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Announcements, Assignments, and Reminders

Mom/a7/ 101930 7D
e Homework 1 is out, duem at 11:59pm.
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Logistics

Class Road Map - EE563

@ L1(9/30): Motivation, Applications, @ L11(11/4):
Definitions, Properties @ L12(11/9):
@ L2(10/5): Sums concave(modular), uses @ L—(11/11): Veterans Day, Holiday
(diversity/costs, feature selection), o L13(11/16):
information theory o L14(11/18):
@ L3(10/7): Monge, More Definitions, o L15(11/23):
Graph and Combinatorial Examples, )
@ L4(10/12): Graph & Combinatorial o L16(11/25):
Examples, Matrix Rank, Properties, Other @ L17(11/30):
Defs, Independence @ L18(12/2):
@ L5(10/14): Independence, Matroids, @ L19(12/7):
Matroid Examples, Matroid Rank, More @ L20(12/9): maximization.

on Partition Matroid
L6(10/19):
L7(10/21):
L8(10/26):
L9(10/28):
L10(11/2):

Last day of instruction, Fri. Dec 11th. Finals Week: Dec 12-18, 2020
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Summary: Properties so far

@ Cover functionsf(A) = w({J,ecq Ua) are submodular.
e SCCM is submodular f(A) = " iy du(mu(A)) where m, is a
non-negative modular and ¢, is concave.
@ max is submodular f(A) = max;ca ¢j, as is facility location
f(A) = ZUEU maXgeA Sa,u-
Matrix rank function is submodular.
Log determinant f(A) = logdet(X 4) submodular for p.d. 3.
Matrix rank r(A), dim. of space spanned by the vector set {z4},c4-
Graph cut, set cover, and incidence functions,
quadratics with non-positive off-diagonals f(X) = mTly + $1\M1y.
Number connected components in induced graph ¢(A), and interior
edge function E(S), is supermodular.
@ Submodular plus modular is submodular, f(A4) = f'(A) + m(A).
e Complementation: f/(A) = f(V \ A) is submodular if f is submodular
(same for supermodular, modular).
e Conix mixture: o; > 0, f; : 2V — R submodular, then so is > aifi
@, Restrictions preserve submodularity: f/(A) = f(ANS)
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Examples and Properties
[ ARNRRRNARNANN]

Concave over non-negative modular

Let m € RE be a non-negative modular function, and ¢ a concave function
over R. Define f:2¥ - R as

f(A) = o(m(A)) (5.1)

then f is submodular.
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Concave over non-negative modular

Let m € Rf be a non-negative modular function, and ¢ a concave function
over R. Define f:2¥ — R as w, 12

v o N
F(A) = g(m(A)) | e o (5.1)
then f is submodular. A —

0 < c¢=m(v). For g concave, we have ¢(a + 0)7— d(a) > ¢p(b+c) — o(b),
and thus

¢(m(A) +m(v)) — ¢(m(A)) = ¢(m(B) +m(v)) — p(m(B))  (5.2)
0

A form of converse is true as well.
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Examples and Properties
[ERRRRRRRRNAAN]

Concave composed with non-negative modular

Given a ground set V. The following two are equivalent:

@ For all modular functions m : 2V — R, then f : 2V — R defined as
f(A) = ¢(m(A)) is submodular

Q@ ¢: R,y — R is concave.

@ If ¢ is non-decreasing concave & ¢(0) = 0, then f is polymatroidal.
-/—-s-

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F6/85 (pg.7/276)



Examples and Properties
[ERRRRRRRRNAAN]

Concave composed with non-negative modular

Given a ground set V. The following two are equivalent:

@ For all modular functions m : 2V — R, then f : 2V — R defined as
f(A) = ¢(m(A)) is submodular

Q@ ¢: R,y — R is concave.

e If ¢ is non-decreasing concave & ¢(0) = 0, then f is polymatroidal.
@ Sums of concave over modular functions are submodular
K
7(4) = 33 6i(mi(A) (5.3)

i=1
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Concave composed with non-negative modular

Given a ground set V. The following two are equivalent:

@ For all modular functions m : 2V — R, then f : 2V — R defined as
f(A) = ¢(m(A)) is submodular

Q@ ¢: R,y — R is concave.

e If ¢ is non-decreasing concave & ¢(0) = 0, then f is polymatroidal.
@ Sums of concave over modular functions are submodular

K
F(A) =3 di(mi(4) (53)

@ Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause 2011), and “feature-based
submodular functions” (Wei, lyer, & Bilmes 2014).

-
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Concave composed with non-negative modular

Given a ground set V. The following two are equivalent:

@ For all modular functions m : 2V — R, then f : 2V — R defined as
f(A) = ¢(m(A)) is submodular

Q@ ¢: R,y — R is concave.

e If ¢ is non-decreasing concave & ¢(0) = 0, then f is polymatroidal.
@ Sums of concave over modular functions are submodular

K
F(A) =3 di(mi(4) (53)

@ Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause 2011), and “feature-based
submodular functions” (Wei, lyer, & Bilmes 2014).

@ However, Vondrak showed that a graphic matroid rank function over
K4 (we'll define this after we define matroids) are not members.
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Examples and Properties
[RLRRRRARRNARN]

Monotonicity

Definition 5.3.2

A function f : 2" — R is monotone nondecreasing (resp. monotone
increasing) if for all A C B, we have f(A) < f(B) (resp. f(A4) < f(B)).
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Monotonicity

Definition 5.3.2

A function f : 2" — R is monotone nondecreasing (resp. monotone
increasing) if for all A C B, we have f(A) < f(B) (resp. f(A4) < f(B)).

Definition 5.3.3

A function f : 2 — R is monotone nonincreasing (resp. monotone
decreasing) if for all A C B, we have f(A) > f(B) (resp. f(A) > f(B)).
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Examples and Properties
[RRLRRRARRNAAN]

Composition of non-decreasing submodular and
non-decreasing concave

Theorem 5.3.4

Given two functions, one defined on sets
f:2V =R (5.4)

and another continuous valued one:

)=t (5 4)

$:RoR (5.5)
the composition formed as h = ¢ o f : 2V — R (defined as
h(S) = &(f(S))) is nondecreasing submodular, if ¢ is non-decreasing
concave and f is nondecreasing submodular.

‘e_(*’ /01‘,“‘,(,,,-,{ Foncpen

7] ,’7\7’) N . 73 D} g
=" A= mir (€4, &) K O e,
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Monotone difference of two functions

Let f and g both be submodular functions on subsets of V' and let
(f — g)(-) be either monotone non-decreasing or monotone non-increasing
Then h : 2V — R defined by

h(A) = min(f(4),g(A)) (5.6)
is submodular.

Proof.
If h agrees with f on both X and Y (or g on both X and Y’), and since
WX) +h(Y) = F(X) + £(Y) > (X UY) + (XNY)  (57)

or
hMX) +h(Y) = g(X) +9(Y) 2 g(XUY) +g(X NY), (5-8)
the result (Equation 5.6 being submodular) follows since

ey I 2 min(fCX UY), (X UY) + min(/(X 1Y), (X nY)
= Llxvr) + 4lxar) (5.9)
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rties
11

Monotone difference of two functions

Otherwise, w.l.o.g., h(X) = f(X) and h(Y') = g(Y), giving

h(X) + h(Y) = (BD+ @ > F(XUY) +FxnY) +§@ _f((y) |
5.10
p(xle€ln) 2 £(kvv) et (51 )

£ 2 V) ¢ flan) ~£(7)
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Examples and Properties
[RRARAYN]

Monotone difference of two functions

Otherwise, w.l.o.g., h(X) = f(X) and h(Y') = g(Y), giving

MX)+h(Y)=f(X)+g(Y) > f(XUY)+ f(XNY)+g(Y)— f(Y)
Elxvt)-glxvi) 2@LY) -5l7) (5.10)

Assume the case where f — g is monotone non-decreasing. Hence,
FXUY) +g(¥) Q) > g(X UY) giving

h(X)+h(Y) > g(XUY)+ f(XNY) > h(XUY)+Rh(XNY) (511)

Ol

What is an easy way to prove the case where f — g is monotone
non-increasing?
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Examples and

rties
[RRARRE NRRNARN]

Saturation via the min(-) function

Let f:2Y — R be a monotone non-decreqasing or non-increasing
submodular function and let « be a constant. Then the function
h:2YV — R defined by

h(A) = min(a, f(A)) (5.12)

is submodular.
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Examples and

rties
[RRRRRE NRRNARN]

Saturation via the min(-) function

Let f: 2" — R be a monotone nonidecregasing or non-increasing

submodular function and let o be a constant. Then the function
h:2YV — R defined by

h(A) = min(a, f(A)) (5.12)

is submodular.

For constant k, we have that (f — k) is non-decreasing (or non-increasing)
so this follows from the previous result. Ol
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Examples and

Saturation via the min(-) function

Let f:2Y — R be a monotone non-decreqasing or non-increasing
submodular function and let « be a constant. Then the function
h:2YV — R defined by

h(A) = min(a, f(A)) (5.12)

is submodular.

For constant k, we have that (f — k) is non-decreasing (or non-increasing)
so this follows from the previous result. Ol

ﬂote also, g(a) = min(k, a) for constant k is a non-decreasing concave
function, so when f is monotone nondecreasing submodular, we can use the
earlier result about composing a monotone concave function with a
\anotone submodular function to get a version of this.
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Examples and Properties

More on Min - the saturate trick

e minimax facility location is similar to the following maximiasdtunetion (a
form of “robust facility location”): h(A) = min,cy paXaqes 05 @) and
the goal is to maximize this max 4y 4<i h(A). htheretorelisithe min
of a set of submodular functions.

F12/85 (pg.20/276)
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Examples and Properties

More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (a
form of “robust facility location”): h(A) = min,ecy maxqea s(¢,a) and
the goal is to maximize this max 4cyj4j<i h(A). h therefore is the min
of a set of submodular functions.

@ In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).

F12/85 (pg.21/276)
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (a
form of “robust facility location”): h(A) = min,ecy maxqea s(¢,a) and
the goal is to maximize this max 4cyj4j<i h(A). h therefore is the min
of a set of submodular functions.

@ In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).

@ However, when wishing to maximize two monotone non-decreasing
submodular functions f, g, we can define function hy : 2V — R as

ha(A) = %(min(a, f(A) + min(a,g(A))) (5.13)

then h,, is submodular, and h,(A) > « if and only if both f(A) > «
and g(A) > «, for constant « € R.
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (a
form of “robust facility location”): h(A) = min,ecy maxqea s(¢,a) and
the goal is to maximize this max 4cyj4j<i h(A). h therefore is the min
of a set of submodular functions.

@ In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).

@ However, when wishing to maximize two monotone non-decreasing
submodular functions f, g, we can define function hy : 2V — R as

ho(A) = %(min(a, £(A4)) + min(a, g(A)) ) (5.13)

then h, is submodular, and h,(A) > « if and only if both f(A) > «
and g(A) > «, for constant a € R.

@ Useful in applications. Like DS functions, another instance of a
submodular surrogate (where we take a non-submodular problem and
find a submodular one that can tell us something about it).
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Arbitrary functions: difference between submodular funcs.

Theorem 5.3.5

Given an arbitrary set function h, it can be expressed as a difference
between two submodular functions (i.e., Yh € 2V — R,
3f,g s.t. VA, h(A) = f(A) — g(A) where both f and g are submodular).

Let h be given and arbitrary, and define:
A : _
oS Lmin (h(X) +R(Y) - h(XUY) - >Y ) (5.14)
=< ~

If & > 0 then h is submodular, so by assumption a < 0. = 5
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Examples and Properties
[RRRRRRRL ARAAN]

Arbitrary functions: difference between submodular funcs.

Theorem 5.3.5

Given an arbitrary set function h, it can be expressed as a difference
between two submodular functions (i.e., Yh € 2V — R,
3f,g s.t. VA, h(A) = f(A) — g(A) where both f and g are submodular).

Proof.
Let h be given and arbitrary, and define:

o’ ey (h(X) FR(Y) - h(XUY) - h(X N Y)) (5.14)

If & > 0 then h is submodular, so by assumption a < 0. Now let f be an
arbitrary strict submodular function and define

5éx,y;;£%iﬁygx<f(X)+f(Y> - f(XuY) —f(XﬂY)). (5.15)

Strict means that 5 > 0. ’f“()() :m
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Arbitrary functions as difference between submodular funcs.
Pl — pi(1) =7 pl<)
#

Define b’ : 2V — R as

— f(4) (5.16)

Then 1/ is submodular (why?), and h = h/(A) — %f(A), a difference
between two submodular functions as desired.

= H(A) —;///7")

r f— 27
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Examples and Properties

Gain

@ We often wish to express the gain of an item j € V in context A,
namely f(AU{j}) — f(A).
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Examples and Properties
[RRRRRRARRR NN

Gain

@ We often wish to express the gain of an item j € V in context A,
namely f(AU {j}) — f(A).

@ This is called the gain and is used so often, there are equally as many
ways to notate this. l.e., you might see:

FAU{GY) — £(A) 2 pi(4) (5.17)
2 pa(j) (5.18)
2y V (5.19)
2 F({5314) (5.20)
25614 (5.21)
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Examples and Properties
[RRRRRRARRR NN

Gain

@ We often wish to express the gain of an item j € V in context A,
namely f(AU {j}) — f(A).

@ This is called the gain and is used so often, there are equally as many
ways to notate this. l.e., you might see:

FAU{GY) — f(A) 2 pi(A) (5.17)
2 paly) (5.18)
2V, f(A) (5.19)
2 f({j}14) (5.20)
2 1(jl4) (5.21)

o We'll use f(j|A).
(@) \79 .)Cfﬂ')
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Examples and Properties
[RRRRRRARRR NN

Gain

@ We often wish to express the gain of an item j € V in context A,
namely f(AU {j}) — f(A).

@ This is called the gain and is used so often, there are equally as many
ways to notate this. l.e., you might see:

FAU{GY) — f(A) 2 pi(A) (5.17)
2 pa(j (5.18)
2V, f(A) (5.19)
2 f({j}14) (5.20)
2 1(jl4) (5.21)

o We'll use f(j|A).

