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nnouncements, Assignments, and Reminders

e Homework 1 is out, due Friday at 11:59pm.
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Logistics

Class Road Map - EE563

@ L1(9/30): Motivatio n, Applications, @ L11(11/4):
DePnitions, Properties @ L12(11/9):
@ L2(10/5): Sums concave(modular), uses ¢ LP(11/11): Veterans Day, Holiday
.(diversitylcosts, feature selection), o L13(11/16):
information theory o L14(11/18)
@ L3(10/7): Monge, More DebPnitions,
Gr;ph aznd Co?nbinatorial Examples, o L15(11/23).
@ L4(10/12): Graph & Combinatorial ° L16(11/25):
Examples, Matrix Rank, Properties, Other @ L17(11/30):
Defs, Independence @ L18(12/2):
@ L5(10/14): @ L19(12/7):
@ L6(10/19): @ L20(12/9): maximization.
@ L7(10/21):
o L8(10/26):
@ L9(10/28):
@ L10(11/2):

Last day of instruction, Fri. Dec 11th. Finals Week: Dec 12-18, 2020
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The Submodular Square, and Hypercube Vertices

We can test submodularity via values on vertices of hypercube.
Example: withV| = n =2, thisis With |V|= n =3, a bit harder.

111
easy: ®
10, 11
110. 8 .011
00 01
8 .010 001

How many inequalities of form
f(A)+f(B)! f(A"B)+f(A#B)?
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Review
(L ARRNRN

Subadditive DePnitions

Debnition 4.2.1 (subadditive)
A functionf : 2V $ R is subadditive if for an, B %V, we have that:

f(A)+ f(B)! f(A" B) 4.7)

This means that the OwholeO is less than the sum of the parts.
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Review
(N RRNRN

Superadditive DePnitions

Debnition 4.2.1 (superadditive)
A functionf : 2V $ R is superadditive if for anp, B %V, we have that:

f(A)+ f(B)&f(A" B) 4.7)

e This means that the OwholeO is greater than the sum of the parts.

e In general, submodular and subadditive (and supermodular and
superadditive) are dilerent properties.
e Ex: LetO<k < |V|, and considef : 2V $ R, where:
!
1 if|Al&Kk

f(A)= 0 else (4.8)

e This function is subadditive but not submodular.
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Review
(NRE RRRN

Modular Debnitions

DebPnition 4.2.1 (modular)
A function that is both submodular and supermodular is caliealdular

If f is a modular function, than for anf,B %V, we have
f(A)+f(B)=f(A#B)+ f(A" B) 4.7)

In modular functions, elements do not interact (or cooperate, or compete
inBuence each other), and have value based only on singleton values.

Proposition 4.2.2

If f is modular, it may be written as
" # $ n
f(A)=f1(C)+ f{ap ( () =c+ f'(a) (4.8)

al A al A

which has onh|V| + 1 parameters.
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Complement function

Given a functiorf : 2V $ R, we can bnd a complement function
9.2V $ R asfqA)= f(V\ A) for anyA.

Proposition 4.2.1
fdis submodulai! f is submodular.

Proof.

gqA)+ B)! A" B)+ f{A#B) (4.12)
follows from
f(VVA)+f(VIiB)! f(VN(A" B)+ f(V\ (A#B)) (4.13)

which is true becaus¥¢ \ (A" B)=(V\A)#(V\B) and
VM (A#B)=(V\A)" (V\ B) (De MorganOs laws for sets). Ol
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Other graph functions that are submodular/supermodu

These come from NarayananOs book 1997.@_be an undirected graph.

rof. Je! Bilmes

Let V(X) be the vertices adjacent to some edgeXin% E (G), then

[V (X)] (the vertexfunction) is submodular

Let E(S) be the edges with both vertices B1% V (G). Then |[E(S)|
(the interior edgefunction) is supermodular

Let I (S) be the edges with at least one vertex®% V (G). Then

|1 (S)| (the incidencefunction) is submodular

Recall|! (S)|, is the number of edges with exactly one vertex in

S % V(G) is submodular ¢ut function). Thus, we have

1(S)= E(S)" !'(S) andE(S)# !(S) = ', and thus that

[1(S)] = |E(S)|+ |'(S)|]. So we can get a submodular function by
summing a submodular and a supermodular function. If you had to
guess, is this always the case?

