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Logistics
(NN}

Cumulative Outstanding Reading

Good references for today: Schrijver-2003, Oxley-1992/2011,
Welsh-1973, Goemans-2010, Cunningham-1984, Edmonds-1969,
Choquet-1955, Grabisch/Marichal/Mesiar/Pap “Aggregation
Functions”, Lovasz-1983, Bach-2011.

Read Tom McCormick's overview paper on SFM http://people.
commerce.ubc.ca/faculty/mccormick/sfmchap8a.pdf

Read chapters 1 - 4 from Fujishige book.

Matroid properties http:
//www-math.mit.edu/~goemans/18433509/matroid-notes.pdf

Read lecture 14 slides on lattice theory at our web page (http://j.
ee.washington.edu/~bilmes/classes/ee596b_spring_2014/)

Wolfe “Finding the Nearest Point in a Polytope”, 1976.

Fujishige & lIsotani, “A Submodular Function Minimization
Algorithm Based on the Minimum-Norm Base”, 2009.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014 F2/57 (pg.2/172)



Logistics
LNl

Announcements, Assignments, and Reminders

@ Weekly Office Hours: Wednesdays, 5:00-5:50, or by skype or google
hangout (email me).
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Logistics

Class Road Map - IT-

@ L1 (3/31): Motivation, Applications, &
Basic Definitions

@ L2: (4/2): Applications, Basic
Definitions, Properties

@ L3: More examples and properties (e.g.,
closure properties), and examples,
spanning trees

@ L4: proofs of equivalent definitions,
independence, start matroids

@ L5: matroids, basic definitions and
examples

@ L6: More on matroids, System of
Distinct Reps, Transversals, Transversal
Matroid, Matroid and representation

@ L7: Dual Matroids, other matroid
properties, Combinatorial Geometries

@ L8: Combinatorial Geometries, matroids
and greedy, Polyhedra, Matroid
Polytopes,

@ L9: From Matroid Polytopes to
Polymatroids.

@ L10: Polymatroids and Submodularity

L11: More properties of polymatroids,
SFM special cases

L12: polymatroid properties, extreme
points polymatroids,

L13: sat, dep, supp, exchange capacity,
examples

L14: Lattice theory: partially ordered
sets; lattices; distributive, modular,
submodular, and boolean lattices; ideals
and join irreducibles.

L15: Supp, Base polytope, polymatroids
and entropic Venn diagrams, exchange
capacity,

L16: proof that minimum norm point
yields min of submodular function, and
the lattice of minimizers of a submodular
function, Lovasz extension

L17: Lovasz extension, Choquet
Integration, more properties/examples of
Lovasz extension, convex minimization
and SFM.

L18: Lovasz extension examples and
structured convex norms, The Min-Norm
Point Algorithm detailed.

L19:

L20:

Finals Week: June 9th-13th, 2014.

Prof. Jeff Bilmes

EE596b/Spring 2014 /Submodularity - Lecture
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Review
(A

Choquet integral

Definition 18.2.1
Let f be any capacity on F and w € Rf. The Choquet integral (1954)
of w w.r.t. f is defined by

m

Cf(w) = Z(wei - w6i+1)f(Ei) (18'12)

=1

where in the sum, we have sorted and renamed the elements of E so that
Wey > Wey >+ ¢ > We,, > We,, ., =0, and where E; = {e1,e2,...,¢e;}.

o We immediately see that an equivalent formula is as follows:

m

Crw) =Y w(e)(f(E;) — f(Eir)) (18.13)

=1

where E) def .
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Review
i

Lovasz extension, as integral

e Additional ways we can define the Lovdsz extension for any (not
necessarily submodular) but normalized function f include:

m

fw) = wle)flelBior) =Y Nif (Ei) (18.22)
i=1 i=1
m—1
= > f(BE)(w(e:) — wleirr)) + f(B)w(em) (18.23)

> I
3

fw > a})da+ f(E)min{wi, ..., wn,}

in{wi,...,wm}

B

(18.24)
400 0
» /0 F(fw > ad)da + / [f({w > a}) - f(E)lda
(18.25)
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Review
IR

Lovdsz extension properties

@ Using the above, have the following (some of which we've seen):

Theorem 18.2.2

Let f,g:2¥ — R be normalized (f () = g(#) = 0). Then

© Superposition of LE operator: Given f and g with Lovdsz extensions f and
G then f + § is the Lovdsz extension of f + g and \f is the Lovdsz
extension of \f for A € R.

Q Ifw e R¥ then flw) = 0+Oo f{w > a})da

© Forw € R, and o € R, we have f(w+ alg) = f(w) + af(E).

Q Positive homogeneity: l.e., f(aw) = af(w) for a > 0.

Q Forall ACE, f(14) = f(A).

@ f symmetric as in f(A) = f(E\ A),VA, then f(w) = f(—w) (f is even).

Q@ Given partition E' UE? U ---UE" of E and w = Zle'%‘lEk with
V> Yg > - >y, and with EY = EYUE?U---U EY, then
£ K i prlii— k=1 s
Flw) =3 wf (B'[E™Y) = 300 f(BY) (9 — Yit1) + F(E) %
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Review
(NN |

Minimizing f vs. minimizing f
In fact, we have:
Theorem 18.2.5

Let f be submodular and f be its Lovdsz extension. Then
min{f(A)|[AC E} = min,, e o 12 f(w) = min,¢cp e f(w).

o First, since f(14) = f(A),VA C V, we clearly have
min {f(A)|[ACV} = min, oo 1y fw) > min,, e[ 12 f(w).

o Next, consider any w € [0, 1]¥, sort elements E = {e1,..., e} as
w(er) > w(ez) > -+ > w(en), define E; = {ey,...,e;}, and define
Am = w(en) and N; = w(e;) —w(eiqq) fori e {1,...,m—1}.

@ Then, as we have seen, w =) . \;1g, and \; > 0.

e Also, >, A\ =w(er) < 1.
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Lovész extension examples
[NRNRRRRERRNNANE]

Simple expressions for Lovasz E. with m = 2, F = {1, 2}

@ If wy > wo, then

f(w) = wif({1}) + w2 f({2}{1}) (18.1)
= (w1 —wa) f({1}) + w2 f({1,2}) (18.2)
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o If wi > wo, then

f(w) = wif({1}) + w2 f({2}{1}) (18.1)
= (w1 —wa) f({1}) + w2 f({1,2}) (18.2)

o If w; < woy, then

f(w) = w2 f({2}) + w1 f({1}[{2}) (18.3)
= (w2 —w1) f({2}) + w1 f({1,2}) (18.4)
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o If wy > wo, then

flw) = wif (1)) + wa s ({2}{1}) (18.5)
= (w1 — w2) F({1}) + waf ({1,2}) (18.6)

= ST wn = w2) + 5 f(1) w1 —w2) (18.7)
I 2D+ w) = L2 (0 —w2) (188)

+ 5 5@)wr — w) + 3 2) oz — wn) (189)
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ampl
[ERRRRRRANRRNERR!

Simple expressions for Lovasz E. with m = 2, F = {1, 2}

o If wi > wo, then
Flw) = wn f({1}) + wa f(2}{1})
— (w1 — w2) F({1}) + waf ({1,2})
= S F0)wn —wa) + L (1) wn — )

P 2w+ s) — AL, 2)) (e

L @) (wr — ws) + 2 1(2) (wn — wi)

T3 2

@ A similar (symmetric) expression holds when w; < ws.
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Slmple expressions for Lovasz E. withi m = 2, £ = {1,2}

@ This gives, for general wy, ws, that

(P + 7((2)) — F({L.2) Jur — s
5 (D) — 72D + F({1,21) wn

% (=f{1D) +F{2D) + F({1,2})) wy

= —(f({1) + F({2}) — F({1,2})) min {wy, wa}
+ f({1Hwr + f({2})w2

[\.')M—‘

flw) =
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Lovész extension examples
|

Simple expressions for Lovasz E. with m = 2, F = {1, 2}

@ This gives, for general wy, ws, that

= 1

flw) =5 (FH{1H) + F({2}) = F{L,2})) [wr — wo (18.10)
+%(f({1}) —f{2) + f({1,2})) ws (18.11)

+ % (=) + F{2H) + F({1,2})) w2 (18.12)

= - (F{1}) + f({2}) = ({1, 2}) min {wy, wa}  (18.13)

+ f{1Hwr + f({2}H)w2 (18.14)

(]

Thus, if f(A) = H(X4) is the entropy function, we have
f(w) = H(e1)wy + H(eg)wa — I(e1;e2) min {wy, wa} which must be
convex in w, where I(ej;ez) is the mutual information.
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Lovész extension examples
(N RNRARNARNNRRN]

Simple expressions for Lovasz E. with m = 2, F = {1, 2}

@ This gives, for general wy, ws, that

= 1

flw) =5 (FH{1H) + F({2}) = F{L,2})) [wr — wo (18.10)
+%(f({1}) —f{2) + f({1,2})) ws (18.11)

+ % (=) + F{2H) + F({1,2})) w2 (18.12)

= - (F{1}) + f({2}) = ({1, 2}) min {wy, wa}  (18.13)

+ f{1Hwr + f({2}H)w2 (18.14)

@ Thus, if f(A) = H(X4) is the entropy function, we have
f(w) = H(e1)w; + H(e2)wa — I(e1; e2) min {wi, ws} which must be
convex in w, where I(e1;ez) is the mutual information.