@ diminishing returns can be stated as saying that f(j|A) is a monotone
non-increasing function of A, since f(j|A) > f(j|B) whenever A C B
(i.e., further conditioning reduces valuation).
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Gain Notation

/k@
It will also be useful to extend this to sets.
Let A, B be any two sets. Then
J(AIB) £ f(AUB) - f(B) (5.22)
So when j is any singleton
fG1B) = f({7}IB) = f({j} U B) — f(B) (5.23)

CHIA) = fho) ~F12)
= HH-FP O

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F16/85 (pg.31/276)



Examples and Properties
[RRRRRRARRNA AN

Gain Notation

It will also be useful to extend this to sets.
Let A, B be any two sets. Then

J(AIB) 2 f(AUB) - f(B) (5.22)
So when j is any singleton
fG1B) = f({i}|B) = f({j} U B) — f(B) (5.23)

Inspired from information theory notation and the notation used for
conditional entropy H(X4|Xp) = H(X4,Xp) — H(XB).
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Examples and Properties

Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,,.

o E.g., g(A) = [9(A) + a|A[] — a|A], a > | min, ,fi\p @A)
N J
7 sV

o) = 9(VA’)+0’\ zZ0 .
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.

° Eg., g(4) =[9(A) +alA]] - alA|, a = |min, 4y, f(v]A)].
@ More interestingly, given arbitrary normalized submodular g : 2V 5 R,
construct a function g : 2V — R as follows:

9(A) = g(A) = > g(a[V \ {a}) = g(A) — my(A) (5.24)
acA
where mgy(A) £ 3 -4 g(a|V '\ {a}) is a modular function.

-
&(a?ﬂ PYCYRALY

(ol A) 2 NEALD,

e ol
sw”";,,{ & o
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.

o Eg. g(4) = [9(A) + a|A]] — a|A], a = [min, acy, f(v]A)].

@ More interestingly, given arbitrary normalized submodular g : 2V — R,
construct a function g : 2V — R as follows:

g(4) = g(A) = > g(alV \ {a}) = g(4) — my(A) (5.24)
acA
where mg(A) £ 3" 4 g(alV \ {a}) is a modular function.

@ g is normalized since g(()) = 0.
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.

o Eg. g(4) = [9(A) + a|A]] — a|A], a = [min, acy, f(v]A)].

@ More interestingly, given arbitrary normalized submodular g : 2V — R,
construct a function g : 2V — R as follows:

(A) = g(A) = D> g(alV \ {a}) = g(A) — my(A) (5.24)
acA

where mg(A) = 3" - 4 9(alV \ {a}) is a modular function.
@ g is normalized since g(f)) = 0.
@ g is monotone non-decreasing since for v ¢ A C V:
g(vlA) = g(v|A) = g(v|V \ {v}) = 0 (5.25)
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.

o Eg. g(A) =[9(A) + alA]] — a|A], & = | min, acy, f(v]A)].

@ More interestingly, given arbitrary normalized submodular g : 2V — R,
construct a function g : 2V — R as follows:

9(A) = g(A) = Y g(a]V \ {a}) = g(A) — my(A) (5.24)
acA
where mg(A) £ 3" 4 g(alV \ {a}) is a modular function.

@ g is normalized since g((}) = 0.

@ g is monotone non-decreasing since for v ¢ A C V:

g(v]A) = g(v[4) — g(v|V \{v}) = 0 (5.25)

@ g is called the totally normalized version of g.

50 §Cv/ Vl"") - ;_(V‘/V)"') —;.[V}V)V):D
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Totally normalized functions

@ Any normalized submodular function g (even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) function g and a modular function m,.

E.g.. 9(4) = [g(4) + alA[]] — alA|, a = [min, 4ci, f(0]4)].
More interestingly, given arbitrary normalized submodular ¢ : 2V — R,
construct a function g : 2V — R as follows:

g(4) = g(A) = > g(alV \ {a}) = g(4) — my(A) (5.24)
acA
where mg(A) £ 3" 4 g(alV \ {a}) is a modular function.

g is normalized since g(0) = 0.

g is monotone non-decreasing since for v ¢ A C V:

g(v]A) = g(v[4) — g(v|V \{v}) = 0 (5.25)
@ g is called the totally normalized version of g.
@ Then g(A) = g(A) + mgy(A).
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Arbitrary function as difference between two polymatroids

@ Any normalized function h (i.e., h(()) = 0) can be represented as a
difference not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.
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Examples and Properties
[RERRRRARRANAY

Arbitrary function as difference between two polymatroids

@ Any normalized function h (i.e., h(()) = 0) can be represented as a
difference not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

@ Given submodular f and g, let f and g be them totally normalized.
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Arbitrary function as difference between two polymatroids

@ Any normalized function h (i.e., h(()) = 0) can be represented as a
difference not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

o Given submodular f and g, let f and g be them totally normalized.

@ Given arbitrary h = f — g where f and ¢ are normalized submodular,

h=f—-g=f+ms—(5+my) (5.26)
= =g+ (ms—my) (5.27)
=f—g+msp (5.28)
=f+mi, —(g+ (=ms)") (5.29)

where m™ is the positive part of modular function m. That is,
mt(A) =3 ,cam(a)l(m(a) > 0).

= pT = [(~w)T
C‘W’ﬂ— M= p (~w?
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Arbitrary function as difference between two polymatroids

@ Any normalized function h (i.e., h(()) = 0) can be represented as a
difference not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

o Given submodular f and g, let f and g be them totally normalized.

o Given arbitrary h = f — g where f and g are normalized submodular,

h=f—g=Ff+ms—(g+my) (5.26)
= [ =g+ (my—my) (5.27)
=f—g+msp (5.28)
=f+mi = (g+(=msy)") (5.29)

where m™ is the positive part of modular function m. That is,
m*(A) =Y peam(a)l(m(a) > 0).
e Both [+ m}r_g and g+ (—my_,)" are polymatroid functions!

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F18/85 (pg.43/276)



Arbitrary function as difference between two polymatroids

@ Any normalized function h (i.e., h(()) = 0) can be represented as a
difference not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

o Given submodular f and g, let f and g be them totally normalized.

o Given arbitrary h = f — g where f and g are normalized submodular,

h=f—g=Ff+ms—(g+my) (5.26)
= [ =g+ (my—my) (5.27)
=f—g+msp (5.28)
=f+mi = (g+(=msy)") (5.29)

where m™ is the positive part of modular function m. That is,
mt(A) =3 ,cam(a)l(m(a) > 0).

e Both f + m;{_g and g+ (—mjs_g4)" are polymatroid functions!

@ Thus, any function can be expressed as a difference between two, not only
submodular (DS), but polymatroid functions.
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Other Submodular Defs.
[RNRRRRARRRANRRARRNARE]

Two Equivalent Submodular Definitions

Definition 5.4.1 (submodular concave)

A function f : 2V — R is submodular if for any A, B C V, we have that:

f(A)+f(B) = f(AUB) + f(ANB) (5.7)

An alternate and (as we will soon see) equivalent definition is:

Definition 5.4.2 (diminishing returns)

A function f : 2V — R is submodular if for any A C B C V, and
v € V' \ B, we have that:

f(AU{v}) = f(A) = f(BU{v}) — f(B) (5.8)

e The incremental “value”, “gain”, or “cost” of v decreases (diminishes) as
the context in which v is considered grows from A to B.

e Gain notation: Define f(v|A) = f(A +v) — f(A). Then function f is
submodular if f(v|A) > f(v|B) foral AC BCV\{v},veV.
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fa.
1 [RRRARRANRRAN]

Submodular Definition: Group Diminishing Returns

An alternate and equivalent definition is:

Definition 5.4.1 (group diminishing returns)

A function f : 2V — R is submodular if for any A C B C V, and
C C V' \ B, we have that:

f(AUC) = f(A) = f(BUC) — f(B) (5.30)

This means that the incremental “value” or “gain” of set C' decreases as the
context in which C'is considered grows from A to B (diminishing returns)
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Other Submodular Defs.
(RLARRNARRRRRRRRRRAARE!

Submodular Definition Basic Equivalencies

We want to show that Submodular Concave (Definition 5.4.1), Diminishing
Returns (Definition 5.4.2), and Group Diminishing Returns
(Definition 5.4.1) are identical.
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Other Submodular Defs.
(RLARRNARRRRRRRRRRAARE!

Submodular Definition Basic Equivalencies

We want to show that Submodular Concave (Definition 5.4.1), Diminishing
Returns (Definition 5.4.2), and Group Diminishing Returns
(Definition 5.4.1) are identical. We will show that:

@ Submodular Concave = Diminishing Returns
@ Diminishing Returns = Group Diminishing Returns

@ Group Diminishing Returns = Submodular Concave
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Other Submodular Defs.
(RN RRNARRRRRRRRNRAARE!

Submodular Concave = Diminishing Returns

fUS)+ f(T) > f(SUT) + f(SNT) = f(v|A) > f(v|B),AC BCV\w.
@ Assume Submodular concave, so V.S, T we have

fS)+ (1) =2 f(SUT)+ f(SNT).
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Other Submodular Defs.
(RN RRNARRRRRRRRNRAARE!

Submodular Concave = Diminishing Returns

f(S) + f(T) 2 f(SUT)+ f(SNT) = f(v|A) > f(v|B),AC BCV\wv.
@ Assume Submodular concave, so V.S, T we have
FS)+ (@) = f(SUT)+ f(SNT).
@ Given A, B and v € V such that: A C B C V' \ {v}, we have from
submodular concave that:

f(A+v)+ f(B) > f(B+wv)+ f(A) (5.31)
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Other Submodular Defs.
(RN RRNARRRRRRRRNRAARE!

Submodular Concave = Diminishing Returns

f(S) + f(T) 2 f(SUT)+ f(SNT) = f(v|A) > f(v|B),AC BCV\wv.
@ Assume Submodular concave, so V.S, T we have
FS)+ (@) = f(SUT)+ f(SNT).
@ Given A, B and v € V such that: A C B C V' \ {v}, we have from
submodular concave that:

f(A+v) + f(B) > f(B +v) + f(4) (5.31)
@ Rearranging, we have

f(A+v) = f(A) 2 f(B+v) — f(B) (5.32)
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Other Submodular Defs.
(RERRLENARRRRRRRRNRAARE!

Diminishing Returns = Group Diminishing Returns

f(|S) > f(|T),S ST CV\v= f(C|A) > f(C|B),AC BCV\C.

Let C = {c1,c2,...,ck}. Then diminishing returns implies

fAUC) - f(A) (5.33)
k—1
= f(AUC) — Z(f(AU {e1,...,e}) — f(AU {cl,...,ci})) — f(A) (5.34)

k k

>3 flelBUer...cim}) = Z(f(B Ufcr...a}) = f(BU{er ... CH})) (5.36)
= f(BUC) - z_:(f(BU{cl,...,ci}) — f(BU{er,....,a})) = £(B) (5.37)
= f(BUC) - f(B) (5.38)

]
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Othe: r Defs
(RERRAEARRRRRRRRNRNARE!

Group Diminishing Returns = Submodular Concave

fUIS) = f(UIT),S CT CV\U = f(A)+ f(B) = f(AUB)+ f(ANB).
Assume group diminishing returns. Assume A # B otherwise trivial. Define
A'=ANB,C=A\B, and B’ = B. Then since A’ C B,

F(A'+C) - f(A4) > f(B'+C) - f(B) (5.39)
giving
o F A +C)+ f(B) = f(B'+C) + f(4) (5.40)
m
AP
f(ANB+ A\ B) + f(B) > f(B+ A\ B) + f(AN B) (5.41)

which is the same as the submodular concave condition

f(A) + f(B) =2 f(AUB) + f(AN B) (5.42)
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Other Submodular Defs.
(RERRRL ARRRRRRRRNRNARE!

Submodular Definition: Four Points

Theorem 5.4.2 (“singleton”, or “four points”)

A function f : 2V — R is submodular iff for any A C V, and any
a,b €V \ A, we have that:
cm—

f(Au{a}) + fF(AU{b}) > f(AU{a,b}) + f(A) (5.43)

+ £l ) 2f(pun') (4 ﬂ/b)

2m
}X?’ = 2

>h
<< >
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Submodular Definition: Four Points

Theorem 5.4.2 (“singleton”, or “four points”)

A function f : 2V — R is submodular iff for any A C V, and any
a,b €V \ A, we have that:

f(AU{a}) + F(AU{b}) = f(AU{a,b}) + f(A) (5.43)

Only If: This follows immediately from diminishing returns.
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Other Submodular Defs.
(RERRRL ARRRARRRRNRAARE!

Submodular Definition: Four Points

LEDY

Theorem 5.4.2 (“singleton”, or “four points”)

A function f : 2V — R is submodular iff for any A C V, and any
a,b €V \ A, we have that:

f(AU{a}) + F(AU{b}) = f(AU{a,b}) + f(A) (5.43)

Only If: This follows immediately from diminishing returns. If: To achieve
diminishing returns, assume A C B with B\ A = {b1,ba,...,br}. Then

f(A+a) = f(A) = f(A+bi+a)— f(A+b1) (5.44)
> f(A+by+ba+a)— f(A+ b1+ by) (5.45)
> ... (5.46)
> f(A+bi+-+bg+a)— f(A+br+- -+ by)
(5.47)
=f(B+a)— f(B) (5.48)
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Other Submodular Defs.
(RERRRNL ERRRRRRRNRNARE!

The Submodular Square, and Hypercube Vertices

We can test submodularity via values on vertices of hypercube.
Example: with |[V| =n =2, thisis  With |V| =n = 3, a bit harder.

easy: v V-2
10 1 ({D )_ 9_
HO. 10 on
(&) 2L
’@ (A/)//— 'F d ’&Hﬁﬂp) % .010 001

Jul=% N

(3)->

= X.> =6 How many inequalities of form

f(A)+f(B) = f(AUB)+ f(ANB)?
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Other Submodular Defs.
(RERRRRAL RRRRRRRNRNARE!

Submodular Concave = Diminishing Returns, in one slide.

Theorem 5.4.3

Given function f : 2V — R, then
f(A)+ f(B) > f(AUB)+ f(ANB) forall A,BCV (SO)
if and only if
f|X)> f]Y) forall X CY CV andv ¢Y (DR)

Proof.

(SC)=(DR): Set A+~ X U{v}, B« Y. Then AUB =Y U {v} and

ANB =X and f(A) — f(ANB) > f(AU B) — f(B) implies (DR).

(DR)=(SC): Order A\ B = {v1,v2,...,v,} arbitrarily. Fori €1 :r,
f(UZ’(A N B) U {1)1,1)2, .. 7Ui—1}) > f(vZ|B U {Ul, V9, .. . ;Ui—l})-

Applying telescoping summation to both sides, we get:

z:f(vi|(f4m B) U {vi,v2,...,v-1}) > Zf(vi|B U {v1,v2,...,v-1})
i=1 =1

= f(A-f(AnB) = f(AUB) - f(B)
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Other Submodular Defs.
(RERRRRARE NRRRRRNRNARE!