Considerf (A) = |'*(A)|[ (] '"(V \ A)|. Guess, submodular,
supermodular, modular, or neithei®2xercise: determine which one an
prove it
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Number of connected components in a graph via edge
e Recall,f :2¥ $ R is submodular, then so i€:2¥ $ R debned as

4S)=f(V\9S).
e Hence, ifg: 2¥ $ R issupermodularthen so isg: 2¥ $ R debned as
&S) = g(V\ S).

e Given a graphG = (V, E), for eachA % E(G), let c(A) denote the
number of connected components of the (spanning) subgraph
(V(G),A), withc: 28 $ R:. Thus,c(') = |V|, andc(E) ! 1.

@ c(A) is monotone non-increasing(A + a) ( ¢c(A) & 0.

e Thenc(A) is supermodular, i.e.,

c(A+a)( c(A)&c(B+ a)( cB) (4.26)
with A %B %E \{ a}.

e Intuition: an edge is OmoreO (no less) able to bridge separate
components (and reduce the number of connected components) wh
edge is added in a smaller context than when added in a larger con

e &A) = c(E\ A) is number of connected components@when we
removeA,; supermodular monotone non-decreasing but not normaliz
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Review
[NRRRNRL ]

Graph Strength

e Thenw(A) for A % E is a modular function

w(A) = We (4.26)
el A
so thatw(E (G[S])) is the Qinternal strengthO of the vertexSet
e Suppose removing shattersG into a graph withg(A) > 1
components N thenw(A)/ (&A) ( 1) is like the Oelort per
achieved/additional componentO for a network attacker.
e A form of graph strength can then be debned as the following:
W(A)

strength(G, w) ! min
gt ) A#E(G)ﬂ(A)>12(A)( 1

(4.27)

e Graph strength is like the minimum elort per component. An attacke
would use the argument of the min to choose which edges to attack
network designer would maximize, ov@rand/or w, the graph
strength, strength(G, w).

° Slnce submodularity, problems have strongly-poly-time solutions.
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Quadratic forms

e Consider' : R"$ R with

"(X) = )m, x*+ %x"l\/lx (4.1)

ML an wxy madrix
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Quadratic forms

e Consider' : R"$ R with
1.
"(X) = )m,x*+ éx Mx (4.2)

e "(x) is convex i'M is positive semidebnite (requiring all diagonal
entries to be non-negative).
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adratic forms

o Consider' : R"$ R with

"(X) = )m,x*+ %x"lle (4.1)

e "(x) is convex i'M is positive semidebnite (requiring all diagonal
entries to be non-negative).

@ " (x) is concave i'M is negative semidepPnite (requiring all diagonal
entries to be non-positive)

F12/85 (pg.14/257)
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adratic forms

o Consider' : R"$ R with

1.
"(X)= )m,x*+ éx Mx 4.1)
sgnmafat
e "(x) is convex i'M is positive semidebnite (requiring all diagonal

entries to be non-negative).
Y

e "(x) is concave i'M is sr?egative semidebnite (requiring all diagonal
entries to be non-positive)

e A matrix M with the requirement only of having non-positive
o!-diagonal entries could lead to a function that is either convex,
concave, or neitherExercise.
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Submodularity, Quadratic Structures, and Cuts

Lemma 4.3.1

Let M + R"®" be a symmetric matrix anch + R" be a vector. Then

f : 2V $ R debned as
WJCX}

T 1.
f(X)= m'lx + 51, Mlx (4.2)

is submodulai! the o!-diagonal elements ofM are non-positive.

Proof.
[) det cLy Vit fhwn coacan o Conver
ou

5 1) cle 1P
)/) 14#0’1) Je« jeu (Lt,) 13 /[ P
|atire  the= & PR skee S G
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Submodularity, Quadratic Structures, and Cuts

Lemma 4.3.1
Let M + R"®" be a symmetric matrix anch + R" be a vector. Then
f :2Y$ R debned as

o 1.
f(X)= m'lx + 51, Mlx (4.2)

is submodulai! the o!-diagonal elements ofM are non-positive.

Proof.

e Given a complete grap® = (V, E), recall thatE (X)) is the edge set
with both vertices inX %V (G), and that |E (X )] is supermodular.

—

[ECa) = 2|

7 9EX
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Submodularity, Quadratic Structures, and Cuts

Lemma 4.3.1
Let M + R"®" be a symmetric matrix anch + R" be a vector. Then
f :2Y$ R debned as

o 1.
f(X)= m'lx + 51, Mlx (4.2)

is submodulai! the o!-diagonal elements ofM are non-positive.