@ This “simple” but general form of the Lovasz extension with m = 2 can
be useful.
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Lovész extension examples
(NN ARARNARNNRRN]

Example: m = 2, £ = {1, 2}, contours

o If wy > woy, then

fw) = wif({1}) + w2 f({2}{1}) (18.15)
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Lovdsz extension examples
(NN ARARNARNNRNN]

Example: m = 2, £ = {1, 2}, contours

o If wy > wo, then

f(w) = wi f({1}) + wa f ({2}[{1}) (18.15)

o Ifw=(1,0)/7({1}) = (1//({1}),0) then f(w) = 1.
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Lovész extension examples
(NN ARARNARNNRNN]

Example: m = 2, £ = {1, 2}, contours

o If wy > wo, then

f(w) = wi f({1}) + wa f({2}[{1}) (18.15)

o Ifw = (1,0)/£({1}) = (1//({1}).0) then f(w) = 1.
o If w=(1,1)/f({1,2}) then f(w) =1.
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Example m =2, E={1,2}, contours

o If wy > wo, then

flw) = wi f({1}) + wa f({2}{1})

o Ifw = (1,0)/£({1}) = (1//({1}),0) then f(w) =
o If w=(1,1)/f({1,2}) then f(w) =

o If wy < ws, then

fw) = wa f({2}) +wif({1}1{2})
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Example m =2, E={1,2}, contours

o If wy > wo, then

F(w) = wif({1}) + wof ({2}{1}) (18.15)

o Ifw = (1,0)/£({1}) = (1//({1}),0) then f(w) =
o If w=(1,1)/f({1,2}) then f(w) =

o If wi; < wso, then
fw) = waf({2}) + w1 f({1}]{2}) (18.16)

o If w=(0,1)/f({2}) = (0,1/£({2})) then f(w) = 1.
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Lovasz extensi nnnnnnn ples

Example m =2, E={1,2}, contours

o If wy > wo, then

F(w) = wif({1}) + wof ({2}{1}) (18.15)

o Ifw = (1,0)/£({1}) = (1//({1}),0) then f(w) =
o If w=(1,1)/f({1,2}) then f(w) =

o If wi; < wso, then

Flw) = waf({2}) +wif({1}[{2}) (18.16)

e 10w = 0.1)/7({2)) = (0.1/7((2)) then f{w) =1
o Ifw=(1,1)/f({1,2}) then f(w)=
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Example m =2, E={1,2}, contours

o If wy > wo, then

Flw) = wi f({1}) + waf ({2}[{1}) (18.15)
o Ifw = (1,0)/£({1}) = (1//({1}),0) then f(w) =
o If w=(1,1)/f({1,2}) then f(w) =

o If wi; < wso, then

Flw) = waf({2}) +wif({1}[{2}) (18.16)

o Ifw=(0,1)/f({2}) = (O, 1/f({2})) then f(w) = 1.
o If w=(1,1)/f({1,2}) then f(w) =

e Can plot contours eR?: f(w) = 1}, particular marked
points of fdrm w = 14 X ﬁ for\certain A, where f(w) = 1.
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Example: m =2, £ = {1,2}

e Contour plot of m = 2 Lovasz extension (from Bach-2011).

ng

(0,1)/f({2})

wo > W

(1,1)/F({1,2})

w1 > W2

45°
w1

{ww L0/
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Lovész extension examples
(NNANR ARNARNNRRN]

Example: m =3, F ={1,2,3}

@ In order to visualize in 3D, we make a few simplifications.
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Lovész extension examples
(NNANR ARNARNNRRN]

Example: m =3, £ ={1,2,3}

@ In order to visualize in 3D, we make a few simplifications.

o Consider any submodular f and z € Bys. Then
f(A) = f'(A) — 2(A) is submodular
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Lovész extension examples
(NNANR ARNARNNRRN]

Example: m =3, £ ={1,2,3}

@ In order to visualize in 3D, we make a few simplifications.

o Consider any submodular f and z € Bys. Then
f(A) = f'(A) — x(A) is submodular, and moreover

F(E) = f/(E) —2(E) = 0.
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Lovész extension examples
(NNANR ARNARNNRRN]

Example: m =3, £ ={1,2,3}

@ In order to visualize in 3D, we make a few simplifications.

o Consider any submodular f and z € Bys. Then
f(A) = f'(A) — x(A) is submodular, and moreover
f(E) = f'(E) — x(E) = 0.

@ Hence, from f(ui+ olg) = f(u

flw+alg) = f(w).

AT 1P

af(E), we have that
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Lovész extension examples
(NNANR ARNARNNRRN]

Example: m =3, £ ={1,2,3}

@ In order to visualize in 3D, we make a few simplifications.

o Consider any submodular f and z € Bys. Then
f(A) = f'(A) — x(A) is submodular, and moreover
f(E) = f(E) - x(E) = 0.

@ Hence, from f(zg—l— alp) = f(w) + af(E), we have that
flw+alg) = f(w).

@ Thus, we can look “down” on the contour plot of the Lovasz
extension, {w c f(w) = 1}, from a vantage point right on the line

{z : 2 =alg,a > 0} since moving in direction 15 changes nothing.
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Lovész extension examples
(NNANNA RNRRNNRNN]

Example: m =3, £ ={1,2,3

o Example 1 (from Bach-2011): f(A) = 1j4e(1,2)
= min {|A[,1} + min{|E \ A],1} — 1 is submodular, and
f (w) = Hlane{] 2, 5} Wg — nllnke{l 2. 5} Wy .
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Ly xa
(NNANNA RNRRNNRRN]

Example: m =3, £ ={1,2,3}

o Example 1 (from Bach-2011): f(A) = 1j4je(1,2}
= min {|A[, 1} + min {|E \ A[, 1} — 1 is submodular, and
flw) = maXpec(1,2,3} Wk — minke{1,2,3} W -

W3> Wi >W, (0,0,1)/F({3})
W3> W2>W1

(1,0,1)/F({1,3 ) | “J('J(),l,l)/F({ 2,3})

Wl> W3>W2 W2> W3>W1

(1001 IS K0, LOY/E({2})

Wy> wy>wy AW
WHr=Wj3

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014 F15/57 (pg.30/172)



Lovész extension examples
(NNANNRY NRRNNRRN]

Example: m =3, £ ={1,2,3}

A(O,O, 1)

e Example 2 (from
Bach-2011):
f(A) = |liea — 1oea| +

|12eA - 13€A’ (1 ,0,1)/2

(O, 1,02

(1,0,0).. N

'(1,1,0)
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Lovdsz extension examples
(NNANNRY NRRNNRRN]

Example: m =3, £ ={1,2,3}

A(O,O, 1)

e Example 2 (from
Bach-2011):
f(A) = |liea — 1oea| +
[12e4 — 13¢4] oA
@ This gives a “total
variation” function for the
Lovdsz extension, with (1,0,0)...

Y o.1.0)

(O, 1,0)/2

f(w) = |wy —wa|+|wa—w3|,
a prior to prefer
piecewise-constant signals. (1,1,0)
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Lovész extension examples
(ERRRNRR ARNRARN!

Total Variation Example

0 |

=1 H"= 5
— TE R
E i - !\IJIl% L
ot =M e lE
From “Nonlinear total =1 0 -
variation based noise s=m Nl = =

removal algorithms”

Rudin, Osher, and =

Fatemi, 1992. Top ' %

left original, bottom ”l l,‘gf

right total variation. Hl oo -
III

WEHEHTTE

Fig. 3. (a) “Resolution Chart". (b) Noisy “Resolution Chart”, SNR = 1.0. (c) Wiener filter reconstruction from (b). (d) TV
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Lovész extension examples
(NNANNARNE RNNRRN]

Example: Lovdsz extension of concave over modular

o Let m: E — R, be a modular function and define
f(A) = g(m(A)) where g is concave. Then f is submodular.
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Lovész extension examples
(NNANNARNE RNNRRN]

Example: Lovdsz extension of concave over modular

o Let m : E — R, be a modular function and define
f(A) = g(m(A)) where g is concave. Then f is submodular.

o Let Mj = 25:1 m(e;)
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Lovdsz extension examples
(NNANNARNE RNNRRN]

Example: Lovdsz extension of concave over modular

o Let m : E — R, be a modular function and define
f(A) = g(m(A)) where g is concave. Then f is submodular.

o Let M; = 57_ mie;)

o f(w) is given as
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Lovész extension examples
(NNANNARNE RNNRRN]

Example: Lovdsz extension of concave over modular

o Let m : E — R, be a modular function and define
f(A) = g(m(A)) where g is concave. Then f is submodular.

o Let M; = 57_ mie;)

o f(w) is given as

e And if m(A) = |A|, we get

m

flw) =Y w(e)(9(i) - g(i — 1)) (18.18)

=1
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Lovész extension examples
(NNANNARNRY RNRRN]