Many (Equivalent) Definitions of Submodularity

f(A) + f(B)> f(AUB)+ f(ANB), YA,BCV (5.54)

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F29/85 (pg.59/276)



Other Submodular Defs.
(RERRRRARE NRRRRRNRNARE!

Many (Equivalent) Definitions of Submodularity

f(A) + f(B)
fG19)

F(AUB)+ f(ANB), YA, BCV (5.54)

>
> f(jIT), VSC T CV, withj e V\T (5.55)
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Many (Equivalent) Definitions of Submodularity

F(A) + f(B)> f(AUB)+ f(ANB), YA,BCV (5.54)
FGIS) > f(IT), ¥SC T CV, with j € V\ T (5.55)
F(C|S) > f(C|T),¥S CT CV, with C CV\T (5.56)
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Other Submodular Defs.
(RERRRRARE NRRRRRNRNARE!

Many (Equivalent) Definitions of Submodularity

f(A)+ f(B) > f(AUB) + f(ANB), YA, BCV (5.54)
fG1S) > f(§IT), VSCT CV, withj e V\T (5.55)
f(Cl1S) > f(CIT),¥S CT CV, with CCV\T (5.56)
fGIS) = f(GIS U{R}Y), VS C V with j € V\ (SU{k}) (5.57)
TH gy Al Z A STAID ~+)m;){£)

L &
PR Y, z AT
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Many (Equivalent) Definitions of Submodularity

f(A)+f(B) = f(AUB)+ f(ANB), VA,BCV (5.54)

FGIS) = FGIT), ¥S C T CV, with j € VAT (5.55)

F(CIS) > F(CIT),YS C T C V, with C CV\ T (5.56)

fG1S) = fUIS ULk}, VS SV with j € V\ (SU {k}) (5.57)

F(AUBIANB) < f(AJAN B) + f(BIANB), YA, BCV (5.58)
C_DVWA"JW"‘/ SobadtipVvidy
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\YELY (Equwalent) Definitions of Submodularity

f(A)+ f(B)> f(AUB)+ f(ANB), VA, BCV (5.54)

fG1S) > f(§IT), VSCT CV, withj e V\T (5.55)

f(Cl1S) > f(CIT),¥S CT CV, with CCV\T (5.56)

fGIS) = f(GISU{k}), VS CV with j e VA (SU{k})  (5.57)

f(AUB|AmB) < f(AlJANB)+ f(B|[ANB), VA,BCV (5.58)
FI)< S+ D0 16IS) = > fGISUT —{5}), ¥v8, T CV

JET\S JES\T

(5.59)




\YELY (Equwalent) Definitions of Submodularity

f(A) 4+ f(B)> f(AUB)+ f(ANB), VA, BCV (5.54)
fG1S) > f(§IT), VSCT CV, withj e V\T (5.55)
f(C|8) > f(CIT),YSCT CV, withCCV\T (5.56)
F(1S) = f(ISU{k}), VS CV with j e V\ (SU{k})  (5.57)
f(AUB|AmB) < f(AlJANB)+ f(B|[ANB), VA,BCV (5.58)
FI) <)+ D0 16IS) = > FGISUT —{5}), ¥8, T CV
JET\S jeS\T
5.59)
FT) < FS)+ D fGlS), vScTCV (5.60)
JET\S

(5.52) =7 (6:4°)




\YELY (Equwalent) Definitions of Submodularity

f(A) + f(B)> f(AUB)+ f(ANB), VA, BCV (5.54)
fG1S) > f(IT), VST T CV, with j e V\T (5.55)
F(C|8) > f(CIT),¥S CT CV, with C CV\T (5.56)
fG1S) = fISU{k}), VS CV with j € V'\ (SU{k}) (5.57)
f(AUB|AmB) < f(AJAnB)+ f(BI[ANnB), VA, BCV (5.58)
F)<FS)+ D0 fGIS) = DY fFUISUT = {j}), ¥S,TCV
JET\S JjES\T
5.59)
FT) < FS)+ D fGlS), vScTCV (5.60)
JET\S
FO)<FS) = Y fEIS\{GH+ D fGISNT)VS, T CV
JES\T JET\S

(5.61)




\YELY (Equwalent) Definitions of Submodularity

F(A) + f(B)> f(AUB)+ f(ANB), YA, BCV (5.54)
f(1S) > f(UIT), VS CT CV, with j e V\T (5.55)
f(C|S) > F(C|IT),YS CT CV, with CCV\T (5.56)
fG1S) = f(IISULk}), VS CV with j € VI\ (SU {k}) (5.57)
f(AUB|AmB) < f(AlJANB)+ f(B|[ANB), VA,BCV (5.58)
F)<FS)+ D0 fGIS) = DY fFUISUT = {j}), ¥S,TCV
JET\S JjES\T
5.59)
FT) < FS)+ D fGlS), vScTCV (5.60)
JET\S
FT)<FS) = Y fGIS\{GH+ D fGISnT)vs, TV
JES\T JET\S
5.61)
)< f(S) = D fUIS\{4}), vT €S CV (5.62)

JES\T




Other Submodular Defs.
(RERRRRARRR RRRRANRNARE!

Equivalent Definitions of Submodularity

(77 )/_ "FMﬁnb?
(/}\)b) K V‘"/‘D? ) (/rﬂ/b)
/F Q(A:\)V’) v &) Mk) /’P'> W)
= AP ) 2 e
= H o

We've already seen that Eq. 5.54 = Eq. 5.55 = Eq. 5.56 = Eq. 5.57 =
Eq. 5.58.

Many (Equivalent) Definitions of Submodularity

F(A)+ f(B) = f(AUB)+ f(ANB), YA, BCV (
FG1S) = fGIT), ¥S ST C V, with j € V\T (
F(C18) = f(CIT),¥S CT CV, with C CV\T (5.56)
FG18) = FGISULk}), VS S V with j € V\ (SU{k}) (
F(AUBIANB) < f(AJANB) + f(BlANB), YA,BCV (
FT) < FS)+ Y FG1S) ~ Y. FUISUT (i), ¥S.TCV

JET\S JES\T
(5.59)
I < FS)+ Y 1618, vs TV (5.60)
JET\S
JT) < £ = 30 FGISNGD + Y GISnT) VSTV
GES\T JET\S
(5.61)
f@)<f8)= 3 FEIS\ G vrescy (562)
et
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Other Submodular Defs.
(RERRRRARRR RRRRANRNARE!

Equivalent Definitions of Submodularity

We've already seen that Eq. 5.54 = Eq. 5.55 = Eq. 5.56 = Eq. 5.57 =

Eq. 5.58.

We next show that Eq. 5.57 = Eq. 5.59 =¢Eq. 5.60 = Eq. 5.57.

Many (Equivalent) Definitions of Submodularity

J(A)+ f(B) = f(AUB) + f(ANB), VA, B (5.54)
f1S) (JIT), ¥S ¢ T (5.55)
S(C18) = f(C|T),95 € V, with C C V' (5.56)
JG1S) 2 SIS ULRD), VS S V with je VA (SU{RY)  (557)
fIAUBIANB) < f(AJANB) + f(BJANB), YA, BCV (5.58)
D FS+ D FGIS) - Y FEISUT - (i), VS, TV
JET\S JES\T
(5.59)
FD)<f(S)+ Y (IS vScTCV (5.60)
JET\S

D)< FS) = D FGISAGH+ Y flsnT)vs.T v
jesr sers

(5.61)

FT)<F(S)= 3 FGISAGD, ¥T €S cy (5.62)
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Other Submodular Defs.
(RERRRRARRNR RRRARRNARE!

Approach

To show these next results, we essentially first use:

f(SuT) = f(S)+ f(T|S) £ f(S) + upper-bound (5.63)

and
f(T') + lower-bound < f(T') + f(S|T) = f(SUT) (5.64)
G19) > FGIS UKD, VS C V with e VA (SU ) (5.57)
(A U B|Am B) < f(AJANB) + f(BIANB), YA, BCV (5.58)

)
)+ S £GIS)~ S fGISUT —{3}), VS, T CV

7€T\9 (_iffEz;_______————————_“—_————-j
I To— . (5.59)

1/./’/""

FO <O+ D fGIS), VST CV (5.60)
JET\S
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Other Submodular Defs.
(RERRRRARRNR RRRARRNARE!

Approach

To show these next results, we essentially first use:

f(SUT) = f(S)+ f(T|S) < f(S) + upper-bound (5.63)

and
f(T) + lower-bound < f(T') + f(S|T) = f(SUT) (5.64)
leading to
f(T') + lower-bound < f(S) + upper-bound (5.65)
or

(1) < f(S)+ upper—bound — lower-bound (5.66)

FO <)+ f g|s stw {1 VS, TCV
JET\S JES\T

Prof. R



Other Sub r Defs
(RERRRRARRARL NRRRRNARE!

Eq. 5.57 = Eq. 5.59

Let T\ S ={j1,....Jr} and S\ T = {ki,..., kq}.
First, we upper bound the gain of T" in the context of S:

—

FSUT) — £(8) = SO (FSU G ded) ~ FSU G i)

i (5.67)

= Zf GelS UL -0 dea}) <D FGlS)  (5.68)
t=1
- Z £(519) (5.69)

JET\S
or

FTIS) < Y (IS (5.70)

JET\S
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Other Sub r Defs
(RERRRRARRRANE NRRRAARE!

Eq. 5.57 = Eq. 5.59

LetT\S:{jI,...,jT} and S\T:{kl,,kq}
Next, lower bound S in the context of T":

FSUT) = f(T) = [F(T ULk, ke}) = F(T Uk, ke })]

t=1
(5.71)
=) fkT Uk, ke \ {Red) > D F(ke| TU S {ke})
- - (5.72)
= > fUISUT\{j}) (5.73)
JjES\T
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Other Sub r Defs
(RERRRRARRRRRRR ARRAARE!

Eq. 5.57 = Eq. 5.59

LetT\S:{jl,...,jT} and S\T:{kl,,k‘q}
So we have the upper bound

f(T|S) = f(SUT) — < > f31S) (5.74)
JET\S

and the lower bound

FSIT) = fF(SUT) = f(T) = Y fUISUT\{5}) (5.75)

FES\T
This gives upper and lower bounds of the form

f(T) 4 lower bound < f(SUT) < f(S) + upper bound, (5.76)

and combining directly the left and right hand side gives the desired
inequality.
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Other Submodular Defs.
(RERRRRARRRRRRRR ARNARE!

Eq. 5.59 = Eq. 5.60

This follows immediately since if S C T, then S\ T = (), and the last term
of Eq. 5.59 vanishes.

Many (Equivalent) Definitions of Submodularity

FA)+ F(B) = f(AUB) + f(ANB), YA,BCV (5.54)
fi FGIT) TCV. withj T (5.55)
f(c \T (5.56)
£ S U \(SU kD) (5.57)
f(AUBIANB) < f(AJANB) + f(B|ANB), VA.BCV (5.58)
HI)SHS)+ X f6IS) = 3 FGISUT = {5}), ¥S.T SV
jems et
(5.59)
AT A+ Y FGIS), ¥scTCV (5.60)
JETS
FT)<FS) = X FEISD+ Y fGISnT)vs, TV
sésur jems
(5.61)
HT)<J(S) = Y JGIS\S (5.62)
jésit
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\YELY (Equwalent) Definitions of Submodularity

F(A)+ f(B) > f(AUB) + f(ANB), YA, BCV (5.54)
f(1S) > f(UIT), VS CT CV, with j e V\T (5.55)
f(C|S) > F(C|IT),YS CT CV, with CCV\T (5.56)
fG1S) = f(IISULk}), VS CV with j € VI\ (SU {k}) (5.57)
f(AUB|AmB) < f(AJAnB)+ f(BI[ANnB), VA, BCV (5.58)
F)<FS)+ D0 fGIS) = DY fFUISUT = {j}), ¥S,TCV
JET\S JjES\T
5.59)
FT) < FS)+ D fGlS), vScTCV (5.60)
JET\S
FT)<FS) = Y fGIS\{GH+ D fGISnT)vs, TV
JES\T JET\S
5.61)
FT) < FS) = Y fUIS\ ), VT € SCV (5.62)

JES\T




Other Sub r Defs
(RERRRRARRRRRRRNNE ARRN!

Eq. 5.60 = Eq. 5.57

Here, we set T'= S U {j,k}, j ¢ SU{k} into Eq. 5.60 to obtain

f(SU{J}k‘})
S) + f(5+435}) - f(S)
S+{Y) + F(S+{k}) =
J15) + F(S + {k})

giving
fEISU{k}) = fF(SU{j,k}) —
< flS)
FGIS) > FUISU KD, VS €V with € VA (SUKD)  (557)
f(AUB|ANB) < f(AJ[ANB) + f(B|ANB), YA, BCV (5.58)
)< £8)+ 3 JGIS) = 3 fGISUT ~ (i), vs.TCV
- st .
HT) (5.60)

SHS)+ Y FGIS) VSTV
sms

EE563/Spring 2020/Submodularity - Lecture

(5.77)

+ f(S+{k}) = f(S) (5.78)
£(S) (5.79)
(5.80)

f(SU{k}) (5.81)
714 (5.82)

i

N )

5 - Oct 14th, 2020
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Other Submodular Defs.
(RERRRRARRRRRRRNNRE ARN]

Submodular Concave

e Why do we call the f(A) + f(B) > f(AU B) + f(AN B) definition of
submodularity, submodular concave?
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Other Submodular Defs.
(RERRRRARRRRRRRNNRE ARN]

Submodular Concave

e Why do we call the f(A) + f(B) > f(AU B) + f(AN B) definition of
submodularity, submodular concave?

@ A continuous twice differentiable function f : R™ — R is concave iff
V2f < 0 (the Hessian matrix is nonpositive definite).
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Other Submodular Defs.
(RERRRRARRRRRRRNNRE ARN]

Submodular Concave

e Why do we call the f(A) + f(B) > f(AU B) + f(AN B) definition of
submodularity, submodular concave?

@ A continuous twice differentiable function f : R™ — R is concave iff
V2f =0 (the Hessian matrix is nonpositive definite).

@ Define a “discrete derivative” or difference operator defined on discrete
functions f : 2V — R as follows:

(Vef)(A) £ f(AUB) — f(A\ B) = f(B|(A\ B)) (5.83)
read as: the derivative of f at A in the direction B.

