedy algorithm gives the optimal solution to
max(wz : x € P;r) we have that z € Pf+ and thus z(B) < f(B).
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Polymatroidal polyhedron and greedy
Proof.
@ Thus, we have

?B)= Y wm= Y ai=fAUB)+ f(ANB) - f(A)

i€l,....k,p+1,....q 1:e,€B
(11.44)

o But given that the greedy algorithm gives the optimal solution to
max(wz : x € P]T) we have that z € P]T and thus z(B) < f(B).

@ Thus,
z(B) = f(AUB) + f(ANB) — = > ;< f(B) (11.45)

i:e;,EB

ensuring the submodularity of f, since A and B are arbitrary.

]
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Review from Lecture 8

@ The next slide comes from lecture 8.
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Matroid and the greedy algorithm

e Let (E,7) be an independence system, and we are given a non-negative
modular weight function w : E — R.

Algorithm 1: The Matroid Greedy Algorithm

1 Set X «0;

2 while Jv € F\ X s.t. XU {v} €Z do

3 v € argmax{w(v):ve B\ X, XU{v}eTI},;
4 LX%XU{U};

@ Same as sorting items by decreasing weight w, and then choosing items
in that order that retain independence.

Theorem 11.4.8

Let (E,T) be an independence system. Then the pair (E,T) is a matroid if
and only if for each weight function w € RY, Algorithm ?? above leads to a
set I € T of maximum weight w(I).
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Polymatroidal polyhedron and greedy

@ Thus, restating the above results into a single complete theorem, we
have a result very similar to what we saw for matroids (i.e.,
Theorem 9.4.1)

Theorem 11.4.1

If f : 2E — Ry is given, and P is a polytope in RY of the form
P={zeR¥:z(A4) < f(4),YAC E}, the_n the greedy solution to the
problem max(wTz : x € P) is Yw optimum iff f is monotone
non-decreasing submodular (i.e., iff P is a polymatroid).
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