Example: Lovdsz extension and cut functions

@ Cut Function: Given a non-negative weighted graph G = (V, E, m)
where m : EE — R is a modular function over the edges, we know
from Lecture 2 that f: 2" — R, with f(X) = m(I'(X)) where
NX) ={(u,v)|(u,v) € E,u € X,veV\ X} is non-monotone
submodular.
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Lovész extension examples
(NNANNARNRY RNRRN]

Example: Lovdsz extension and cut functions

@ Cut Function: Given a non-negative weighted graph G = (V, E, m)
where m : ' — R, is a modular function over the edges, we know
from Lecture 2 that f: 2"V — R, with f(X) = m(I'(X)) where
I'X) = {(u,v)|(u,v) € E,u € X,v € V\ X} is non-monotone
submodular.

e Simple way to write it, with m;; = m((¢, 7)):

f(X) = Z mij (18.19)

1€X,jeEV\X
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Lovész extension examples
(NNANNARNRY RRRRN]

Example: Lovdsz extension and cut functions

@ Cut Function: Given a non-negative weighted graph G = (V, E, m)
where m : ' — R, is a modular function over the edges, we know
from Lecture 2 that f: 2"V — R, with f(X) = m(I'(X)) where
I'X) = {(u,v)|(u,v) € E,u € X,v € V\ X} is non-monotone
submodular.

e Simple way to write it, with m;; = m((¢, j)):

f(X) = Z Mij (18.19)
€X,jeV\X

@ Exercise: show that Lovasz extension of graph cut may be written
as:

f(w) = Z m;; max {(w; — wj),0} (18.20)
1,jEV

where elements are ordered as usual, w; > wy > -+ > w,,.
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Example: Lovdsz extension and cut functions

@ Cut Function: Given a non-negative weighted graph G = (V, E, m)
where m : ' — R, is a modular function over the edges, we know
from Lecture 2 that f: 2"V — R, with f(X) = m(I'(X)) where
I'X) = {(u,v)|(u,v) € E,u € X,v € V\ X} is non-monotone
submodular.

e Simple way to write it, with m;; = m((¢, j)):

FX) =Y my (18.19)
i€eX,jeV\X

@ Exercise: show that Lovasz extension of graph cut may be written
as:

flw) =" mijmax {(w; — w;),0} (18.20)
i,jeV
where elements are ordered as usual, wy > wy > -+ > w,,.
@ This is also a form of “total variation”
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A few more Lovasz extension examples

Some additional submodular functions and their Lovdsz extensions,
where w(er) > w(ez) > -+ > w(ey) > 0. Let Wy = Zle w(e;).

| f(A) | f(w) |
4] el
min([A, 1) [w]os
min(|A[,1) — max(]A| —m + 1,0) ||wl|co — min; w;
min(|Al, k) Wi,
min(|A], k) — max(|A| — (n — k) +1,1) 2Wy, — Wi,

(thanks to K. Narayanan).
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Supervised And Unsupervised Machine Learning

o Given training data D = {(x;,v;) }io, with (z;,9;) € R" X R,
perform the following risk minimization probl

min —Zé Yi, wlz;) £ AQ(w), (18.21)

weR™ M

where £(-) is a loss functlon (e.g., squared error) and (w) is a norm.
@ When
data has multiple responses (z;,1;) € R™ x R¥, learning becomes:

mlge]Rn Z ZE (T z;)f (18.22)

@ When data has muItipIe responses only that are observed, (y;) € RF
we get dictionary learning (Krause & Guestrin, Das & Kempe):

k m
1
min  min }:EE:K(yf,(wk)T%))\Q(wk), 3.23)

Z1y-5Tm wl .. wkeR™ 4
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Norms, sparse norms, and computer vision

e Common norms include p-norm Q(w) = [|w||, = (
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Norms, sparse norms, and computer vision

e Common norms include p-norm Q(w) = |lw|, = (3°F_, wf)l/p

@ 1-norm promotes sparsity (prefer solutions with zero entries).
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Norms, sparse norms, and computer vision

e Common norms include p-norm Q(w) = |lw|, = (3°F_, wf)l/p

@ 1-norm promotes sparsity (prefer solutions with zero entries).
@ Image denoising, total variation is useful, norm takes form:
N
Qw) =

7

Ww; — ’u}ifl‘ (1824)

||
N
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Norms, sparse norms, and computer vision

e Common norms include p-norm Q(w) = |lw||, = -7, wf)l/p

@ l-norm promotes sparsity (prefer solutions with zero entries).
@ Image denoising, total variation is useful, norm takes form:

N
Q(w) = Z ]wi — wi_1| (18.24)

@ Points of difference should be “sparse” (frequently zero).

(Rodriguez,
2009)
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Submodular parameterization of a sparse convex norm

@ Prefer convex norms since they can be solved.
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Submodular parameterization of a sparse convex norm

@ Prefer convex norms since they can be solved.
e For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0
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Submodular parameterization of a sparse convex norm

@ Prefer convex norms since they can be solved.
e For w € RY, supp(w) € {0,1}" has supp(w)(v) = Liff w(v) >0
@ Desirable sparse norm: count the non-zeros, ||w|o = !upp(w).
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Submodular parameterization of a sparse convex norm

@ Prefer convex norms since they can be solved.

e For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

@ Desirable sparse norm: count the non-zeros, ||w|o = supp(w).

@ Using Q(w) = ||w||p is NP-hard, instead we often optimize tightest
convex relaxation, ||wl[; which is the 7vex envelope.

0

- ) W
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Submodular parameterization of a sparse convex norm

@ Prefer convex norms since they can be solved.

e For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

@ Desirable sparse norm: count the non-zeros, ||w|o = supp(w).

e Using Q(w) = ||w||p is NP-hard, instead we often optimize tightest
convex relaxation, ||wl|1 which is the convex envelope.

e With ||wl|p or its relaxation, each non-zero element has equal degree
of penalty. Penalties do not interact.
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Submodular parameterization of a sparse convex norm

Prefer convex norms since they can be solved.

For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

Desirable sparse norm: count the non-zeros, ||w||p = supp(w).

Using Q(w) = ||w||o is NP-hard, instead we often optimize tightest

convex relaxation, ||wl|1 which is the convex envelope.

e With ||wl|p or its relaxation, each non-zero element has equal degree
of penalty. Penalties do not interact.

@ Given submodular function f: 2" — R, f(supp(w)) measures the

“complexity” of the non-zero pattern of w; can have more non-zero

values if they cooperate (via f) with other non-zero values.
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Submodular parameterization of a sparse convex norm

Prefer convex norms since they can be solved.

For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

Desirable sparse norm: count the non-zeros, ||w||p = supp(w).

Using Q(w) = ||w||o is NP-hard, instead we often optimize tightest

convex relaxation, ||wl|1 which is the convex envelope.

e With ||wl|p or its relaxation, each non-zero element has equal degree
of penalty. Penalties do not interact.

o Given submodular function f: 2" — R, , f(supp(w)) measures the
“complexity” of the non-zero pattern of w; can have more non-zero
values if they cooperate (via f) with other non-zero values.

o f(supp(w)) is hard to optimize, but it's convex envelope f(|w|)

(i.e., largest convex under-estimator of f(supp(w))) is obtained via

the Lovész-extension f of f (Vondrdk 2007, Bach 2010).
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Submodular parameterization of a sparse convex norm

Prefer convex norms since they can be solved.

For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

Desirable sparse norm: count the non-zeros, ||w||p = supp(w).

Using Q(w) = ||w||o is NP-hard, instead we often optimize tightest

convex relaxation, ||wl|1 which is the convex envelope.

e With ||wl|p or its relaxation, each non-zero element has equal degree
of penalty. Penalties do not interact.

o Given submodular function f: 2" — R, , f(supp(w)) measures the
“complexity” of the non-zero pattern of w; can have more non-zero
values if they cooperate (via f) with other non-zero values.

o f(supp(w)) is hard to optimize, but it's convex envelope f(|w|)
(i.e., largest convex under-estimator of f(supp(w))) is obtained via
the Lovész-extension f of f (Vondrdk 2007, Bach 2010).

@ Submodular functions thus parameterize structured convex sparse

norms via the Lovasz-extension!
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Submodular parameterization of a sparse convex norm

Prefer convex norms since they can be solved.

For w € RY, supp(w) € {0,1}" has supp(w)(v) = 1 iff w(v) > 0

Desirable sparse norm: count the non-zeros, ||w||p = supp(w).

Using Q(w) = ||w||o is NP-hard, instead we often optimize tightest

convex relaxation, ||wl|1 which is the convex envelope.

e With ||wl|p or its relaxation, each non-zero element has equal degree
of penalty. Penalties do not interact.

o Given submodular function f: 2" — R, , f(supp(w)) measures the
“complexity” of the non-zero pattern of w; can have more non-zero
values if they cooperate (via f) with other non-zero values.

o f(supp(w)) is hard to optimize, but it's convex envelope f(|w|)
(i.e., largest convex under-estimator of f(supp(w))) is obtained via
the Lovész-extension f of f (Vondrdk 2007, Bach 2010).

@ Submodular functions thus parameterize structured convex sparse
norms via the Lovasz-extension!

@ Ex: total variation is Lovdsz-ext. of graph cut, but 3 many more!
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(lwl), renders the function symmetric about all orthants
(i wllf = [[b®w]| ; where b € {-1, 1}™ and @ is element-wise
multiplication).
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(|lw|), renders the function symmetric about all orthants
(e [[w][ 7 = b © w| ; where b € {~1,1}"" and © is element-wise
multiplication).