<V2551L)[A/> - £(e] #¢)

s —£03)4)
?é} :4/4"*9)—4[7%/)
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Other Submodular Defs.
(RERRRRARRRRRRRNNRE ARN]

Submodular Concave

e Why do we call the f(A) + f(B) > f(AU B) + f(AN B) definition of
submodularity, submodular concave?

@ A continuous twice differentiable function f : R™ — R is concave iff
V2f =0 (the Hessian matrix is nonpositive definite).

@ Define a “discrete derivative” or difference operator defined on discrete
functions f : 2V — R as follows:

(Vsf)(A) £ f(AUB) - f(A\ B) = f(B|(A\ B)) (5.83)
read as: the derivative of f at A in the direction B.
@ Hence, if AN B =10, then (Vif)(A) = f(B|A).
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Other Sub r Defs
(RERRRRARRRRRRRNNRE ARN]

Submodular Concave

e Why do we call the f(A) + f(B) > f(AU B) + f(AN B) definition of
submodularity, submodular concave?

@ A continuous twice differentiable function f : R™ — R is concave iff
V2f =0 (the Hessian matrix is nonpositive definite).

@ Define a “discrete derivative” or difference operator defined on discrete
functions f : 2V — R as follows:

(Vsf)(A) £ f(AUB) - f(A\ B) = f(B|(A\ B)) (5.83)

read as: the derivative of f at A in the direction B.
@ Hence, if AN B =10, then (Vif)(A) = f(B|A).
o Consider a form of second derivative or 2nd difference:

(Ve )(A)
(VBVef)(A) = VB[ f(AUC) = f(A\C) ] (5.84)
= (VB)(AUC) = (VBf)(A\C) (5.85)

= f(AUBUC) - f((AUC)\ B)
—f(A\NC)UB)+ f((A\NC)\ B)  (5.86)
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Other
(RERRRRARRRRRRRNNRND AN

Submodular Concave

@ If the second difference operator everywhere nonpositive:

fLAUBUC) = f((AUC)\ B)
— f((A\C)UB) + f(A\C\B)<0  (5.87)
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Other Submodular Defs.
(RERRRRARRRRRRRNNRND AN

Submodular Concave

@ If the second difference operator everywhere nonpositive:

f(AUBUC) = f((AUC)\ B)
— f((A\C)UB) + f(A\C\B)<0  (5.87)

then we have the equation:

f((AUC)\B)+f((A\C)UB)>f(AUBUC)+f(A\C}B))
5.88
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Other Submodular Defs.
(RERRRRARRRRRRRNNRND AN

Submodular Concave

@ If the second difference operator everywhere nonpositive:

fLAUBUC) - f((AUuC)\ B)
—f(A\NC)UB)+ f(A\C\B) <0 (5.87)
then we have the equation:
f((AUC)\B)+f((A\C)UB)Zf(AUBUC)Jrf(A\C}B))
5.88

@ Define A =(AUC)\ B and B'=(A\ C)U B. Then the above
implies:

fA)+f(B) = f(AUB) + f(A'NB) (5.89)

and note that A’ and B’ so defined can be arbitrary.
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Other Submodular Defs.
(RERRRRARRRRRRRNNRND AN

Submodular Concave

@ If the second difference operator everywhere nonpositive:

fLAUBUC) - f((AUuC)\ B)
—f(A\NC)UB)+ f(A\C\B) <0 (5.87)
then we have the equation:
f((AUC)\B)+f((A\C)UB)Zf(AUBUC)Jrf(A\C}B))
5.88

@ Define A= (AUC)\ B and B’ = (A\ C) U B. Then the above
implies:

fA) + f(B) = f(AUB) + f(A'N D) (5.89)

and note that A’ and B’ so defined can be arbitrary.

@ One sense in which submodular functions are like concave functions.
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Other Submodular Defs.
(RERRRRARRRRRRRRNRNNL B

Submodular Concave

A B A

(a) A’ = (AUC)\ B (b) B' = (A\C)UB
Figure: A figure showing A’UB' = AUBUC and A’NB' = A\ C\ B.
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Other Submodular Defs.
(RERRRRARRRRRRRRNRNNL B

Submodular Concave

A B A

(a) A’ = (AUC)\ B (b) B' = (A\C)UB
Figure: A figure showing A/AUB' = AUBUC and A NB =A\C\B.
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Other Submodular Defs.
(RERRRRARRRRRRNRRRARRY |

Submodularity and Concave

@ This submodular/concave relationship is more simply done with
singletons.
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fa.
[RERRRRANNAN] |

Submodularity and Concave

@ This submodular/concave relationship is more simply done with
singletons.

@ Recall four points definition: A function is submodular if for all X C V
and j, ke V\ X

J(X+5)+ (X +k) = f(X+j+k)+ f(X) (5.90)
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Other Submodular Defs.
(RERRRRARRRRRRNRRRARRY |

Submodularity and Concave

@ This submodular/concave relationship is more simply done with
singletons.

@ Recall four points definition: A function is submodular if for all X C V
and j, ke V\ X

JX+0)+ (X +k) > f(X+j+k)+ f(X) (5.90)

@ This gives us a simpler notion corresponding to concavity.
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fa.
[RERRRRANNAN] |

Submodularity and Concave

@ This submodular/concave relationship is more simply done with

singletons.
@ Recall four points definition: A function is submodular if for all X C V
and j, ke V\ X
JX4+0)+f(X+k)> (X +j+Ek)+ f(X) (5.90)

@ This gives us a simpler notion corresponding to concavity.
@ Define gain as V;(X) = f(X +j) — f(X), a form of discrete gradient.
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Other
(RERRRRARRRRRRNRRRARRY |

Submodularity and Concave

@ This submodular/concave relationship is more simply done with

singletons.
@ Recall four points definition: A function is submodular if for all X C V
and j, ke V\ X
FX+5) + (X +k) > F(X+5+Ek)+ f(X) (5.90)

@ This gives us a simpler notion corresponding to concavity.
@ Define gain as V;(X) = f(X +j) — f(X), a form of discrete gradient.

@ Trivially becomes a second-order condition, akin to concave functions:
A function is submodular if for all X C V and j,k € V, we have:

V,Vif(X) <0 (5.91)
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Independence
[ ARRRARN]

Example: Rank function of a matrix

Consider the following 4 x 8 matrix, so V' = {1,2,3,4,5,6,7,8}.

1 2 3 45 6 7 8
1 2 3 4 5 6 7 8

1/0 2 2 3 0 1 3
20 3 0 4 0 0 2 4| | | | | | | | |
30000300 5| (78 ME N
4\2 0 0 0 0 0 0 5 | | | | | | | |

o Let A={1,2,3}, B=1{3,4,5}, C={6,7}, A, = {1}, B, = {5}.

@ Then r(4) =3, r(B) =3, r(C) = 2.

o r(AUC)=3, r(BUC)=3.

e r(AUA,) =3, r(BUB)—3,7“(AUBT):4,T(BUAT):

o

)
r(AUB) =4, r(ANB)=1 <r(C)=2.
6 = r(4) —i—r(B) =r(AUB)+r(C)>r(AUB)+r(ANB) =
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Independence

On Rank

o Let rank : 2V — Z_ be the rank function.
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Independence

On Rank

o Let rank : 2V — Z, be the rank function.

@ In general, rank(A) < |A|, and vectors in A are linearly independent if
and only if rank(A) = |A|.

/r: 5 %> 2, 3

[ > /0
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Independence

On Rank

o Let rank : 2V — Z, be the rank function.

@ In general, rank(A) < |A|, and vectors in A are linearly independent if
and only if rank(A) = |A|.

e If A, B are such that rank(A) = |A| and rank(B) = | B|, with
|A| < |B]|, then the space spanned by B is greater, and we can find a
vector in B that is linearly independent of the space spanned by vectors

in A.

F43/85 (pg.97/276)
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Independence

On Rank

o Let rank : 2V — Z, be the rank function.

@ In general, rank(A) < |A|, and vectors in A are linearly independent if
and only if rank(A) = |A|.

e If A, B are such that rank(A) = |A| and rank(B) = | B|, with
|A| < |B]|, then the space spanned by B is greater, and we can find a
vector in B that is linearly independent of the space spanned by vectors
in A.

@ To stress this point, note that the above condition is |A| < |B|, not
A C B which is sufficient (to be able to find an independent vector)
but not required.
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On Rank

o Let rank : 2V — Z, be the rank function.

@ In general, rank(A) < |A|, and vectors in A are linearly independent if
and only if rank(A) = |A|.

e If A, B are such that rank(A) = |A| and rank(B) = | B|, with
|A| < |B]|, then the space spanned by B is greater, and we can find a
vector in B that is linearly independent of the space spanned by vectors
in A.

@ To stress this point, note that the above condition is |A| < |B|, not
A C B which is sufficient (to be able to find an independent vector)
but not required.

In other words, given A, B with rank(A) = |A| & rank(B) = |B|, then
|A| < |B| < 3 an b € B such that rank(A U {b}) = |A] + 1.
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Independence

Spanning trees/forests

@ We are given a graph G = (V, E), and consider the edges F = E(G)
as an index set.

o Consider the |V| x |E| incidence matrix of undirected graph G, which
is the matrix X¢ = (Zv.e)vev(q),ecr(a) Where

Tyo = {1 foee (5.92)

' 0 ifode

1 23 456 789 10 11 12
1/1 1.0 0 0 0O OOO O O O
21 0 1 01 00 O O O O O
3101 0 1 0 1 0 0 O O O O
40011001100 0 0
500000011001 0 0
610 0O OO OO O1 1 O 1 0
710 0 0O O1 00 O 1 0 O 1
8\0 0O 0O OOO O 0 O0 1 1 1

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F44/85 (pg.100/276)



Independence

Spanning trees/forests & incidence matrices

@ We are given a graph G = (V, E), we can arbitrarily orient the graph
(make it directed) consider again the edges £ = E(G) as an index set.

o Consider instead the |V| x |E| incidence matrix of directed graph G,
which is the matrix X¢ = (Zu.¢)vev (@), ecE(q) Where

1 ifveet
Tye=1<9 -1 ifvee” (5.94)
0 ifvéde

and where e is the tail and e~ is the head of (now) directed edge e.
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Independence

Spanning trees/forests & incidence matrices

@ A directed version of the graph
(right) and its adjacency matrix
(below).

@ Orientation can be arbitrary.

@ Note, rank of this matrix is 7.

1 3 4 5 6 7T 8 9 10 11 12
1 /-1 1 o o o o o o o0 o0 o0 o
21 1 0 -1 0 1 o 0 o0 o0 o0 0 0
310 -1 0 1 o -1 0 O O 0o 0 O
41 0 0 1 -1 0 0 1 -1 0 0 0 O
510 0 0 0 O 1 -1 0 O 1 0 0
6/ 0 0 O O O 0 O 1 -1 0 -1 0
1o o o0 O -1 0 0 O 1 0 0 1
s\0 0 OO o0 O o o o o0 -1 1 -1
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix
columns.

(5.95)

00 O UL = W N+
OO OO OO

Here, rank({z;}) = 1.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix

columns.
1 2
1 /-1 1
2 1 0
3 0 -1
4 0 0
5.95
5 0 0 ( )
6 0 0
7 0 0
8 0 0

Here, rank({z1,z2}) = 2.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix

columns.
1 2 3
1 /-1 1 0
2 1 0o -1
3 0 -1 0
4 0 0 1
5.95
5 0 0 0 ( )
6 0 0 0
7 0 0 0
8 0 0 0

Here, rank({z1,z2,23}) = 3.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix

columns.
1 2 3 5
1 /-1 1 0 0
2 1 0 -1 1
3 0O -1 0 0
4 0 0 1 0
5 0 0 0 0 (5.95)
6 0 0 0 0
7 0 0 0 -1
8 0 0 0 0

Here, rank({x1, 2, x3,25}) = 4.
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Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix

columns.
1 3 4 5
1 /-1 1 0 0 0
2 1 0 -1 0 1
3 0O -1 0 1 0
4 0 0 1 -1 0
5 0 0 0 0 0 (5.95)
6 0 0 0 0 0
7 0 0 0 0 -1
8 0 0 0 0 0

Here, rank({x1, z2, 23, 24, 25}) = 4.

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F47/85 (pg.107/276)



Independence

Spanning trees

@ We can consider edge-induced subgraphs and the corresponding matrix
columns.

I

—
o = N

o
o O B

OO OO+ O
o O OO

(5.95)

00 O UL~ Wi+
OO OO OO

Here, rank({x1, 2, x3,24}) = 3 since x4 = —x1 — x2 — x3.
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Independence

Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.
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Independence

Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.
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Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.

@ Consider a “rank” function defined as follows: given a set of edges
A C E(G), the rank(A) is the size of the largest forest in the A-edge
induced subgraph of G.
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Independence

Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.

e Consider a “rank” function defined as follows: given a set of edges
A C E(QG), the rank(A) is the size of the largest forest in the A-edge
induced subgraph of G.

@ The rank of the entire graph then is then a spanning forest of the graph
(spanning tree if the graph is connected).
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Independence

Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.

e Consider a “rank” function defined as follows: given a set of edges
A C E(QG), the rank(A) is the size of the largest forest in the A-edge
induced subgraph of G.

@ The rank of the entire graph then is then a spanning forest of the graph
(spanning tree if the graph is connected).

@ The rank of the graph is rank(E(G)) = |V| — k where k is the number
of connected components of G.
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In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.

Consider a “rank” function defined as follows: given a set of edges

A C E(QG), the rank(A) is the size of the largest forest in the A-edge
induced subgraph of G.

The rank of the entire graph then is then a spanning forest of the graph
(spanning tree if the graph is connected).

The rank of the graph is rank(E(G)) = |V| — k where k is the number
of connected components of G.

For A C E(G), define kg(A) as the number of connected components
of the edge-induced spanning subgraph (V(G), A). Recall, kg(A) is

)

supermodular, so |V (G)| — kg(A) is submodular.
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Indep ce
[RRRRRL Y]

Spanning trees, rank, and connected components

@ In general, whenever the edges specify a cycle, there will be a linear
dependence between the corresponding set of vectors in the matrix.

@ This means that all forests in the graph correspond to a set of linearly
independent column vectors in the matrix.

e Consider a “rank” function defined as follows: given a set of edges
A C E(QG), the rank(A) is the size of the largest forest in the A-edge
induced subgraph of G.

@ The rank of the entire graph then is then a spanning forest of the graph
(spanning tree if the graph is connected).