Proof.
e Given a complete grap® = (V, E), recall thatE (X)) is the edge set
with both vertices inX %V (G), and that |E (X)| is supermodular.
e Non-negative modular weights* : E $ R., w(E(X)) is also
supermodular, s¢ w(E (X)) is submodular.
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Submodularity, Quadratic Structures, and Cuts

Lemma 4.3.1

LetM + R"®" be a symmetric matrix anch + R" be a vector. Then

f:2V$ RdePnedas ) 0 S Mg e
1;' -2, = )%Y'"«‘:' O—J 1 VaRi-rd 2 J;f*
i f(X)= m'1x + =1, M1 ~., (4.2

7] z 2
s

is submodulai! the o!-diagonal elements ofM are non-positive.

Proof.
e Given a complete grap® = (V, E), recall thatE (X)) is the edge set
with both vertices inX %V (G), and that |E (X)| is supermodular.
e Non-negative modular weights* : E $ R., w(E(X)) is also
supermodular, s@ w(E (X)) is submodular.

e f is a modular functiorm” 15 = m(A) added to a weighted
submodular function, hencke is submodular.
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Submodularity, Quadratic Structures, and Cuts

Proof of Lemma 4.3.1 cont.

e Conversely, suppodeis submodular. Consider,v + V with u = v.

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F14/85 (pg.20/257)



Submodularity, Quadratic Structures, and Cuts

Proof of Lemma 4.3.1 cont.

e Conversely, suppodeis submodular. Consider,v + V with u & v.
o Thenf ({u})+ f({v})! f{u,v})+ f(')andf(')=0
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Submodularity, Quadratic Structures, and Cuts

Proof of Lemma 4.3.1 cont.

e Conversely, suppodeis submodular. Consider,v + V with u & v.
e Thenf ({u})+ f({v})! f({u,v})+ f(")andf (') =0 (note that
u = v would lead to a vacuous statement).
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Submodularity, Quadratic Structures, and Cuts

Proof of Lemma 4.3.1 cont.

e Conversely, suppodeis submodular. Consider,v + V with u & v.
e Thenf ({u})+ f({v})! f({u,v})+ f (') andf (') =0 (note that
u = v would lead to a vacuous statement).

e This requires:

0&f({u}p)+f({v})( f({u,v}) (4.3)

= MU+ TMue + M)+ My (4.4)
- A a5

(- m(u)+ m(v)+ éMu,u + Myy + éMv,v (4.5)

= ( Muv (4.6)

So that-u,v+V, My, & 0.
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Set Cover and Maximum Coverage

just Special cases of Submodular Optimization

e We are given a bnite s&l of m elements and a set of subsets
[,/JO: {U1,U>,...,Uy} of n subsets olJ, so thatU; % U and
: Ui = U.
|
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Set Cover and Maximum Coverage

just Special cases of Submodular Optimization

e We are given a bnite séi of m elements and a set of subsets
%z {U1,Uy,...,Uy} of n subsets olJ, so thatU; % U and

e The goal ofminimum set covet,%to choose the smallest subset
A%[n]! {1,...,n} suchthat _, ,Ua= U.
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Set Cover and Maximum Coverage

just Special cases of Submodular Optimization

e We are given a bnite séi of m elements and a set of subsets
%z {U1,Uy,...,Uy} of n subsets olJ, so thatU; % U and
e The goal ofminimum set cove'[,;oto choose the smallest subset
A %[n]! {1,...,n} suchthat _, ,Ua= U.
e Maximumk cover: The goal iimaximum coveragés, given an integer
ko/& n, selectk subsets, sayay, az, ..., ax} with g + [n] such that
| i21 Uga| is maximized.
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Set Cover and Maximum Coverage

just Special cases of Submodular Optimization

e We are given a bnite séi of m elements and a set of subsets
%z {U1,Uy,...,Uy} of n subsets olJ, so thatU; % U and
: Ui = U.
I

e The goal ofminimum set cove'[,;oto choose the smallest subset
A %[n]! {1,...,n} suchthat _, ,Ua= U.

e Maximumk cover: The goal imaximum coveragés, given an integer

}& n, selectk subsets, saya, az, ..., ax} with g + [n] such that
| i21 Uga| is maximized.
o f :2N1g Z, where forA %[n], f (A) = | a A Ual is the set cover

function and is submodular.
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Set Cover and Maximum Coverage
just Special cases of Submodular Optimization
In)= 20t 5 -5 n35
e We are given a bnite séf of m elements and a set of subsets
%z {U1,Uy,...,Uy} of n subsets olJ, so thatU; % U and
i Ui = U.