@ Simple example. The Lovdsz extension of the modular function
f(A) = |A| is the 1 norm, and the Lovasz extension of the modular
function f(A) = m(A) is the weighted ¢; norm.
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(|lw|), renders the function symmetric about all orthants
(e [[w][ 7 = b © w| ; where b € {~1,1}"" and © is element-wise
multiplication).

@ Simple example. The Lovéasz extension of the modular function
f(A) =|A| is the £1 norm, and the Lovasz extension of the modular
function f(A) = m(A) is the weighted ¢; norm.

@ With more general submodular functions, one can generate a large
and interesting variety of norms, all of which have polyhedral
contours (unlike, say, something like the {2 norm).
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(|lw|), renders the function symmetric about all orthants
(e [[w][ 7 = b © w| ; where b € {~1,1}"" and © is element-wise
multiplication).

@ Simple example. The Lovéasz extension of the modular function
f(A) =|A| is the £1 norm, and the Lovasz extension of the modular
function f(A) = m(A) is the weighted ¢; norm.

@ With more general submodular functions, one can generate a large
and interesting variety of norms, all of which have polyhedral
contours (unlike, say, something like the {3 norm).

@ Hence, not all norms come from the Lovasz extension of some
submodular function.
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(|lw|), renders the function symmetric about all orthants
(e [[w][ 7 = b © w| ; where b € {~1,1}"" and © is element-wise
multiplication).

@ Simple example. The Lovéasz extension of the modular function
f(A) =|A| is the £1 norm, and the Lovasz extension of the modular
function f(A) = m(A) is the weighted ¢; norm.

@ With more general submodular functions, one can generate a large
and interesting variety of norms, all of which have polyhedral
contours (unlike, say, something like the 2 norm).

@ Hence, not all norms come from the Lovasz extension of some
submodular function.

@ Similarly, not all convex functions are the Lovasz extension of some
submodular function.
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Lovasz extension and norms

@ Using Lovasz extension to define various norms of the form
Jwll = f(|lw|), renders the function symmetric about all orthants
(e [[w][ 7 = b © w| ; where b € {~1,1}"" and © is element-wise
multiplication).

@ Simple example. The Lovéasz extension of the modular function
f(A) =|A| is the £1 norm, and the Lovasz extension of the modular
function f(A) = m(A) is the weighted ¢; norm.

@ With more general submodular functions, one can generate a large
and interesting variety of norms, all of which have polyhedral
contours (unlike, say, something like the {3 norm).

@ Hence, not all norms come from the Lovasz extension of some
submodular function.

@ Similarly, not all convex functions are the Lovasz extension of some
submodular function.

@ Bach-2011 has a complete discussion of this.
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Review

The following four slides are review, and are from Lectures 12, 15, and
16.
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A polymatroid function's polyhedron is a polymatroid.

Theorem 18.4.1

Let f be a submodular function defined on subsets of E. For any
x € RE, we have:

rank(xz) =jmax (y(E) : y < z,y € Py)|=min (z(A) + f(E\A): ACE)
(18.5)

If we take x to be zero, we get:

Corollary 18.4.2

Let f be a submodular function defined on subsets of E. x € R, we
have:

rank(0) = max (y(F) :y <0,y € Pr) =min(f(A): ACE) (18.6)
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Min-Norm Point: Definition

@ Restating what we saw before, we have:

max {y(E)|y € P,y <0} =min {f(X)|X CV} (18.12)

o Consider the optimization:
minimize l|2||2 (18.13a)

subject to x € By (18.13b)

where By is the base polytope of submodular f, and
2|3 = > cp z(e)? is the squared 2-norm. Let 2* be the optimal
solution.

@ Note, z* is the unique optimal solution since we have a strictly
convex objective over a set of convex constraints.

@ z* is called the minimum norm point of the base polytope.
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Min-Norm Point and Submodular Function Minimization

@ Given optimal solution x* to the above, consider the quantities

y* =2" A0 = (min(z*(e),0)|e € E) (18.1)
A_={e:z"(e) <0} (18.2)
Ag={e:z"(e) <0} (18.3)
@ Thus, we immediately have that:
A_C A (18.4)
and that
2" (A-) = 2" (Ao) = y"(A-) = y"(Ao) (18.5)

@ It turns out, these quantities will solve the submodular function
minimization problem, as we now show.

@ The proof is nice since it uses the tools we've been recently
developing.
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Min-Norm Point and SFM

Theorem 18.4.1

Let y*, A_, and Aq be as given. Then y* is a maximizer of the I.h.s. of
Eqn. (??). Moreover, A_ is the unique minimal minimizer of f and Aq is
the unique maximal minimizer of f.
Proof.

e First note, since z* € By, we have 2*(E) = f(E), meaning
sat(z*) = E. Thus, we can consider any e € E within dep(z*,e).

o Consider any pair (e, €’) with ¢’ € dep(z*,e) and e € A_. Then
z*(e) <0, and Ja > 0s.t. 2* +al. —aly € Py

@ We have z*(E) = f(E) and z* is minimum in 12 sense. We have
(* +al, —aly) € Py, and in fact

(@*+ale—aly)(E)=z"(E)+a—a= f(E) (18.1)

so z* +al. — aly € By also.
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Duality: convex minimization of L.E. and min-norm alg.

o Let f be a submodular function with f it's Lovasz extension. Then the
following two

maximize — [|z||3 (18.26a)
subject to x € By (18.26b)

is the base polytope of
ey 2(€)? is squared 2-norm.

.= 1 9
minimize f(w) + = ||w
nimize f(w) + 5 w3

where By = Prn{z e RV : (V)
submodular function f, and ||z||3 = >

e Equation (18.25) is related to proximal methods to minimize the
Lovdsz extension (see Parikh&Boyd, “Proximal Algorithms” 2013).

e Equation (18.26b) is solved by the minimum-norm point algorithm
(Wolfe-1976, Fujishige-1984, Fujishige-2005, Fujishige-2011) is (as we
will see) essentially an active-set procedure for quadratic programming,
and uses Edmonds's greedy algorithm to make it efficient.

@ Unknown worst-case running time, although in practice it usually
performs quite well (see below).
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Ex: 3D base By: permutahedron

@ Consider submodular EL 43;2/4§33\3g%1
function f : 2V — R with
|V| =4, and for X CV,
concave g,

f(X) = g(1X1)
| X

=) (4—i+1)
i=1

@ Then By isa 3D
polytope, and in this
particular case gives us a
permutahedron with 24
distinct extreme points, on
the right (from wikipedia).
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Modified max-min theorem

@ We have a variant of Theorem 12.5.2, the min-max theorem, namely
that:
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Modified max-min theorem

@ We have a variant of Theorem 12.5.2, the min-max theorem, namely
that:

Theorem 18.4.1 (Edmonds-1970)

min {f(X)|X C E} = max {2~ (E)|z € By} (18.27)
where z~ (e) = min {z(e),0} fore € E.
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Modified max-min theorem

@ We have a variant of Theorem 12.5.2, the min-max theorem, namely
that:

Theorem 18.4.1 (Edmonds-1970)

min {f(X)|X C E} = max {2~ (E)|z € By} (18.27)
where z~(e) = min {xz(e),0} fore € E.

i X)X CFE} = i f = i ax wT 18.28
min { (X)X C E} wg[g’rll]Ef(w) B ' (18.28)
= min maxw'z (18.29)

wel0,1]F z€By
= max min w'z (18.30)

z€Bf wel0,1]F
= —(E 18.31
g ® (18.31)
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Convexity, Strong duality, and min/max swap

The min/max switch follows from strong duality. l.e., consider
g(w,x) = wTz and we have domains w € [0,1] and = € By. then for
any (w,z) € [0,1]¥ x By, we have

i " x) < g(w,z) < & 18.32
w,rer[lég]Eg(w z) < g(w,z) < s g(w,z') (18.32)

Ww/

which means that we have weak duality

max min w',z) < min max g(w,z’ 18.33
z€By w’E[O,l]Eg( ) " we0,1]F 2'€By 4 ) ( )

but since/g(w, z) is linear, we have strong duality, meaning

max min w',z)= min max g(w,z 18.34
xGBfw’e[O,l]Eg( ) wE[O,l]Ew/EBfg( ) ( )
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win{wTx : x € By}

@ Recall that the greedy algorithm solves, for w & ]Rf
max {w'z|r € Py} = max{w'z|x € By} (18.35)

since for all x € Py, there exists y > z with y € By.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014 F34/57 (pg.74/172)



Min-Norm Point Algorithm
[RERRARRRY AR RN RN RN AR RN

min {wTx : x € By}

@ Recall that the greedy algorithm solves, for w € Rf
max {w'z|r € Pr} = max{w'z|x € By} (18.35)

since for all x € Py, there exists y > z with y € By.
e For arbitrary w € R¥, greedy algorithm will also solve:

max {w'z|r € By} (18.36)
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min {wTx : x € By}

@ Recall that the greedy algorithm solves, for w € Rf
max {w'z|r € Pr} = max{w'z|x € By} (18.35)

since for all x € Py, there exists y > z with y € By.
o For arbitrary w € R¥, greedy algorithm will also solve:

max {w'z|r € By} (18.36)

@ Also, since

1 min {w'z|r € By} | — max {—w'z|x € By} (18.37)

w'
the greedy algorithm using ordering (e, €2, ..., €,) such that
w(er) <w(ez) < -+ <wlem) (18.38)

will solve Equation (18.37).
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max {wTz|z € By} for arbitrary w € RF

Let f(A) be arbitrary submodular function, and f(A) = f'(A) — m(A)
here f' i oidal, and w € RE.
max {wTz|x € Bf}; max {w'z|z(A) < f(A) VA, z(E) = f(E)
= max {wTz|z(A) < f'(A) — m(A) VA, z(E) = [(E) —m(E)}
= max {wTz|z(A) + m(A) < f'(A) VA, z(E) + m(E) = f/(
= max{w'z + w'm
z(A) +m(A) < f'(A)VA,z(E) + m(E) = f'(E)} —w™m

=maxw'yly € Byt —wlm

—

=w'y" —w'm ﬂwT(y* —m)

where y = = + m, so that z* = y* — m.