@ The rank of the graph is rank(E(G)) = |V| — k where k is the number
of connected components of G.

e For A C E(G), define kg (A) as the number of connected components
of the edge-induced spanning subgraph (V(G), A). Recall, kg(A) is
supermodular, so |V (G)| — kg(A) is submodular.

o We have rank(4) = |V(G)] — ka(A). & oy sbmedoler,
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Indep ce
(RRRRANA

Spanning Tree Algorithms

g A WO =

We are now given a positive edge-weighted connected graph

G = (V, E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

Given a tree T', the cost of the tree is cost(T') = > _.pw(e), the sum
of the weights of the edges.

There are several algorithms for MST:

Algorithm 1: Kruskal's Algorithm

Sort the edges so that w(e;) < w(ez) < -+ <w(ey) ;
T+ (V(G),0) = (V,0) ;
for i=1tomdo

if E(T)U{e;} does not create a cycle in T then
L | E(T) « E(T) U{ei} ;
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We are now given a positive edge-weighted connected graph

G = (V, E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

Given a tree T', the cost of the tree is cost(T') = > _.pw(e), the sum
of the weights of the edges.

There are several algorithms for MST:
Algorithm 2: Jarnik/Prim/Dijkstra Algorithm

1T7T+0;
2 while T is not a spanning tree do

w

T < T U{e} for e = the minimum weight edge extending
the tree T to a not-yet connected vertex ;

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F49/85 (pg.117/276)



Indep ce
(RRRRANA

Spanning Tree Algorithms

A W N =

We are now given a positive edge-weighted connected graph

G = (V, E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

Given a tree T', the cost of the tree is cost(T') = > _.pw(e), the sum
of the weights of the edges.

There are several algorithms for MST:

Algorithm 3: Bortivka's Algorithm
F < () /* We build up the edges of a forest in F */

while G(V, F') is disconnected do
L forall components C; of F do

L F < F U {e;} for e; = the min weight-index edge in Cj;
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Independence

Spanning Tree Algorithms

@ We are now given a positive edge-weighted connected graph
G = (V, E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

@ Given a tree T, the cost of the tree is cost(T) = > ., w(e), the sum
of the weights of the edges.

@ There are several algorithms for MST:

@ These three algorithms are all guaranteed to find the optimal minimum
spanning tree in (low order) polynomial time.
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Independence

Spanning Tree Algorithms

@ We are now given a positive edge-weighted connected graph
G = (V, E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

o Given a tree T, the cost of the tree is cost(T) = > ., w(e), the sum
of the weights of the edges.

@ There are several algorithms for MST:

@ These three algorithms are all guaranteed to find the optimal minimum
spanning tree in (low order) polynomial time.

@ These algorithms are all related to the “greedy” algorithm. l.e., “add
next whatever looks best”.
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Independence

Spanning Tree Algorithms

@ We are now given a positive edge-weighted connected graph
G = (V,E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

@ Given a tree T, the cost of the tree is cost(T) = > ., w(e), the sum
of the weights of the edges.

@ There are several algorithms for MST:

@ These three algorithms are all guaranteed to find the optimal minimum
spanning tree in (low order) polynomial time.

@ These algorithms are all related to the “greedy” algorithm. l.e., “add
next whatever looks best”.

@ These algorithms will also always find a basis (a set of linearly
independent vectors that span the underlying space) in the matrix
example we saw earlier.
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Independence

Spanning Tree Algorithms

@ We are now given a positive edge-weighted connected graph
G = (V,E,w) where w : E — R is a modular function the edges of
the graph. The goal is to find the minimum spanning tree (MST) of
the graph.

o Given a tree T, the cost of the tree is cost(T) = > ., w(e), the sum
of the weights of the edges.

@ There are several algorithms for MST:

@ These three algorithms are all guaranteed to find the optimal minimum
spanning tree in (low order) polynomial time.

@ These algorithms are all related to the “greedy” algorithm. l.e., “add
next whatever looks best”.

@ These algorithms will also always find a basis (a set of linearly
independent vectors that span the underlying space) in the matrix
example we saw earlier.

@ The above are all examples of a matroid, which is the fundamental
reason why the greedy algorithms work.
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.
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Matroids
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.
o Let Z ={Iy,1s,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.
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Matroids
[ ERRRRRRARNRRRR

From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.

o Let Z ={I1,I5,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.

@ Given a set B € T of linearly independent vectors, then any subset A C B
is also linearly independent.
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Matroids
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.

o Let Z ={I1,I5,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.

@ Given a set B € 7 of linearly independent vectors, then any subset A C B
is also linearly independent. Hence, 7 is down-closed or “subclusive”,
under subsets.
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Matroids
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.

o Let Z ={I1,I5,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.

@ Given a set B € 7 of linearly independent vectors, then any subset A C B
is also linearly independent. Hence, Z is down-closed or “subclusive”,
under subsets. In other words,

ACBand BeI=AcT (5.96)
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a matrix.

o Let Z ={I1,I5,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.

@ Given a set B € 7 of linearly independent vectors, then any subset A C B
is also linearly independent. Hence, Z is down-closed or “subclusive”,
under subsets. In other words,

ACBand BeI=AcT (5.96)

@ maxInd: Inclusionwise maximal independent subsets (i.e., the set of bases
of) of any set B C V defined as:

maxind(B) = {ACB:AcTandVve B\ A, AU {v} ¢ T} (5.97)
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From Matrix Rank — Matroid

So V is set of column vector indices of a matrix.

Let Z = {11, I,...} be a set of all subsets of V' such that for any I € Z,
the vectors indexed by I are linearly independent.

Given a set B € T of linearly independent vectors, then any subset A C B
is also linearly independent. Hence, Z is down-closed or “subclusive”,
under subsets. In other words,

ACBand BeI=AcT (5.96)

maxInd: Inclusionwise maximal independent subsets (i.e., the set of bases
of) of any set B C V defined as:

maxind(B) £ {ACB:Ac€ZandVve B\ A, AU{v} ¢TI} (5.97)

Given any set B C V of vectors, all maximal (by set inclusion) subsets of
linearly independent vectors are the same size. That is, for all B C V,

VA1, Az € maxInd(B), |Ai| = |A2| = rank(B) (5.98)
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From Matrix Rank — Matroid

@ Let Z ={Iy, Io,...} be the set of sets as described above.
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From Matrix Rank — Matroid

o Let Z ={Iy, Is,...} be the set of sets as described above.
@ Thus, for all T € Z, the matrix rank function has the property

r(I) = 1| (5.99)
and for any B ¢ 7,
r(B) =max{|A|: AC Band A €I} < |B| (5.100)

Since all maximally independent subsets of a set are the same size, the
rank function is well defined.
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Matroids

@ Matroids abstract the notion of linear independence of a set of vectors
to general algebraic properties.
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Matroids

@ Matroids abstract the notion of linear independence of a set of vectors
to general algebraic properties.

@ In a matroid, there is an underlying ground set, say E (or V'), and a
collection of subsets Z = {13, I5,...} of E that correspond to
independent elements.
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Matroids

@ Matroids abstract the notion of linear independence of a set of vectors
to general algebraic properties.

@ In a matroid, there is an underlying ground set, say E (or V'), and a
collection of subsets Z = {13, I5,...} of E that correspond to
independent elements.

@ There are many definitions of matroids that are mathematically
equivalent, we'll see some of them here.

F52/85 (pg.134/276)
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Matroids

@ Matroids abstract the notion of linear independence of a set of vectors
to general algebraic properties.

@ In a matroid, there is an underlying ground set, say E (or V'), and a
collection of subsets Z = {13, I5,...} of E that correspond to
independent elements.

@ There are many definitions of matroids that are mathematically
equivalent, we'll see some of them here.

@ “If a theorem about graphs can be expressed in terms of edges and
circuits only, it probably exemplifies a more general theorem about
matroids.” — Tutte
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Independence System

Definition 5.6.1 (set system)

A (finite) ground set E and a set of subsets of E, () # T C 2% is called a set
system, notated (E,7).

@ Set systems can be arbitrarily complex since, as stated, there is no
systematic method (besides exponential-cost exhaustive search) to
determine if a given set S C F has S € 7.
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Independence System

Definition 5.6.1 (set system)

A (finite) ground set E and a set of subsets of E, () # T C 2% is called a set
system, notated (E,7).

@ Set systems can be arbitrarily complex since, as stated, there is no
systematic method (besides exponential-cost exhaustive search) to
determine if a given set S C F has S € 7.

@ One useful property is “heredity.” Namely, a set system is a hereditary
set system if for any A C B € Z, we have that A € 7.
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Matroids
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Independence System

Definition 5.6.2 (independence (or hereditary) system)

A set system (V,Z) is an independence system if
) € Z (emptyset containing)
and

VIeZ,JCI=JeZ (subclusive)

(1)

(12)

@ Property (12) called “down monotone,” “down closed,” or “subclusive”
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Independence System

Definition 5.6.2 (independence (or hereditary) system)

A set system (V,Z) is an independence system if
) € Z (emptyset containing)
and

VIeZ,JCI=JeZ (subclusive)

(1)

(12)

@ Property (12) called “down monotone,” “down closed,” or “subclusive”
e Example: F ={1,2,3,4}. With Z = {0, {1},{1,2},{1,2,4}}.
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Independence System

Definition 5.6.2 (independence (or hereditary) system)

A set system (V,Z) is an independence system if
) € Z (emptyset containing) (1)
and

VIeZ,JCI=JeZ (subclusive) (12)

@ Property (12) called “down monotone,” “down closed,” or “subclusive”

e Example: F ={1,2,3,4}. With Z = {0,{1},{1,2},{1,2,4}}.

@ Then (E,Z) is a set system, but not an independence system since it is
not down closed (e.g., we have {1,2} € Z but not {2} € 7).
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Matroids
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Independence System

Definition 5.6.2 (independence (or hereditary) system)
A set system (V,Z) is an independence system if

) € Z (emptyset containing) (1)
and

VIeZ,JCI=JeZ (subclusive) (12)

@ Property (12) called “down monotone,” “down closed,” or “subclusive”

e Example: F ={1,2,3,4}. With Z = {0,{1},{1,2},{1,2,4}}.

@ Then (E,Z) is a set system, but not an independence system since it is
not down closed (e.g., we have {1,2} € 7 but not {2} € 7).

o With Z = {0, {1},{2},{1,2}}, then (E,Z) is now an independence
(hereditary) system.
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Independence System

1
0
210
1

1 2 3 4 5 6 7 8
e

r1 T2 T3 Ty T3z Te T7 I§

I
(5.101)

= = O N
—_ = =W
S O o
S NN Ot
w O = O
= N W
[ ST e ]
I

@ Given any set of linearly independent vectors A, any subset B C A will
also be linearly independent.
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Independence System

1
0
210
1

1 2 3 4 5 6 7 8
e

r1 T2 T3 Ty T3z Te T7 I§

I
(5.101)

= = O N
—_ = =W
S O o
S NN Ot
w O = O
= N W
[ ST e ]
I

@ Given any set of linearly independent vectors A, any subset B C A will
also be linearly independent.

@ Given any forest Gy that is an edge-induced sub-graph of a graph G,
any sub-graph of G is also a forest.
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Independence System

1
0
210
1

1 2 3 4 5 6 7 8
e

r1 T2 T3 Ty T3z Te T7 I§

I
(5.101)

= = O N
—_ = =W
S O o
S NN Ot
w O = O
= N W
[ ST e ]
I

@ Given any set of linearly independent vectors A, any subset B C A will
also be linearly independent.

@ Given any forest G ¢ that is an edge-induced sub-graph of a graph G,
any sub-graph of G is also a forest.

@ So these both constitute independence systems.
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Independent set definition of a matroid is perhaps most natural. Note, if
J € Z, then J is said to be an independent set.

Definition 5.6.3 (Matroid)

A set system (E,7) is a Matroid if
(1) 0ez
(12) VI €Z,J C I = J € T (down-closed or subclusive)

(13) VI, J € Z, with |I| = |J| + 1, then there exists z € I \ J such that
JUu{z} e

Why is (11) is not redundant given (12)7?
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Independent set definition of a matroid is perhaps most natural. Note, if
J € Z, then J is said to be an independent set.

Definition 5.6.3 (Matroid)

A set system (E,7) is a Matroid if
(1) 0ez
(12) VI €Z,J C I = J € T (down-closed or subclusive)

(13) VI, J € Z, with |I| = |J| + 1, then there exists z € I \ J such that
JUu{z} e

Why is (11) is not redundant given (12)? Because without (I1) could have a
non-matroid where Z = {}.
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Matroids
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On Matroid History

@ Abstract properties of linear dependence (Hassler Whitney, 1935), but
already then found instances of objects with those properties not based
on a matrix.
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Matroids
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On Matroid History

@ Abstract properties of linear dependence (Hassler Whitney, 1935), but
already then found instances of objects with those properties not based
on a matrix.

o Takeo Nakasawa, 1935, also early work.
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Matroids
[RERRARR NRRRARRY]

On Matroid History

@ Abstract properties of linear dependence (Hassler Whitney, 1935), but
already then found instances of objects with those properties not based
on a matrix.

@ Takeo Nakasawa, 1935, also early work.

@ Forgotten for 20 years until mid 1950s.
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Matroids
[RERRARR NRRRARRY]

On Matroid History

@ Abstract properties of linear dependence (Hassler Whitney, 1935), but

already then found instances of objects with those properties not based
on a matrix.

@ Takeo Nakasawa, 1935, also early work.
o Forgotten for 20 years until mid 1950s.
@ Matroids are powerful and flexible combinatorial objects.
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Matroids
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On Matroid History

Abstract properties of linear dependence (Hassler Whitney, 1935), but

already then found instances of objects with those properties not based
on a matrix.

Takeo Nakasawa, 1935, also early work.

Forgotten for 20 years until mid 1950s.

Matroids are powerful and flexible combinatorial objects.

The rank function of a matroid is already a very powerful submodular

function (perhaps all we need for many problems).
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Matroids
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On Matroid History

Abstract properties of linear dependence (Hassler Whitney, 1935), but
already then found instances of objects with those properties not based
on a matrix.

Takeo Nakasawa, 1935, also early work.

Forgotten for 20 years until mid 1950s.

Matroids are powerful and flexible combinatorial objects.

The rank function of a matroid is already a very powerful submodular
function (perhaps all we need for many problems).

Understanding matroids crucial for understanding submodularity.
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Matroids
[RERRARR NRRRARRY]

On Matroid History

Abstract properties of linear dependence (Hassler Whitney, 1935), but

already then found instances of objects with those properties not based
on a matrix.

Takeo Nakasawa, 1935, also early work.

Forgotten for 20 years until mid 1950s.

Matroids are powerful and flexible combinatorial objects.