So y* uses greedy algorithm with positive orthant By, To show, we use
Theorem 12.4.1 in Lecture 12, but we don't require y = 0, and don't
stop when w goes negative to ensure y* € By. Then'when we subtract
off m from y*, we get solution to the original problem.
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Notation

@ Define H(x) as the hyperplane that is orthogonal to the line from 0
to x, while also containing z, i.e.

H(x) 2 {y eRY 2Ty = HJH?} (18.39)

Any set {y € RV|2Ty = ¢} is orthogonal to the line from 0 to z. To
also contain™, we need |||, ||z, cos 0 = ¢ giving ¢ = ||z[3.
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Notation

e Define H(x) as the hyperplane that is orthogonal to the line from 0
to x, while also containing z, i.e.

H(z) 2 {y e RV |aTy = |2l}3} (18.39)
Any set {y € RV |2Ty = ¢} is orthogonal to the line from 0 to z. To
also contain , we need |||, ||z, cos 0 = ¢ giving ¢ = ||z|3.

@ Given a set of points P = {p1,pa,...,pr} with p; € RV, let conv P
be the convex hull of P, i.e.,

k
conv P £ {Z Aipit Y Ai=1, X\ >0i¢€ [k]}. (18.40)
=1 %
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Min-Norm Point Algorithm

Notation

@ Define H(x) as the hyperplane that is orthogonal to the line from 0
to x, while also containing z, i.e.

H(z) 2 {y e RV |aTy = |2l}3} (18.39)

Any set {y € RV |2Ty = ¢} is orthogonal to the line from 0 to z. To
also contain , we need |||, ||z, cos 0 = ¢ giving ¢ = ||z|3.

e Given a set of points P = {p1,pa,...,pr} with p; € RV, let conv P
be the convex hull of P, i.e.,

k
conv P £ {Z Aipit» =1, A >0i€ [k]} . (18.40)
=1 %

and for Q@ = {q1,q2,...,qx}, with ¢; € RV, let aff Q be the affine
hull of @, i.e.,

k k
aff Q £ {Z i Z)\ = 1} . (18.41)
=1

1€l
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Notation

e between z and y: given two points z,y € RV, let
9]} D+ (1-\y): A€ [0,1]),
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Notation

@ The line between z and y: given two points z,y € RV, let
[z,y] = {dz+ (1 - Xy): e [0,1]}.

e Note, if we wish to minimize the 2-norm of a vector ||z||,, we can
equivalently minimize its square Hng = >". 22, and vice verse.
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Fujishige-Wolfe Min-Norm Algorithm

@ Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.
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Fujishige-Wolfe Min-Norm Algorithm

o Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.

o Fujishige-1984 “Submodular Systems and Related Topics” realized
this algorithm can find the the min. norm point of By.
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Fujishige-Wolfe Min-Norm Algorithm

o Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.

o Fujishige-1984 “Submodular Systems and Related Topics” realized
this algorithm can find the the min. norm point of By.

@ Seems to be (among) the fastest general purpose SFM algo.
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Fujishige-Wolfe Min-Norm Algorithm

o Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.

o Fujishige-1984 “Submodular Systems and Related Topics” realized
this algorithm can find the the min. norm point of By.

@ Seems to be (among) the fastest general purpose SFM algo.

@ Given set of points P = {p1,- -+ ,pm} where p; € R™: find the
minimum norm point in convex hull of P:

min ||z, (18.42)

xeconv P
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Fujishige-Wolfe Min-Norm Algorithm

Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.

o Fujishige-1984 “Submodular Systems and Related Topics” realized
this algorithm can find the the min. norm point of By.

@ Seems to be (among) the fastest general purpose SFM algo.

@ Given set of points P = {p1,- -+ ,pm} where p; € R™: find the
minimum norm point in convex hull of P:

min ||z, (18.42)

xrEconv P

@ Wolfe's algorithm is guaranteed terminating, and explicitly uses a
representation of & as a convex combination of points in P
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Fujishige-Wolfe Min-Norm Algorithm

Wolfe-1976 developed an algorithm to compute the minimum norm
point of a polytope, specified as a set of vertices.

o Fujishige-1984 “Submodular Systems and Related Topics” realized
this algorithm can find the the min. norm point of By.

@ Seems to be (among) the fastest general purpose SFM algo.

@ Given set of points P = {p1,- -+ ,pm} where p; € R™: find the
minimum norm point in convex hull of P:

min ||z, (18.42)

xrEconv P

o Wolfe's algorithm is guaranteed terminating, and explicitly uses a
representation of x as a convex combination of points in P

@ Algorithm maintains a set of points () C P, which is always
assuredly affinely independent.
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point x* for selected set ().
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point z* for selected set Q.

o If we find w; > 0,i=1,---,m for the minimum norm point, then z*
also belongs to conv () and also a minimum norm point over conv Q).

Caw({)_(;/\ﬁ‘@

—_—
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point z* for selected set Q.

o If we find w; > 0,i=1,---,m for the minimum norm point, then z*
also belongs to conv () and also a minimum norm point over conv Q.

o If Q C P is suitably chosen, z* may even be the minimum norm point
over conv P solving the original problem.
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point z* for selected set Q.

o If we find w; > 0,i=1,---,m for the minimum norm point, then z*
also belongs to conv ) and also a minimum norm point over conv Q.

o If Q C P is suitably chosen, z* may even be the minimum norm point
over conv P solving the original problem.

@ One of the most expensive parts of Wolfe's algorithm is solving linear
optimization problem over the polytope, doable by examining all the
extreme points in the polytope.
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point z* for selected set Q.

o If we find w; > 0,i=1,---,m for the minimum norm point, then z*
also belongs to conv () and also a minimum norm point over conv Q.

o If Q C P is suitably chosen, z* may even be the minimum norm point
over conv P solving the original problem.

@ One of the most expensive parts of Wolfe's algorithm is solving linear
optimization problem over the polytope, doable by examining all the
extreme points in the polytope.

@ If number of extreme points is exponential, hard to do in general.
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Fujishige-Wolfe Min-Norm Algorithm

@ When (@ are affinely independent, minimum norm point in the affine
hull of ) can easily be found, as a closed form solution for
mingeag @ |||, is available (see below).

@ Algorithm repeatedly produces min. norm point z* for selected set Q.

o If we find w; > 0,i=1,---,m for the minimum norm point, then z*
also belongs to conv ) and also a minimum norm point over conv Q.

o If Q C P is suitably chosen, z* may even be the minimum norm point
over conv P solving the original problem.

@ One of the most expensive parts of Wolfe's algorithm is solving linear
optimization problem over the polytope, doable by examining all the
extreme points in the polytope.

@ If number of extreme points is exponential, hard to do in general.

@ Number of extreme points of submodular base polytope is
exponentially large, but linear optimization over the base polytope By
doable O(nlogn) time via Edmonds’s greedy algorithm.
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Pseudocode of Fujishige-Wolfe Min-Norm (MN) algorithm

Input : P={p1, - ,pm},ps ER"i=1,--- ,m.
Output: z*: the minimum-norm-point in conv P.

1 2% ¢— p;= where p;+ € argmin,cp [[pl[, /* or choose it arbitrarily */ ;
2 Q <« {z"};
3 while 1 do /* major loop */
4 if z* =0 or H(z*) separates P from origin then
| return : z*
5 else
6 Choose & € P on the near (closer to 0) side of H(z*);
7 | @=QU{z};
8 while 1 do /* minor loop */
9 To minwEaﬂQ ||$||2,
10 if ¢ € conv @ then
11 ¥ +— x0;
12 break;
13 else
14 Y ¢ Milgecony QN[z*,z0) ||T - x0||2;
15 Delete from @ points not on the face of conv @ where y lies;
16 = —y;
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

@ It is advised that for the next set of slides, you have a print out of
the previous MN algorithm available on display/paper somewhere.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

@ It is advised that for the next set of slides, you have a print out of
the previous MN algorithm available on display/paper somewhere.
@ Algorithm maintains an invariant, which is that

x* € conv @ C conv P (18.43)

This is true after each place it is possibly assigned (Line 1, Line 11,
and Line 16):

@ True after Line 1 since Q = {z*},

@ True after Line 11 since xy € conv @,

© and true after Line 16 since y € conv () even after deleting points.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

@ It is advised that for the next set of slides, you have a print out of
the previous MN algorithm available on display/paper somewhere.
@ Algorithm maintains an invariant, which is that

x* € conv @ C conv P (18.43)

This is true after each place it is possibly assigned (Line 1, Line 11,
and Line 16):

@ True after Line 1 since Q = {z*},

@ True after Line 11 since xy € conv @,

© and true after Line 16 since y € conv ) even after deleting points.

@ Note also for any ™ € conv @ C conv P, we have

i zll, < i < ||z* 18.44
min e, < min 7, < 2l (18.49)

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014 F41/57 (pg.99/172)



Min-Norm Point Algorithm
(RN RN RN RN AR RN AR RN

Fujishige-Wolfe Min-Norm algorithm: Geometric Example

@ It is advised that for the next set of slides, you have a print out of
the previous MN algorithm available on display/paper somewhere.
@ Algorithm maintains an invariant, which is that

x* € conv @ C conv P (18.43)

This is true after each place it is possibly assigned (Line 1, Line 11,
and Line 16):

@ True after Line 1 since Q = {z*},

@ True after Line 11 since xy € conv @,

© and true after Line 16 since y € conv ) even after deleting points.

@ Note also for any x* € conv Q) C conv P, we have

; < i < [|z* 18.44
gl < min el <1l (1849

@ There are six places that might be seemingly tricky or expensive:
Line 4, Line 6, Line 9, Line 10, Line 14, and Line 15.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

@ It is advised that for the next set of slides, you have a print out of
the previous MN algorithm available on display/paper somewhere.
@ Algorithm maintains an invariant, which is that

x* € conv @ C conv P (18.43)

This is true after each place it is possibly assigned (Line 1, Line 11,
and Line 16):

@ True after Line 1 since Q = {z*},

@ True after Line 11 since xy € conv @,

© and true after Line 16 since y € conv ) even after deleting points.

@ Note also for any x* € conv Q) C conv P, we have

; < i < [|z* 18.44
gl < min el <1l (1849

@ There are six places that might be seemingly tricky or expensive:
Line 4, Line 6, Line 9, Line 10, Line 14, and Line 15.
@ We will consider each in turn, but first we do a geometric example.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

Polytope, and circles concentric at 0.

N

Minimum Norm

' = N
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

P3

°0

P2

The initial polytope consisting of the convex hull of three points
P1, P2, P3, and the origin 0.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

p1 is the extreme point closest to 0 and so we choose it first, although
we can choose any arbitrary extreme point as the initial point. We set
x* < pp in Line 1, and @ < {p1} in Line 2. H(z*) = H(p1) (green

dashed line) is not a supporting hyperplane of conv(P) in Line 4, so we
move on to the else condition in Line 5.

Prof. Jeff Bilmes
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

°0

() P2

We need to add some extreme point Z on the “near” side of H(pp) in
Line 6, we choose & = py. In Line 7, we set @ < Q U {p2}, so

Q = {p17p2}'
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

(%) P2

xo = R is the min-norm point in aff {p1, p2} computed in Line 9.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

°0

(#)P:

xo = R is the min-norm point in aff {p;, p2} computed in Line 9. Also,
with @ = {p1,p2}, since R € conv ), we set z* < z9 = R in Line 11.
Note, after Line 11, we still have 2* € P and ||z*||y = [|zfeulls < [|754l5
strictly.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

R = xo = 2*. We consider next H(R) = H(z*) in Line 4. H(z*) is not
a supporting hyperplane of conv P. So we choose p3 on the “near” side
of H(z*) in Line 6. Add @ < Q U {p3} in Line 7. Now

Q = P = {p1,p2,p3}.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
(RN RN RN AR RN RRRRRRR RNy

Fujishige-Wolfe Min-Norm algorithm: Geometric Example

R = xo = 2*. We consider next H(R) = H(z*) in Line 4. H(z*) is not
a supporting hyperplane of conv P. So we choose p3 on the “near” side
of H(z*) in Line 6. Add @ < Q U {p3} in Line 7. Now

Q = P ={p1,p2,p3}. The origin 2o = 0 is the min-norm point in aff Q
(Line 9), and it is not in the interior of conv @) (condition in Line 10 is
false).
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

. (IIAZ)PZ

Q=P= {plap27p3}' Line 14: S =y = minzecoanﬂ[:v*,mo] ”33 - xOHQ
where zq is 0 and z* is R here. Thus, y lies on the boundary of conv Q).
Note, [[yll, < fla*[l, since 2* € conv @, [lzoll, < l|*l,
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

(z)P2

QRQ=P= {P1,P27p3}- Line 14: S =y = minzecoanﬂ[:v*,mo] ”33 - xOHQ
where zq is 0 and z* is R here. Thus, y lies on the boundary of conv Q).
Note, [ly|l, < ||z*||5 since z* € conv Q, ||zg||; < ||z*||5. Line 15: Delete
p1 from @ since it is not on the face where S lies. @ = {p2, p3} after
Line 15. Note, we still have y = .S € conv Q) for the updated Q.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
(RN RN RN AR RN RRRRRRR RNy

Fujishige-Wolfe Min-Norm algorithm: Geometric Example

(z)P2

QRQ=P= {P1,P27p3}- Line 14: S =y = minmecoanﬂ[:v*,zo] ”‘T - xOHQ
where zq is 0 and z* is R here. Thus, y lies on the boundary of conv Q).
Note, [ly|l, < ||z*||5 since z* € conv Q, ||zg||; < ||z*||5. Line 15: Delete
p1 from @ since it is not on the face where S lies. Q = {p2, p3} after
Line 15. Note, we still have y = S € conv () for the updated . Line
16: z* <y, hence we again have ||2*[|; = |[Zhewlla < [[254ll5 strictly.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

Q = {p2,p3}, and so xy = T computed in Line 9 is the min-norm point

in aff Q. We also have zg € conv @ in Line 10 so we assign x* < xg in
Line 11 and break.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Example

(z)P2

H(T') separates P from the origin in Line 4, and therefore is a supporting

hyperplane, and therefore £* is the min-norm point in conv P, so we
return with x*.
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Condition for Min-Norm Point

Theorem 18.4.2

With P = {p1,p2,...,Pm}, * € conv P is the minimum norm point in
conv P iff

piTe* > |22 Vi=1,---,m. (18.45)

Proof.

@ Assume z* is the min-norm point, let y € conv P, and 0 < 0 < 1.
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Condition for Min-Norm Point

Theorem 18.4.2

With P = {p1,p2,...,Pm}, * € conv P is the minimum norm point in
conv P iff

piTe* > ||lz*|2 Vi=1,---,m. (18.45)

Proof.
@ Assume z* is the min-norm point, let y € conv P, and 0 < 0 < 1.
@ Then z 2 z* +0(y — 2*) = (1 — H)z* + Oy € conv P
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Condition for Min-Norm Point

Theorem 18.4.2

With P = {p1,p2,...,Pm}, * € conv P is the minimum norm point in
conv P iff

piTe* > ||lz*|2 Vi=1,---,m. (18.45)

>

Proof.
@ Assume z* is the min-norm point, let y € conv P, and 0 < 0 < 1.
o Then z 2 2* +0(y — x*) = (1 — 0)z* + Oy € conv P
o 2113 = lla* + 6y — )3 = Ilo*|3420(a* Ty—a*Ta*) €62 fly = 2?13
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Condition for Min-Norm Point

Theorem 18.4.2

With P = {p1,p2,...,Pm}, * € conv P is the minimum norm point in
conv P iff

pitet > =3 W =1,---,m. (18.45)
Proof.

@ Assume z* is the min-norm point, let y € conv P, and 0 < 0 < 1.
o Then z 2 2* +0(y — x*) = (1 — 0)z* + Oy € conv P

2 2 2 2
o [zl = llz* + 6(y — 2*)|l; = [l=*[|5+260(@* Ty=a*T2*)+-6% ||y — 2*|;
@ It is possible for|z é < Hx*Hg forgsmall 0, unless "1y > x* T for

all y € conv P = Equation (18.45).
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Condition for Min-Norm Point

Theorem 18.4.2

With P = {p1,p2,...,Pm}, * € conv P is the minimum norm point in
conv P iff

piTe* > |22 Vi=1,---,m. (18.45)

Proof

@ Assume z* is the min-norm point, let y € conv P, and 0 < 0 < 1.
Then z 2 z* +0(y — z*) = (1 — 0)z* + Oy € conv P
=113 = lle” +6(y — 2*)ll3 = l|lz*[5+26(* Ty —a*Ta*)+6° ||y — 2|3
It is possible for ||z]|5 < [|z*||3 for small 6, unless z*Ty > x*Tz* for
all y € conv P = Equation (18.45).

Conversely, given Eq (18.45), and given thatg.= >, Aip; € conv P,
Tr > Z Xy > Z R Var = g U (18.46)

implying that ||z Hg > [l

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
(RN RN RN AR RRRRNR RN

The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

Proof.
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

Proof.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

Proof.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

@ After the initialization, it changes only by deletion of single point or
adding a single point. Deletion does not change the independence.
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

@ After the initialization, it changes only by deletion of single point or
adding a single point. Deletion does not change the independence.