The rank function of a matroid is already a very powerful submodular

function (perhaps all we need for many problems).

Understanding matroids crucial for understanding submodularity.

e Matroid independent sets (i.e., A s.t. r(A) = | A|) are useful constraint

set, and fast algorithms for submodular optimization subject to one (or
more) matroid independence constraints exist.
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Matroids
[RERRARR NRRRARRY]

On Matroid History

@ Abstract properties of linear dependence (Hassler Whitney, 1935), but
already then found instances of objects with those properties not based
on a matrix.

Takeo Nakasawa, 1935, also early work.

Forgotten for 20 years until mid 1950s.

Matroids are powerful and flexible combinatorial objects.

The rank function of a matroid is already a very powerful submodular

function (perhaps all we need for many problems).

Understanding matroids crucial for understanding submodularity.

e Matroid independent sets (i.e., A s.t. r(A) = | A|) are useful constraint
set, and fast algorithms for submodular optimization subject to one (or
more) matroid independence constraints exist.

@ Crapo & Rota preferred the term “combinatorial geometry”, or more
specifically a “pregeometry” and said that pregeometries are “often
described by the ineffably cacaphonic term 'matroid’, which we prefer
to avoid in favor of the term 'pregeometry’.”

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F57/85 (pg.154/276)



Matroids
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Matroid

Slight modification (non unit increment) that is equivalent.

Definition 5.6.4 (Matroid-I1)

A set system (E,Z) is a Matroid if
(11" ez
(12") VI € Z,J Cc I = J € T (down-closed or subclusive)

(13") VI,J € Z, with |I| > |.J], then there exists = € I\ J such that
JUu{z} el

Note (11)=(I11"), (12)=(12"), and we get (I13)=(13") using induction.
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Matroids, independent sets, and bases

@ Independent sets: Given a matroid M = (F,Z), a subset A C E is
called independent if A € Z and otherwise A is called dependent.
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Matroids
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Matroids, independent sets, and bases

@ Independent sets: Given a matroid M = (F,Z), a subset A C E is
called independent if A € Z and otherwise A is called dependent.

@ Abase of U C E: For U C E, a subset B C U is called a base of U if
B is inclusionwise maximally independent subset of U. Thatis, B €Z
and thereisno Z ¢ Zwith BC ZCU.

F59/85 (pg.157/276)
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Matroids
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Matroids, independent sets, and bases

@ Independent sets: Given a matroid M = (F,Z), a subset A C E is
called independent if A € Z and otherwise A is called dependent.

@ Abase of U C E: For U C E, a subset B C U is called a base of U if
B is inclusionwise maximally independent subset of U. Thatis, B € 7
and thereisno Z € Z with BC Z C U.

@ A base of a matroid: If U = E, then a “base of E" is just called a base
of the matroid M (this corresponds to a basis in a linear space, or a
spanning forest in a graph, or a spanning tree in a connected graph).
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Matroids - important property

Proposition 5.6.5

In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.
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Matroids - important property

Proposition 5.6.5

In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.
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Matroids - important property

Proposition 5.6.5
In a matroid M = (E,Z), for any U C E(M), any two bases of U have the

same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

@ In fact, under (I11),(12), this condition is equivalent to (I3). Exercise:
show the following is equivalent to the above.

F60/85 (pg.161/276)
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Matroids
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Matroids - important property

Proposition 5.6.5

In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

@ In fact, under (11),(12), this condition is equivalent to (I3). Exercise:
show the following is equivalent to the above.

Definition 5.6.6 (Matroid)

A set system (V,Z) is a Matroid if
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Matroids - important property

Proposition 5.6.5

In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

@ In fact, under (11),(12), this condition is equivalent to (I3). Exercise:
show the following is equivalent to the above.

Definition 5.6.6 (Matroid)

A set system (V,Z) is a Matroid if
(I11") @ € Z (emptyset containing)
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Matroids - important property

Proposition 5.6.5
In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

@ In fact, under (11),(12), this condition is equivalent to (I3). Exercise:
show the following is equivalent to the above.

Definition 5.6.6 (Matroid)

A set system (V,Z) is a Matroid if
(I1") @ € Z (emptyset containing)
(I12") VI €Z,J C I = J € Z (down-closed or subclusive)
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Matroids - important property

Proposition 5.6.5
In a matroid M = (E,Z), for any U C E(M), any two bases of U have the
same size.

@ In matrix terms, given a set of vectors U, all sets of independent
vectors that span the space spanned by U have the same size.

@ In fact, under (11),(12), this condition is equivalent to (I3). Exercise:
show the following is equivalent to the above.

Definition 5.6.6 (Matroid)

A set system (V,Z) is a Matroid if
(I1") @ € Z (emptyset containing)
(I2") VI €Z,J C I = J € Z (down-closed or subclusive)

(13") VX CV, and Iy, I € maxInd(X), we have |I;| = |I2| (all maximally
independent subsets of X have the same size).
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just r(U) when the matroid in equation is unambiguous.
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just 7(U) when the matroid in equation is unambiguous.

@ 7(E) = rgz) is the rank of the matroid, and is the common size of all
the bases of the matroid.
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just 7(U) when the matroid in equation is unambiguous.

o 7(E) = rgz) is the rank of the matroid, and is the common size of all
the bases of the matroid.

@ We can a bit more formally define the rank function this way.
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just 7(U) when the matroid in equation is unambiguous.

o 7(E) = rgz) is the rank of the matroid, and is the common size of all
the bases of the matroid.

@ We can a bit more formally define the rank function this way.

Definition 5.6.7 (matroid rank function)

The rank function of a matroid is a function r : 2€ — Z_ defined by

r(A) = max {| X| :XQA,XGZ}:I)I(IEDI{‘AQX| (5.102)
€
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just 7(U) when the matroid in equation is unambiguous.

o 7(E) = rgz) is the rank of the matroid, and is the common size of all
the bases of the matroid.

@ We can a bit more formally define the rank function this way.

Definition 5.6.7 (matroid rank function)

The rank function of a matroid is a function r : 2€ — Z_ defined by

r(A) = max {| X| :XQA,XGZ}:I)I(IEDI{‘AQX| (5.102)
€

@ From the above, we immediately see that r(A) < |A|.
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Matroids - rank

@ Thus, in any matroid M = (E,Z), YU C E(M), any two bases of U
have the same size.

@ The common size of all the bases of U is called the rank of U, denoted
rar(U) or just 7(U) when the matroid in equation is unambiguous.

o 7(E) = rgz) is the rank of the matroid, and is the common size of all
the bases of the matroid.

@ We can a bit more formally define the rank function this way.

Definition 5.6.7 (matroid rank function)

The rank function of a matroid is a function r : 2€ — Z_ defined by

r(A) = max {| X| :XQA,XGZ}:I)I(IEDI{‘AQX| (5.102)
€

@ From the above, we immediately see that 7(A4) < |A|.
@ Moreover, if 7(A) = |A|, then A € Z, meaning A is independent (in
this case, A is a self base).
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Matroids, other definitions using matroid rank 7 : 2V — Z_

Definition 5.6.8 (closed/flat/subspace)

A subset A C E'is closed (equivalently, a flat or a subspace) of matroid M
if forallz € E\ A, r(AU{z}) =r(A) + 1.

Definition: A hyperplane is a flat of rank (M) — 1.
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Matroids, other definitions using matroid rank 7 : 2V — Z_

Definition 5.6.8 (closed/flat/subspace)

A subset A C E'is closed (equivalently, a flat or a subspace) of matroid M
if forallz € E\ A, r(AU{z}) =r(A) + 1.

Definition: A hyperplane is a flat of rank (M) — 1.

Definition 5.6.9 (closure)

Given A C FE, the closure (or span) of A, is defined by
span(A) ={be E:r(AU{b}) =r(A4)}.
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Matroids, other definitions using matroid rank 7 : 2V — Z_

Definition 5.6.8 (closed/flat/subspace)

A subset A C E'is closed (equivalently, a flat or a subspace) of matroid M
if forallz € E\ A, r(AU{z}) =r(A) + 1.

Definition: A hyperplane is a flat of rank (M) — 1.

Definition 5.6.9 (closure)

Given A C FE, the closure (or span) of A, is defined by
span(A) ={be E:r(AU{b}) =r(A4)}.

Therefore, a closed set A has span(A) = A.
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Matroids, other definitions using matroid rank 7 : 2V — Z_

Definition 5.6.8 (closed/flat/subspace)

A subset A C E'is closed (equivalently, a flat or a subspace) of matroid M
if forallz € E\ A, r(AU{z}) =r(A) + 1.

Definition: A hyperplane is a flat of rank (M) — 1.

Definition 5.6.9 (closure)

Given A C FE, the closure (or span) of A, is defined by
span(A) ={be E:r(AU{b}) =r(A4)}.

Therefore, a closed set A has span(A) = A.

Definition 5.6.10 (circuit)

A subset A C FE is circuit or a cycle if it is an inclusionwise-minimal
dependent set (i.e., if 7(A) < |A| and for any a € A, (A \ {a}) = |A] — 1).
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Matroids by bases

In general, besides independent sets and rank functions, there are other
equivalent ways to characterize matroids.

Theorem 5.6.11 (Matroid (by bases))

Let E be a set and B be a nonempty collection of subsets of E. Then the
following are equivalent.

@ B is the collection of bases of a matroid;
@ ifB,B € B,andx € B'\ B, then B'—xz+y € B for somey € B\ B'.
© IfB,B' ' €B,andx € B'\ B, then B—y+x € B for somey € B\ B'.

Properties 2 and 3 are called “exchange properties.”
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Matroids by bases

In general, besides independent sets and rank functions, there are other
equivalent ways to characterize matroids.

Theorem 5.6.11 (Matroid (by bases))

Let E be a set and B be a nonempty collection of subsets of E. Then the
following are equivalent.

@ B is the collection of bases of a matroid;
@ ifB,B € B,andx € B'\ B, then B'—xz+y € B for somey € B\ B'.
© IfB,B' ' €B,andx € B'\ B, then B—y+x € B for somey € B\ B'.

Properties 2 and 3 are called “exchange properties.”
Proof here is omitted but think about this for a moment in terms of linear
spaces and matrices, and (alternatively) spanning trees.
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Matroids by circuits

A set is independent if and only if it contains no circuit. Therefore, it is not
surprising that circuits can also characterize a matroid.

Theorem 5.6.12 (Matroid by circuits)

Let E be a set and C be a collection of subsets of E that satisfy the
following three properties:

Q@ (C1):v¢cC
Q (C2) ifC’l,C'g € C and C; C Cy, then C1 = Cs.

@ (C3): if C1,Cq € C with Cy # Cy, and e € C1 N Cy, then there exists a
Cs € C such that C3 C (Cl U 02) \ {6}
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Matroids by circuits

Several circuit definitions for matroids.

Theorem 5.6.13 (Matroid by circuits)

Let E be a set and C be a collection of nonempty subsets of E, such that
no two sets in C are contained in each other. Then the following are
equivalent.

@ C is the collection of circuits of a matroid;
Q@ ifC,C"eC,andx € CNC', then (CUC")\ {z} contains a set in C;

Q@ ifC,C"eC,andx e CNC', andy € C\ ', then (CUC")\ {z}
contains a set in C containing y;
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Matroids by circuits

Several circuit definitions for matroids.

Theorem 5.6.13 (Matroid by circuits)

Let E be a set and C be a collection of nonempty subsets of E, such that
no two sets in C are contained in each other. Then the following are
equivalent.

@ C is the collection of circuits of a matroid;
Q@ ifC,C"eC,andx € CNC', then (CUC")\ {z} contains a set in C;

Q@ ifC,C"eC,andx e CNC', andy € C\ ', then (CUC")\ {z}
contains a set in C containing y;

Again, think about this for a moment in terms of linear spaces and matrices,
and spanning trees.
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Uniform Matroid
@ Given F, consider Z to be all subsets of ' that are at most size k.
ThatisZ={AC FE:|A| <k}
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Uniform Matroid

o Given E, consider 7 to be all subsets of E that are at most size k.
ThatisZ={AC E: |A| <k}.

@ Then (FE,Z) is a matroid called a k-uniform matroid.

Prof. Jeff Bilmes EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F66/85 (pg.183/276)



Uniform Matroid

o Given E, consider Z to be all subsets of F that are at most size k.
ThatisZ={AC E: |A| <k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

@ Note, if I,J €Z, and |I| < |J| <k, and j € J such that j & I, then j
is such that [/ + j| <k andso I +j € T.
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Uniform Matroid

e Given F, consider 7 to be all subsets of E that are at most size k.
ThatisZ={AC E: |A| <k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

e Note, if I,J €Z, and |I| < |J| <k, and j € J such that j & I, then j
is such that [/ + j| <k andso I +j € T.

@ Rank function
A if |Al <k
r(a) = 141 AL (5.103)
k if |[A| >k
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Uniform Matroid

Given E, consider 7 to be all subsets of F that are at most size k.
ThatisZ={AC E: |A| <k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

e Note, if I,J €Z, and |I| < |J| <k, and j € J such that j & I, then j
is such that [/ + j| <k andso I +j € T.

@ Rank function
Al if|Al <k
r(A4) = 4] | 4] < (5.103)
k if |[Al >k
@ Note, this function is submodular. Not surprising since

r(A) = min(|A[, k) which is a non-decreasing concave function applied
to a modular function.
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Uniform Matroid

Given E, consider 7 to be all subsets of F that are at most size k.

ThatisZ={AC E: |A| <k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

e Note, if I,J €Z, and |I| < |J| <k, and j € J such that j & I, then j
is such that [/ + j| <k andso I +j € T.

@ Rank function
Al if|Al <k
r(A4) = 4] | 4] < (5.103)
k if |[Al >k

@ Note, this function is submodular. Not surprising since
r(A) = min(|A|, k) which is a non-decreasing concave function applied
to a modular function.

@ Closure function

A if |A| <k,

_ (5.104)
E if |Al >k,

span(A) = {
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Uniform Matroid

Given E, consider 7 to be all subsets of F that are at most size k.

ThatisZ={AC E: |A| <k}.

@ Then (E,Z) is a matroid called a k-uniform matroid.

e Note, if I,J €Z, and |I| < |J| <k, and j € J such that j & I, then j
is such that [/ + j| <k andso I +j € T.

@ Rank function
Al if|Al <k
r(A4) = 4] | 4] < (5.103)
k if |[Al >k

@ Note, this function is submodular. Not surprising since
r(A) = min(|A|, k) which is a non-decreasing concave function applied
to a modular function.

@ Closure function

A if |A| < E,

. (5.104)
E if |A] >k,

span(A) = {

o A “free” matroid sets k = |E/|, so everything is independent.
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Linear (or Matric) Matroid

Let X be an n x m matrix and E = {1,...,m}

Let Z consists of subsets of E such that if A € Z, and

A ={a1,ag,...,ax} then the vectors z4,, Zq,, ..., Zq, are linearly
independent.

the rank function is just the rank of the space spanned by the
corresponding set of vectors.

rank is submodular, it is intuitive that it satisfies the diminishing
returns property (a given vector can only become linearly dependent in
a greater context, thereby no longer contributing to rank).

Called both linear matroids and matric matroids.
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Cycle Matroid of a graph: Graphic Matroids

@ Let G = (V, FE) be a graph. Consider (F,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.
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Cycle Matroid of a graph: Graphic Matroids

o Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

@ Then M = (E,T) is a matroid.

F68/85 (pg.191/276)
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Cycle Matroid of a graph: Graphic Matroids

o Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

@ Then M = (E,T) is a matroid.

@ 7 contains all forests.

F68/85 (pg.192/276)
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Cycle Matroid of a graph: Graphic Matroids

e Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

@ Then M = (E,T) is a matroid.

@ 7 contains all forests.

@ Bases are spanning forests (spanning trees if G is connected).

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F68/85 (pg.193/276)




Cycle Matroid of a graph: Graphic Matroids

o Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

@ Then M = (E,T) is a matroid.
@ 7 contains all forests.
@ Bases are spanning forests (spanning trees if G is connected).

@ Rank function r(A) is the size of the largest spanning forest contained
in G(V, A).
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ples

Cycle Matroid of a graph: Graphic Matroid

Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

Then M = (E,Z) is a matroid.

7 contains all forests.

Bases are spanning forests (spanning trees if G is connected).

Rank function r(A) is the size of the largest spanning forest contained
in G(V, A).

Recall from earlier, r(A) = |[V(G)| — ka(A), where for A C E(G), we
define kg (A) as the number of connected components of the
edge-induced spanning subgraph (V(G), A), and that kg (A) is
supermodular, so |V (G)| — kg(A) is submodular.
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Cycle Matroid of a graph: Graphic Matroid

Let G = (V, E) be a graph. Consider (E,Z) where the edges of the
graph E are the ground set and A € 7 if the edge-induced graph
G(V, A) by A does not contain any cycle.

Then M = (E,Z) is a matroid.

7 contains all forests.

Bases are spanning forests (spanning trees if G is connected).

Rank function r(A) is the size of the largest spanning forest contained
in G(V, A).

Recall from earlier, r(A) = |[V(G)| — ka(A), where for A C E(G), we
define kg (A) as the number of connected components of the
edge-induced spanning subgraph (V(G), A), and that kg (A) is
supermodular, so |V(G)| — kg(A) is submodular.

Closure function adds all edges between the vertices adjacent to any
edge in A. Closure of a spanning forest is G.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.
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Example: graphic matroid

@ A graph defines a matroid on edge sets, independent sets are those
without a cycle.

Prof. Jeff Bilmes EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F69/85 (pg.202/276)



Matroid Examples
1

Partition Matroid

@ Let V be our ground set.
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Partition Matroid

@ Let V be our ground set.
o Let V=ViUVU---UV; be a partition of V into ¢ blocks (i.e.,
disjoint sets). Define a set of subsets of V" as

IT={XCV:|XNVj|<kforalli=1,... ¢} (5.105)

where ki, ..., kg are fixed “limit" parameters, k; > 0. Then M = (V,I)
is a matroid.

F70/85 (pg.204/276)
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Partition Matroid

@ Let V be our ground set.

o Let V=ViUVRU---UV, be a partition of V into ¢ blocks (i.e.,
disjoint sets). Define a set of subsets of V" as

IT={XCV:|XNV|<kforalli=1,.. . ¢} (5.105)

where k1, ..., kg are fixed “limit" parameters, k; > 0. Then M = (V1)
is a matroid.

@ Note that a k-uniform matroid is a trivial example of a partition
matroid with £ =1, V4 =V, and k1 = k.
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Partition Matroid

@ Let V be our ground set.
o Let V=ViUVRU---UV, be a partition of V into ¢ blocks (i.e.,
disjoint sets). Define a set of subsets of V" as

IT=A{XCV: XNV <kjforalli=1,... ¢} (5.105)
where k1, ..., kg are fixed “limit" parameters, k; > 0. Then M = (V1)
is a matroid.

@ Note that a k-uniform matroid is a trivial example of a partition
matroid with £ =1, Vi =V, and k1 = k.

@ Parameters associated with a partition matroid: ¢ and ki, ks, ... ke
although often the &;'s are all the same.
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Partition Matroid

@ Let V be our ground set.
o Let V=ViUVRU---UV, be a partition of V into ¢ blocks (i.e.,
disjoint sets). Define a set of subsets of V" as

IT=A{XCV: XNV <kjforalli=1,... ¢} (5.105)
where k1, ..., kg are fixed “limit" parameters, k; > 0. Then M = (V1)
is a matroid.

@ Note that a k-uniform matroid is a trivial example of a partition
matroid with £ =1, Vi =V, and k1 = k.

@ Parameters associated with a partition matroid: ¢ and ki, ks, ..., ke
although often the k;'s are all the same.

e We'll show that property (13') in Def 5.6.4 holds. First note, for any
X CV,|X| =Xt |X NV since {V1,Va,...,V;} is a partition.
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Partition Matroid

@ Let V be our ground set.
o Let V=ViUVRU---UV, be a partition of V into ¢ blocks (i.e.,
disjoint sets). Define a set of subsets of V" as

IT=A{XCV: XNV <kjforalli=1,... ¢} (5.105)
where k1, ..., kg are fixed “limit" parameters, k; > 0. Then M = (V1)
is a matroid.

@ Note that a k-uniform matroid is a trivial example of a partition
matroid with £ =1, Vi =V, and k1 = k.

@ Parameters associated with a partition matroid: ¢ and ki, ks, ..., ke
although often the k;'s are all the same.

o We'll show that property (13') in Def 5.6.4 holds. First note, for any
X CV,|X| =Xt |X NV since {Vi,Va,...,V,} is a partition.

o If X,Y €7 with |Y| > | X]|, then there must be at least one ¢ with
Y NV;| > |X NV;|. Therefore, adding one element e € V; N (Y \ X)
to X won't break independence.
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Partition Matroid

Ground set of objects, V' = {




Partition Matroid

Partition of V into six blocks, V1, V5,..., Vs




Partition Matroid




Matroid Examples
[NRRRN |

Partition Matroid

Independent subset but not maximally independent.
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Matroid Examples
[NRRRN |

Partition Matroid

Maximally independent subset, what is called a base.
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Matroid Examples
[NRRRN |

Partition Matroid

Not independent since over limit in set six.
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

Proof.
@ Let X € 7 be an inclusionwise maximal set with X C AN B
@ Let Y € 7 be inclusionwise maximal set with X CY C AUB. We
can find such a’Y O X because the following. Let Y' € T be any inclusionwise
maximal set with Y/ C AU B, which might not have X C Y'. Starting from

Y <+ X C AU B, since |Y'| > | X|, there existsay € Y'\ X C AU B such that
X +y€Z butsincecy e AUB, also X +y € AUB — we then add y to Y. We
can keep doing this while |Y'| > | X| since this is a matroid. We end up with an

inclusionwise maximal set Y withY € Z and X C Y.
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nk
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

Proof.

@ Let X € 7 be an inclusionwise maximal set with X C AN B
@ Let Y € 7 be inclusionwise maximal set with X CY C AU B.

© Since M is a matroid, we know that r(AN B) = r(X) = |X]|, and
r(AUB)=r(Y)=|Y|. Also, forany U € Z, r(A) > |[ANU|.
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal set with X CY C AU B.

© Since M is a matroid, we know that r(AN B) = r(X) = |X|, and
r(AUuB)=r(Y)=|Y|. Also, forany U € Z, r(A) > |[ANU|.
© Then we have (since X CANB, X CY,and Y C AU B),

r(A) +r(B) (5.106)
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

Proof.

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal set with X CY C AU B.

© Since M is a matroid, we know that r(AN B) = r(X) = |X]|, and
r(AUuB)=r(Y)=|Y|. Also, forany U € Z, r(A) > |[ANU|.

© Then we have (since X CANB, X CY,and Y C AU B),

r(A)+r(B) > Y NA|+|YNB| (5.106)
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal set with X CY C AU B.

© Since M is a matroid, we know that r(AN B) = r(X) = |X]|, and
r(AUuB)=r(Y)=|Y|. Also, forany U € Z, r(A) > |[ANU|.

© Then we have (since X CANB, X CY,and Y C AU B),

r(A)+r(B) > Y NA|+|Y NB| (5.106)
=YN(ANB)|+|YN(AUB)| (5.107)

Ol
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Matroid Rank
[ ARRRNRNE

Matroids - rank function is submodular

Lemma 5.8.1

The rank function r : 2¥ — 7. of a matroid is submodular, that is
r(A)+r(B)>r(AUB)+r(ANB)

@ Let X € 7 be an inclusionwise maximal set with X C AN B

@ Let Y € 7 be inclusionwise maximal set with X CY C AU B.

© Since M is a matroid, we know that r(AN B) = r(X) = |X]|, and
r(AUuB)=r(Y)=|Y|. Also, forany U € Z, r(A) > |[ANU|.

© Then we have (since X CANB, X CY,and Y C AU B),

r(A) +r(B) > [Y N A| + Y N B (5.106)
—|[YN(ANB)|+ Y n(AUB)| (5.107)
> |X|+|Y| = (AN B) + (AU B) (5.108)
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Matroid Rank
[ERRRENRE

A matroid is defined from its rank function

Theorem 5.8.2 (Matroid from rank)

Let E be a set and let v : 2% — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:

(R1) VACE 0<r(A) <|A| (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever A C B C E (monotone non-decreasing)
(R3) r(AUB)+7r(ANB) <r(A)+r(B) for all A, B C E (submodular)

@ From above, 7(()) = 0. Let v ¢ A, then by monotonicity and
submodularity, 7(A) < r(AU{v}) <r(A) 4+ r({v}) which gives only

two possible values to (A U {v}), namely r(A) or r(A) + 1.
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Matroid Rank
[ERRRENRE

A matroid is defined from its rank function

Theorem 5.8.2 (Matroid from rank)

Let E be a set and let v : 2% — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:

(R1) VACE 0<r(A) <|A| (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever A C B C E (monotone non-decreasing)
(R3) r(AUB)+7r(ANB) <r(A)+r(B) for all A, B C E (submodular)

e From above, r(()) = 0. Let v ¢ A, then by monotonicity and
submodularity, 7(A) < r(AU{v}) <r(A) 4+ r({v}) which gives only
two possible values to (A U {v}), namely r(A) or r(A) + 1.

@ Hence, unit increment (if r(A) = k, then either r(AU {v}) =k or
r(AuU{v}) =k + 1) holds.

F73/85 (pg.224/276)
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Matroid Rank
[ERRRENRE

A matroid is defined from its rank function

Theorem 5.8.2 (Matroid from rank)

Let E be a set and let v : 2% — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:

(R1) VACE 0<r(A) <|A| (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever A C B C E (monotone non-decreasing)
(R3) r(AUB)+7r(ANB) <r(A)+r(B) for all A, B C E (submodular)

e From above, r(()) = 0. Let v ¢ A, then by monotonicity and
submodularity, 7(A) < r(AU{v}) <r(A) 4+ r({v}) which gives only
two possible values to (A U {v}), namely r(A) or r(A) + 1.

@ Hence, unit increment (if (A) = k, then either r(AU {v}) =k or
r(AuU{v}) =k + 1) holds.

@ Thus, submodularity, non-negative monotone non-decreasing, and unit
increment of rank is necessary and sufficient to define a matroid.
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Matroid Rank
[ERRRENRE

A matroid is defined from its rank function

Theorem 5.8.2 (Matroid from rank)

Let E be a set and let v : 2% — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all A, B C E:

(R1) VACE 0<r(A) <|A| (non-negative cardinality bounded)
(R2) r(A) < r(B) whenever A C B C E (monotone non-decreasing)
(R3) r(AUB)+7r(ANB) <r(A)+r(B) for all A, B C E (submodular)

e From above, r(()) = 0. Let v ¢ A, then by monotonicity and
submodularity, 7(A) < r(AU{v}) <r(A) 4+ r({v}) which gives only
two possible values to (A U {v}), namely r(A) or r(A) + 1.

@ Hence, unit increment (if (A) = k, then either r(AU {v}) =k or
r(AuU{v}) =k + 1) holds.

@ Thus, submodularity, non-negative monotone non-decreasing, and unit
increment of rank is necessary and sufficient to define a matroid.

@ Can refer to matroid as (E,r), E is ground set, r is rank function.
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

@ Given a matroid M = (FE,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).
e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
I={XCEFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

F74/85 (pg.228/276)
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

o First, ) € Z.
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.

@ Also, if Y € Z and X C Y then by submodularity,
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.
@ Also, if Y € Z and X C Y then by submodularity,

r(X)>rY)—r(Y \ X) (5.109)
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.
@ Also, if Y € Z and X C Y then by submodularity,

r(X)>rY)—r(Y \ X)+r() (5.109)
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.
@ Also, if Y € Z and X C Y then by submodularity,

r(X)>rY)—r(Y \ X)+r() (5.109)
> Y| - ¥\ X| (5.110)
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.

@ Also, if Y € Z and X C Y then by submodularity,

r(X)>rY)—r(Y \ X)+r() (5.109)
>|Y| - Y\ X]| (5.110)
= |X| (5.111)
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Matroid Rank
[N RRNNAE

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank).

e Given a matroid M = (E,Z), we see its rank function as defined in
Eq. 5.102 satisfies (R1), (R2), and, as we saw in Lemma 5.8.1, (R3)
too.

@ Next, assume we have (R1), (R2), and (R3). Define
IT={XCFE:r(X)=|X|}. We will show that (E,Z) is a matroid.

e First, ) € 7.

@ Also, if Y € Z and X C Y then by submodularity,

r(X)>rY)—r(Y \ X)+r() (5.109)
= Y=Y\ X| (5.110)
= |X| (5.111)

implying 7(X) = | X]|, and thus X € 7.
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Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A, B €Z, with |A| < |B|, sor(A) = |A| < r(B) = |B]|. Let
B\AZ {bl,bg,...,bk} (note 1<k < |B|)
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A= {by,ba,...,b;} (note 1 <k < |B]J).