@ Before adding Z at Line 7, we know z* is the minimum norm point in
aff Q (since we break only at Line 11).
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

@ After the initialization, it changes only by deletion of single point or
adding a single point. Deletion dges not change the independence.

@ Before adding 2 at Line 7, we knowg™ is the minimum norm point in

aff @ (since we break only at Line 1 \\
@ Therefore, z* is normal to aff ), whichN\aplies aff Q C H(z*).
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

@ After the initialization, it changes only by deletion of single point or
adding a single point. Deletion does not change the independence.

@ Before adding 2 at Line 7, we know z* is the minimum norm point in
aff @ (since we break only at Line 11).

@ Therefore, z* is normal to aff @, which implies aff @ C H(z*).
@ Since & ¢ H(z*) chosen at Line 6, we have & ¢ aff Q).
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

After the initialization, it changes only by deletion of single point or
adding a single point. Deletion does not change the independence.

@ Before adding & at Line 7, we know z* is the minimum norm point in
aff @ (since we break only at Line 11).

Therefore, z* is normal to aff @, which implies aff @ C H(x*).
Since & ¢ H(z*) chosen at Line 6, we have & ¢ aff Q.
*. update Q U {Z} at Line 7 is affinely independent as long as @ is. 0

(]
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The set () is always affinely independent

Lemma 18.4.3
The set Q) in the MN Algorithm is always affinely independent.

@ () is of course affinely independent when there is at most one point in
it (e.g., after Line 2).

After the initialization, it changes only by deletion of single point or
adding a single point. Deletion does not change the independence.

@ Before adding & at Line 7, we know z* is the minimum norm point in
aff @ (since we break only at Line 11).

Therefore, z* is normal to aff @, which implies aff @ C H(x*).
Since & ¢ H(z*) chosen at Line 6, we have & ¢ aff Q).
*. update Q U {Z} at Line 7 is affinely independent as long as @ is.

°
L]

Thus, by Lemma 18.4.3, we have for any = € aff () such that
x =) ;wiq with > w; = 1, the weights w; are uniquely determined.
F45/57 .
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg < mingeag g ||z,
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg - mingeag g ||z,
@ When @ is affinely independent, this is relatively easy.
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg - mingeag g ||z,

@ When @ is affinely independent, this is relatively easy.

@ Let ( also represent the n x k matrix with points as columns ¢ € Q.
We get the following, solvable with matrix inversion/linear solver:

minimize |z]3 = wTQTQuw (18.47)
subject to 1Tw=1 (18.48)
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg - mingeag g ||z,

@ When @ is affinely independent, this is relatively easy.

@ Let () also represent the n x k matrix with points as columns ¢ € Q.
We get the following, solvable with matrix inversion/linear solver:

minimize |z]3 = wTQTQuw (18.47)
subject to 1Tw =1 (18.48)

@ Note, this also solves Line 10, since feasibility requires ZZ w; = 1, we
need only check w > 0 to ensure o = ), w;g; € conv Q).
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg - mingeag g ||z,

@ When @ is affinely independent, this is relatively easy.

@ Let () also represent the n x k matrix with points as columns ¢ € Q.
We get the following, solvable with matrix inversion/linear solver:

minimize |z]3 = wTQTQuw (18.47)
subject to 1Tw =1 (18.48)

@ Note, this also solves Line 10, since feasibility requires >, w; = 1, we
need only check w > 0 to ensure g = Y, w;g; € conv Q).

@ In fact, a feature of the algorithm (in Wolfe's 1976 paper) is that we
keep the convex coefficients {w;}, where z* = Y. \;p; of 2* and from
this vector. We also keep v such that zg = ), v;¢; for points ¢; € Q,
from Line 9.

Given w and v, we can also easily solve Lines 14 and 15 (see “Step 3"
on page 133 of Wolfe-1976, which also defines numerical tolerances).
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Minimum Norm in an affine set

@ Line 9 of the algorithm requires zg - mingeag g ||z,

@ When @ is affinely independent, this is relatively easy.

@ Let () also represent the n x k matrix with points as columns ¢ € Q.
We get the following, solvable with matrix inversion/linear solver:

minimize |z]3 = wTQTQuw (18.47)
subject to 1Tw =1 (18.48)

@ Note, this also solves Line 10, since feasibility requires >, w; = 1, we
need only check w > 0 to ensure g = Y, w;g; € conv Q).

@ In fact, a feature of the algorithm (in Wolfe's 1976 paper) is that we
keep the convex coefficients {w;}, where z* = . \;p; of * and from
this vector. We also keep v such that zg = ), v;¢; for points ¢; € Q,
from Line 9.

Given w and v, we can also easily solve Lines 14 and 15 (see “Step 3"
on page 133 of Wolfe-1976, which also defines numerical tolerances).

@ We have yet to see how to efficiently solve Lines 4 and 6, however.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
[NRRRRR RN AR RN RN NN AR RN NA NN

MN Algorithm finds the MN point in finite time.

Theorem 18.4.4

The MN Algorithm finds the minimum norm point in conv P after a
finite number of iterations of the major loop.

@ In minor loop, we always have z* € conv @), since whenever @ is
modified, 2* is updated as well (Line 16) such that the updated z*
remains in new conv Q.
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MN Algorithm finds the MN point in finite time.

Theorem 18.4.4

The MN Algorithm finds the minimum norm point in conv P after a
finite number of iterations of the major loop.

Proof.

@ In minor loop, we always have z* € conv @), since whenever @ is
modified, z* is updated as well (Line 16) such that the updated z*
remains in new conv ().

@ Hence, every time z* is updated (in minor loop), its norm never
increases i.e., before Line ﬂ llzoll, < ||z*||, since z* € aff @ and
xo = Mingeag g ||z|5-
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MN Algorithm finds the MN point in finite time.

Theorem 18.4.4

The MN Algorithm finds the minimum norm point in conv P after a
finite number of iterations of the major loop.

Proof.

@ In minor loop, we always have z* € conv @), since whenever @ is
modified, z* is updated as well (Line 16) such that the updated z*
remains in new conv ().

@ Hence, every time z* is updated (in minor loop), its norm never
increases i.e., before Line ﬂ llzolls < ||z*||, since z* € aff Q and
%o = Mingeag @ ||x]|o. Similarly, before Line 16, ||y||, < ||z*||,, since
invariant z* € conv @ but while 2 € aff @), we have ¢ ¢ conv Q,
and [lzol; < [l2* |,
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Moreover, there can be no more iterations within a minor loop than
the dimension of conv @) for the initial () given to the minor loop
initially at Line 8 (dimension of conv @ is |Q| — 1 since @ is affinely
independent).
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Moreover, there can be no more iterations within a minor loop than
the dimension of conv @ for the initial ) given to the minor loop
initially at Line 8 (dimension of conv @ is |Q| — 1 since @ is affinely
independent).

@ Each iteration of the minor loop removes at least one point from @
in Line 15.
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Moreover, there can be no more iterations within a minor loop than
the dimension of conv @ for the initial ) given to the minor loop
initially at Line 8 (dimension of conv @ is |Q| — 1 since @ is affinely
independent).

@ Each iteration of the minor loop removes at least one point from @
in Line 15.

@ When @ reduces to a singleton, the minor loop always terminates.
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Moreover, there can be no more iterations within a minor loop than
the dimension of conv @ for the initial ) given to the minor loop
initially at Line 8 (dimension of conv @ is |Q| — 1 since @ is affinely
independent).

@ Each iteration of the minor loop removes at least one point from @
in Line 15.

@ When @ reduces to a singleton, the minor loop always terminates.

@ Thus, the minor loop terminates in finite number of iterations, at
most dimension of Q).
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

Moreover, there can be no more iterations within a minor loop than
the dimension of conv @ for the initial ) given to the minor loop
initially at Line 8 (dimension of conv @ is |Q| — 1 since @ is affinely
independent).

Each iteration of the minor loop removes at least one point from @
in Line 15.

When @) reduces to a singleton, the minor loop always terminates.
Thus, the minor loop terminates in finite number of iterations, at
most dimension of Q).

In fact, total number of iterations of minor loop in entire algorithm
is at most number of points in P since we never add back in points
to () that have been removed.
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Each time ) is augmented with # at Line 7, followed by updating
x* with zq at Line 11, (i.e., when the minor loop returns with only
one iteration), ||z*||, strictly decreases from what it was before.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
(NRRRRR NN RN RN RNY RRNRNAY

MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Each time @ is augmented with & at Line 7, followed by updating
x* with zq at Line 11, (i.e., when the minor loop returns with only
one iteration), ||z*||, strictly decreases from what it was before.

@ To see this, consider z* + 0(& — z*) where 0 < 6 < 1. Since both
Z,z* € conv @, we have z* + 0(& — z*) € conv Q.
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Each time @ is augmented with & at Line 7, followed by updating
x* with zq at Line 11, (i.e., when the minor loop returns with only
one iteration), ||z*||, strictly decreases from what it was before.

@ To see this, consider x* + 0(Z — x*) where 0 < 6 < 1. Since both
Z,z* € conv @, we have z* + 0(& — z*) € conv Q.

@ Therefore, we have ||z* + 6(Z — 2*)||, > ||zol|5, which implies

* ~ *\ 112 * (|2 * ~ * (12 -~ * (12
a + 6 — 2*)I3 = 1o 13 + 26 (@) & — [12713) + 62 & — I3
> ||zoll3 (18.49)

i is on the same side of H(z*) as the origin, i.e. (z*)"& < ||z*|)5.

]

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
[NRRRRR RN AR RN RN NRRNNRY NRRRARN

MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Therefore, for sufficiently small 6, specifically for
* (|2 #\ T 4
2 (Jla*l13 - @*)72)
0 < - > (18.50)
12— 2|3
|2 2
we have that ||z*[|5 > ||zo|5-
L]
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Therefore, for sufficiently small 8, specifically for

2 (Jla*1} - (=*)72)

0 <

- . (18.50)
12— 2|3

«2 2

we have that ||z*[|5 > [|zo||5-

@ For a similar reason, we have ||z*||, strictly decreases each time @) is
updated at Line 7 and followed by updating x* with y at Line 16.
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MN Algorithm finds the MN point in finite time.

... proof of Theorem 18.4.4 continued.

@ Therefore, for sufficiently small 8, specifically for

2 (Jla*1} - (=*)72)

A 2
12 = =3

0 < (18.50)

we have that ||z*||5 > ||zo|3.

@ For a similar reason, we have ||z*||, strictly decreases each time () is
updated at Line 7 and followed by updating «* with y at Line 16.

@ Therefore, in each iteration of major loop, ||z*||, strictly decreases,
and the MN Algorithm must terminate and it can only do so when
the optimal is found.
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Line: 6: Finding & € P on the near side of H(z*)

@ The “near” side means the side that contains the origin.
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Line: 6: Finding & € P on the near side of H(x*)

@ The “near” side means the side that contains the origin.

e Ideally, find Z such that the reduction of ||z*||, is maximized to
reduce number of major iterations.
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Line: 6: Finding & € P on the near side of H

@ The “near” side means the side that contains the origin.

o lIdeally, find Z such that the reduction of ||z*||, is maximized to
reduce number of major iterations.

@ From Eqn. 18.49, reduction on norm is lower-bounded:

%12 2 * 112 * A A %112
A = llz*13 = llzoll} > 20 (ll2"13 - (=)&) — 6%} — 2|3 2 A
(18.51)

—_
oo
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Line: 6: Finding € P on the near side of H(x

@ The “near” side means the side that contains the origin.

o lIdeally, find Z such that the reduction of ||z*||, is maximized to
reduce number of major iterations.

@ From Eqn. 18.49, reduction on norm is lower-bounded:

*112 2 *112 * A A *112
A = lla* 15 = llzoll3 = 20 (ll2"13 - (") &) = 0% & — 2*|3 2 A

(18.51)

—_
oo

2(||lz*||2=(z*) T & )
@ When 0 < 0 < W we can get the maximal value of the
- 2

lower bound, over 0, as follows:

max A=
2(ll=* 13- (=*)T &)
lz—=*(13

0<0<
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Line: 6: Finding & € P on the near side of H(x*)

@ To maximize lower bound of norm reduction at each major iteration,
want to find an & such that the above lower bound (Equation 18.52)
is maximized.
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Line: 6: Finding & € P on the near side of H(x*)

@ To maximize lower bound of norm reduction at each major iteration,
want to find an & such that the above lower bound (Equation 18.52)
is maximized.

@ That is, we want to find

(18.53)

Z € argmax »
zeP H‘T - H2

to ensure that a large norm reduction is assured.
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Line: 6: Finding & € P on the near side of H(x*)

@ To maximize lower bound of norm reduction at each major iteration,
want to find an & such that the above lower bound (Equation 18.52)
is maximized.

@ That is, we want to find

2
[l = (=) "=

& € argmax - (18.53)
z€EP ”‘T - HQ
to ensure that a large norm reduction is assured.
@ This problem, however, is at least as hard as the MN lem itself

as we have a quadratic term in the denominator.
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Line: 6: Finding & € P on the near side of H

@ As a surrogate, we maximize numerator.in Eqn. 18.53, i.e., find

& € argmax ||z*|3 — (z*) Tz = argmin(z*) ", (18.54)
zeP zeP
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Line: 6: Finding & € P on the near side of H

@ As a surrogate, we maximize numerator in Eqn. 18.53, i.e., find

& € argmax ||z*|3 — (z*) Tz = argmin(z*) "z, (18.54)
zeP reP
@ Intuitively, by solving the above, we find & such that it has the
largest distance to the hyperplane H(z*), and this is exactly the
strategy used in the Wolfe-1976 algorithm.
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Line: 6: Finding & € P on the near side of H

@ As a surrogate, we maximize numerator in Eqn. 18.53, i.e., find

& € argmax ||z*|3 — (z*) Tz = argmin(z*) "z, (18.54)
zeP TeP

@ Intuitively, by solving the above, we find Z such that it has the
largest distance to the hyperplane H(z*), and this is exactly the
strategy used in the Wolfe-1976 algorithm.

@ Also, solution & can be used to determine if hyperplane H (z*)
separates conv P from the origin:”if the point in P having greatest
distance to H(z*) is not on the side where origin lies, then H (z*)
separates conv P from the origin.

Prof. Jeff Bilmes EE596b/Spring 2014 /Submodularity - Lecture 18 - June 2nd, 2014



Min-Norm Point Algorithm
(NRRRRR NN RN RN AR RNNY AAY

Line: 6: Finding & € P on the near side of H

@ As a surrogate, we maximize numerator in Eqn. 18.53, i.e., find

& € argmax ||z*|3 — (z*) Tz = argmin(z*) "z, (18.54)
zeP reP

@ Intuitively, by solving the above, we find Z such that it has the
largest distance to the hyperplane H(z*), and this is exactly the
strategy used in the Wolfe-1976 algorithm.

@ Also, solution & can be used to determine if hyperplane H(z*)
separates conv P from the origin: if the point in P having greatest
distance to H(z*) is not on the side where origin lies, then H(z*)
separates conv P from the origin.

@ Mathematically, we terminate the algorithm if

(&%) & 2 Jl*l3,

where 7 is the solution of Eq. 18.54.
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Line: 6: Finding & € P on the near side of H(x*)

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

(x*)T& > ||lz*|3 - e max B (18.55)
xe
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Line: 6: Finding & € P on the near side of H

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

(%) " > [la*|l; — €max (e (18.55)

@ When conv P is a submodular base polytope (i.e., conv P = By for
a submodular function f), then the problem in Eqn 18.54 can be
solved efficiently by Edmonds's greedy algorithm (even though there
may be an exponential number of extreme points).
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Line: 6: Finding & € P on the near side of H

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

(%) " > [la*|l; — €max (e (18.55)

@ When conv P is a submodular base polytope (i.e., conv P = By for
a submodular function f), then the problem in Eqn 18.54 can be
solved efficiently by Edmonds’s greedy algorithm (even though there
may be an exponential number of extreme points).

@ Hence, Edmonds’s discovery is one of the main reasons that the MN
algorithm is applicable to submodular function minimization.
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SFM Summary (modified from S. lwata's slides)
General Submodular Function Minimization

’ Wolfe (1976)/von Hohenbalken (1975) k’ ’ Fujishige (1980/1991)P—" Bach (2012/13)‘
minimum norm point gen. convex methods

algorithm

Edmonds (1965/1 970)‘

’ Grotschel, Lovasz, Schrijver (1981, 1988)

Ellipsoid Method ’ Bixby,Cunni‘r;ham,Topkis (1984)‘
e
0(1’15)/ log M) ’ Cunningham (1985) ‘
O(n'ylogn) ~ N\, OW'y+n")
Iwata, Fleischer, Fujishige (2000) ‘ ’ Schrijver (2000) ‘

)
\ ’ Fleischer, Iwata (2000) ‘
\wata
— l

Fully Combinatorial

’ Iwata (2003) ( ’ Orlin (2007) ‘
O((n'y +n*)log M) O(nsy +n%)

Ilwata, Orlin (2009)
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n®%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

@ Complexity of MN Algorithm is still an unsolved problem.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.
@ Obvious facts:
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.
e Obvious facts:
e each major iteration requires O(n) function oracle calls
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:

e each major iteration requires O(n) function oracle calls
e complexity of each major iteration could be at least O(n?) due to the
affine projection step (solving a linear system).
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.
@ Obvious facts:
e each major iteration requires O(n) function oracle calls
o complexity of each major iteration could be at least O(n?) due to the
affine projection step (solving a linear system).
e Therefore, the complexity of each major iteration is

O(n® 4+ n'*P)

where each function oracle call requires O(nP) time.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm
for SFM achieves a running time of O(n°T + n%) (Orlin’09) where
T is the time for function evaluation, far from practical for large
problem instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.
@ Obvious facts:
e each major iteration requires O(n) function oracle calls
o complexity of each major iteration could be at least O(n?) due to the
affine projection step (solving a linear system).
e Therefore, the complexity of each major iteration is

O(n® 4 n'tr)
where each function oracle call requires O(nP) time.

@ Since the number of major iterations required is unknown, the
complexity of MN is also unknown.
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MN Algorithm Empirical Complexity
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