@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+b) =r(A) = |A| <|A|+ 1. Then

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F75/85 (pg.237/276)



Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A= {by,ba,...,b;} (note 1 <k < |B]J).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then
r(B) <r(AUB) (5.112)
]
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A={by,ba,...,b;} (note 1 <k <|B|).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then
r(B) <r(AUB) (5.112)
<r(Au(B\{t1})) +r(AU{bi}) —r(4) (5.113)
]
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A={by,ba,...,b;} (note 1 <k <|B|).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then
r(B) <r(AUB) (5.112)
<r(Au(B\{t1})) +r(AU{bi}) —r(4) (5.113)
=r(AU(B\{b}) (5.114)
]
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A={by,ba,...,b;} (note 1 <k <|B|).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then
r(B) <r(AUB) (5.112)
<r(AU(B\{b1})) +r(Au{b}) —r(A) (5.113)
=r(AU(B\{b}) (5.114)
< (AU (B\ {b1,b2})) + (AU {b2}) — r(A) (5.115)
]
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.

o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A= {by,ba,...,b;} (note 1 <k < |B]J).

@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then

r(B) <r(AUB) ( )
< r(AU(B\{t1})) +7(AU{b1}) —r(4) (5.113)
=r(AU(B\{b1}) (5.114)

< r(AU(B\ {b1,b2})) + (AU {ba2}) — 7(A) (5.115)
=7r(AU(B\ {b1,b2})) (5.116)
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.
o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A={by,ba,...,b;} (note 1 <k <|B|).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then

r(B) <r(AUB) (5.112)
<r(AU(B\{})) +r(Au{b}) —r(A) (5.113)
=r(AU(B\{b}) (5.114)
<r(AU(B\ {b1,b2})) + (AU {ba}) — (A) (5.115)
=71(AU (B\ {b1,b2})) (5.116)
<...<r(A)=|A| < |B| (5.117)
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Matroid Rank
[RRL RRRAT

Matroids from rank

Proof of Theorem 5.8.2 (matroid from rank) cont.
o Let A,B €Z, with |A| < |B|, so r(A4) = |A| < r(B) = |B|. Let
B\ A={by,ba,...,b;} (note 1 <k <|B|).
@ Suppose, to the contrary, that Vb € B\ A, A+ b ¢ Z, which means for
all such b, r(A+0b) =r(A) = |A| < |A] 4+ 1. Then

r(B) <r(AUB) (5.112)
<r(AU(B\{})) +r(Au{b}) —r(A) (5.113)
=r(AU(B\{b}) (5.114)
<r(AU(B\ {b1,b2})) + (AU {ba}) — (A) (5.115)
=71(AU (B\ {b1,b2})) (5.116)
<...<r(A)=|A| < |B| (5.117)

giving a contradiction since B € 7.
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Matroid Rank
[RRRE RRAE

Matroids from rank Il

Another way of using function r to define a matroid.

Theorem 5.8.3 (Matroid from rank II)

Let E be a finite set and let r : 2F — 7., be a function. Then r(-) defines a
matroid with r being its rank function if and only if for all X C E, and
z,y € B

(R1") r(0) =
(R2) r(X) < (XU{y})<r( )+ 1;
(R3) Ifr(X U{z}) =r(X U{y}) =r(X), then r(X U{z,y}) = r(X).
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Matroid Rank
[RRRRN NNE

Matroids by submodular functions

Theorem 5.8.4 (Matroid by submodular functions)

Let f:2F — 7Z be a integer valued monotone non-decreasing submodular
function. Define a set of sets as follows:

C(f) = {C’ C E: C is non-empty,
is inclusionwise-minimal,

and has f(C) < |C]| } (5.118)

Then C(f) is the collection of circuits of a matroid on E.

Inclusionwise-minimal in this case means that if C' € C(f), then there exists
no C' C C with C" € C(f) (i.e., C" C C would either be empty or have
f(C") > 1C"]). Also, recall inclusionwise-minimal in Definition 5.6.10, the
definition of a circuit.
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Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

@ Independence (define the independent sets).
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Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

@ Independence (define the independent sets).

@ Base axioms (exchangeability)
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Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

@ Independence (define the independent sets).
@ Base axioms (exchangeability)

@ Circuit axioms

Prof. Jeff Bilmes EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F78/85 (pg.249/276)



Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

Independence (define the independent sets).
@ Base axioms (exchangeability)

e Circuit axioms
°

Closure axioms (we didn't see this, but it is possible)
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Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

Independence (define the independent sets).
Base axioms (exchangeability)
Circuit axioms

Closure axioms (we didn't see this, but it is possible)

e 6 o6 o

Rank axioms (normalized, monotone, cardinality bounded, non-negative
integral, submodular)
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Matroid Rank
[RRRRRN IR

Summarizing: Many ways to define a Matroid

Summarizing what we've so far seen, we saw that it is possible to uniquely
define a matroid based on any of:

Independence (define the independent sets).
Base axioms (exchangeability)
Circuit axioms

Closure axioms (we didn't see this, but it is possible)

e 6 o6 o

Rank axioms (normalized, monotone, cardinality bounded, non-negative
integral, submodular)

Matroids by integral submodular functions.
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Matroid Rank
[RRRRERL NI

Maximization problems for matroids

e Given a matroid M = (F,Z) and a modular value function ¢ : £ — R,
the task is to find an X € Z such that ¢(X) = ) __ c¢(z) is maximum.

@ This seems remarkably similar to the max spanning tree problem.
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Matroid Rank
[RRRRRNAL ]

Minimization problems for matroids

o Given a matroid M = (F,Z) and a modular cost function ¢: £ — R,
the task is to find a basis B € B such that ¢(B) is minimized.

@ This sounds like a set cover problem (find the minimum cost covering
set of sets).
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Partition Matroid

@ What is the partition matroid’s rank function?
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Partition Matroid

@ What is the partition matroid's rank function?
@ A partition matroids rank function:
¢
r(A) = min(|ANVi|, k) (5.119)

i=1

which we also immediately see is submodular using properties we spoke
about last week. That is:
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Partition Matroid

@ What is the partition matroid's rank function?

@ A partition matroids rank function:

0
r(A)=> min(|ANVi|, k) (5.119)
=1

which we also immediately see is submodular using properties we spoke
about last week. That is:
@ |ANV;|is submodular (in fact modular) in A
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Partition Matroid

@ What is the partition matroid's rank function?

@ A partition matroids rank function:

0
r(A)=> min(|ANVi|, k) (5.119)
=1

which we also immediately see is submodular using properties we spoke
about last week. That is:

@ |ANV;|is submodular (in fact modular) in A
@ min(submodular(A), k;) is submodular in A since |A N V;| is monotone.
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Partition Matroid

@ What is the partition matroid's rank function?

@ A partition matroids rank function:

0
r(A)=> min(|ANVi|, k) (5.119)
=1

which we also immediately see is submodular using properties we spoke
about last week. That is:

@ |ANV;|is submodular (in fact modular) in A
@ min(submodular(A4), k;) is submodular in A since |A N V;| is monotone.
© sums of submodular functions are submodular.
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Partition Matroid

@ What is the partition matroid's rank function?

@ A partition matroids rank function:

0
r(A)=> min(|ANVi|, k) (5.119)
=1

which we also immediately see is submodular using properties we spoke
about last week. That is:

@ |ANV;|is submodular (in fact modular) in A
@ min(submodular(A4), k;) is submodular in A since |A N V;| is monotone.
© sums of submodular functions are submodular.

@ r(A) is also non-negative integral monotone non-decreasing, so it
defines a matroid (the partition matroid).
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From 2-partition matroid rank to truncated matroid rank

@ Example: 2-partition matroid rank function: Given natural numbers
a,b € Z4 with a < b, and any set R C V with |R| = b.
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From 2-partition matroid rank to truncated matroid rank

@ Example: 2-partition matroid rank function: Given natural numbers
a,b € Z4 with a < b, and any set R C V with |R| = b.
e Create two-block partition V = (R, R), where R =V \ R so

|R| = |[V| — b. Gives 2-partition matroid rank function as follows:
r(A) = min(J]A N R|,a) + min(|AN R|, |R|) (5.120)
mln(]AﬂR| a)+ |ANR| (5.121)
=min(|[ANR|+ |[ANR|,|ANR| + a) (5.122)
nin(|A], |[AN R| + a) (5.123)
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More on Partiti
i

From 2-partition matroid rank to truncated matroid rank

@ Example: 2-partition matroid rank function: Given natural numbers
a,b € Zy with a < b, and any set R C V with lR] =b.
e Create two-block partition V = (R, R), where R =V \ R so

|R| = |V| — b. Gives 2-partition matroid rank function as follows:

r(A) =min(|ANR|,a) + min(|A N R|,|R|) (5.120)
=min(|AN R|,a) + |ANR| (5.121)
=min(|[ANR|+ |ANR|,|ANR| +a) (5.122)
= min(|A|,|[ANR| + a) (5.123)

@ Figure showing partition blocks and partition matroid limits.
Since |R| = |V| —b
y 7= V]

the limit on R is vacuous.

R
a<|R| =10
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More on Partiti
i

From 2-partition matroid rank to truncated matroid rank

@ Example: 2-partition matroid rank function: Given natural numbers
a,b € Zy with a < b, and any set R C V with JR] =b.
e Create two-block partition V = (R, R), where R =V \ R so

|R| = |V| — b. Gives 2-partition matroid rank function as follows:

r(A) =min(|ANR|,a) + min(|A N R|,|R|) (5.120)
=min(|AN R|,a) + |ANR| (5.121)
=min(|[ANR|+ |ANR|,|ANR| +a) (5.122)
= min(|A|,|[ANR| + a) (5.123)

e Figure showing partition blocks and partition matroid limits.

Since |R| = |V|—b
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Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R|), a < b. Define:

fr(A) = min{ r(A) ,b} (5.124)
- min{ min(|A|, |AN R| + a) ,b} (5.125)
=min {|A|,a+ |ANR|,b} (5.126)
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Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
IT={ICV:|[[|<band |INR|<al, (5.127)
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Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
T={ICV:|I|<band |INR|<a}, (5.127)

Useful for showing hardness of constrained submodular minimization.
Consider sets B C V with |B| = b. Recall R fixed, and |R| = 0.

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F83/85 (pg.267,/276)



Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
T={ICV:|I|<band |INR|<a}, (5.127)

Useful for showing hardness of constrained submodular minimization.
Consider sets B C V with |B| = b. Recall R fixed, and |R| = b.
e For R, we have fr(R) = min(b,a,b) =a < b.
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Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
T={ICV:|I|<band |INR|<a}, (5.127)

Useful for showing hardness of constrained submodular minimization.
Consider sets B C V with |B| = b. Recall R fixed, and |R| = b.

e For R, we have fgr(R) = min(b,a,b) =a < b.

e For any B with |[BNR| < a, fr(B) =0b.

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F83/85 (pg.269/276)



Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
T={ICV:|I|<band |INR|<a}, (5.127)

Useful for showing hardness of constrained submodular minimization.
Consider sets B C V with |B| = b. Recall R fixed, and |R| = b.

e For R, we have fgr(R) = min(b,a,b) =a < b.

e For any B with [BNR| < a, fr(B)="b.

e For any B with [BNR| ={, witha </ <b, fr(B)=a+b—{.
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Truncated Matroid Rank Function

@ Define truncated matroid rank function. Start with 2-partition matroid
rank r(A) = min(|A N R|,a) + min(|A N R|,|R]|), a < b. Define:

fr(A) = min { r(A) ,b} (5.124)
:mm{ min(|A],|[AN B| + a) ,b} (5.125)
=min {|A|,a+|ANR|,b} (5.126)
@ Defines a matroid M = (V, fr) = (V,Z) (Goemans et. al.) with
T={ICV:|I|<band |INR|<a}, (5.127)

Useful for showing hardness of constrained submodular minimization.
Consider sets B C V with |B| = b. Recall R fixed, and |R| = b.
e For R, we have fgr(R) = min(b,a,b) =a < b.
e For any B with [BNR| < a, fr(B)="b.
e For any B with [BNR| ={, witha <¢<b, fr(B)=a+b—/.
@ R, the set with minimum valuation amongst size-b sets, is hidden
within an exponentially larger set of size-b sets with larger valuation.
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Partition Matroid, rank as matching

@ A partition matroid can be viewed using a bipartite graph.

o Letting V denote the ground set, and V1, V5, ... the partition, the
bipartite graph is G = (V, I, E') where V is the ground set, I is a set of
“indices”, and F is the set of edges.

o [ =(I,I,...,I;) is asetof k = Zle k; nodes, grouped into ¢
clusters, where there are k; nodes in the ith group I;, and |I;| = ki.

e (v,i) € E(G) iffveV;andie Ij.
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Partition Matroid, rank as matching

@ Example where ¢ =5,
(k17k27k37k47k5) =
(2,2,1,1,3).

Vv |
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Partition Matroid, rank as matching

@ Example where ¢ =5,
(K1, ko, ks, ka, ks) =

(2,2,1,1,3).
Vv I
Il
I2
I3
l4
I5

@ Recall, I : 2V — R as the neighbor
function in a bipartite graph, the
neighbors of X is defined as I'(X) =
{veV(G)\ X : BE(X,{v}) # 0}, and
recall that |I'(X)| is submodular.

EES563/Spring 2020/Submodularity - Lecture 5 - Oct 14th, 2020 F85/85 (pg.274/276)



Partition Matroid, rank as matching

@ Example where ¢ =5,
(K1, ko, ks, ka, ks) =

(2,2,1,1,3).
Vv I
Il
I2
I3
l4
I5

@ Recall, I : 2V — R as the neighbor
function in a bipartite graph, the
neighbors of X is defined as I'(X) =
{veV(G)\ X : BE(X,{v}) # 0}, and
recall that |I'(X)| is submodular.

@ Here, for X C V, we have I'(X) =
{iel:(v,i) € E(G)and v e X}.
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Partition Matroid, rank as matching

@ Example where ¢ =5,
(K1, ko, ks, ka, ks) =

(2,2,1,1,3).
Vv I
Il
I2
I3
l4
I5

Recall, I : 2V — R as the neighbor
function in a bipartite graph, the
neighbors of X is defined as I'(X) =
{veV(G)\ X : BE(X,{v}) # 0}, and
recall that |I'(X)| is submodular.

Here, for X C V, we have I'(X) =
{iel:(v,i) € E(G)and v e X}.

For such a constructed bipartite graph,
the rank function of a partition matroid
is 7(X) = 3¢ min(| X N Vi, k;) = the
maximum matching involving X .
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