e The goal ofminimum set cove'[,;oto choose the smallest subset
A %[n]\! {1,...,n} suchthat _, o Ua= U.

e Maximumk cover: The goal imaximum coveragés, given an integer
ko}& n, selectk subsets, saya, az, ..., ax} with g + [n] such that
| ;1 Ua | is maximized. %

of: 2[“] $ Z. where forA %[n], f (A) = |, A Ua| is theset cover
function and is submodular.

e Weighted set coverf (A) = w( Oa! A Ua) wherew : U $ R..
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Set Cover and Maximum Coverage

just Special cases of Submodular Optimization

e We are given a bnite séi of m elements and a set of subsets
%z {U1,Uy,...,Uy} of n subsets olJ, so thatU; % U and
e The goal ofminimum set cove'[,;oto choose the smallest subset
A %[n]! {1,...,n} suchthat _, ,Ua= U.
e Maximumk cover: The goal imaximum coveragés, given an integer
}& n, selectk subsets, saya, az, ..., ax} with g + [n] such that
| i=1 Ua | iIs maximized.

o f :2M$ 7, where forA %[n], f (A) = | /a, A Ua| is the set cover
functlon and is submodular.

o Weighted set coverf (A) = w( Oa! A Ua) wherew : U $ R..

e Both Set cover and maximum coverage are well known to be NP-ha

but have a fast greedy approximation algorithm, and hence are
instances of submodular optimization.
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Vertex and Edge Covers

Also instances of submodular optimization N
Plastic Coven ) ah plors i dowy Fhe copemiy,

DebPnition 4.3.2 (vertex covey) she veeriw are sdovy gl county,

A vertex cover(a Overtex-based cover of edgesO) in ggaph( V,E) is a
setS %V (G) of vertices such that every edge @ is incident to at least
one vertex inS.

e Let|(S) be the number of edges incident to vertex &t Then we
wish to bnd the smallest s& %V subject tol (S) = |E].

Debnition 4.3.3 (edge covey) 4 elge at Aoty 1he Covtrip

A edge covefan Oedge-based cover of verticesO) in géaphl{ V,E) is a
setF % E(G) of edges such that every vertex @is incident to at least
one edge irF.

Vel
o Let |[V|(F) be the number of vertices incident to edge et Then we

wish to Pnd the smallest sét % E subject to|V|(F) = |V].
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Graph Cut Problems

Also submodular optimization

@ Minimum cut: Given a grapié = (V, E), Pnd a set of verticeS %V
that minimize the cut (set of edges) betweé&handV \ S.

<]
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Graph Cut Problems

Also submodular optimization

@ Minimum cut: Given a grapié = (V,E), bPnd a set of verticeS %V
that minimize the cut (set of edges) betwe&andV \ S.

e Maximum cut: Given a grapks = (V, E), bnd a set of verticeS %V
that maximize the cut (set of edges) betwe&andV \ S.

F17/85 (pg.32/257)
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mples

Graph Cut Problems

Also submodular optimization

@ Minimum cut: Given a grapié = (V,E), bPnd a set of verticeS %V
that minimize the cut (set of edges) betwe&andV \ S.

e Maximum cut: Given a grapks = (V, E), bnd a set of verticeS %V
that maximize the cut (set of edges) betwe&andV \ S.

o Let! : 2¥ $ R, be the cut function, namely for any given set of nod
X %V, |'(X)|measures the number of edges between notiesnd
VA X Nie., A)S E(X,V \ X).
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mples
(NN}

Graph Cut Problems

Also submodular optimization

@ Minimum cut: Given a grapié = (V,E), bPnd a set of verticeS %V
that minimize the cut (set of edges) betwe&andV \ S.

e Maximum cut: Given a grapks = (V, E), bnd a set of verticeS %V
that maximize the cut (set of edges) betwe&andV \ S.

o Let! : 2V $ R, be the cut function, namely for any given set of nod
X %V, |'(X)| measures the number of edges between notiesnd
V\ X Nie, '(x)= E(X,V \ X).

e Weighted versions, where rather than count, we sum the (non-negat
weights of the edges of a cut,(X) = w(! (X)).
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mples
(NN}

Graph Cut Problems

Also submodular optimization

@ Minimum cut: Given a grapié = (V,E), bPnd a set of verticeS %V
that minimize the cut (set of edges) betwe&andV \ S.

e Maximum cut: Given a grapks = (V, E), bnd a set of verticeS %V
that maximize the cut (set of edges) betwe&andV \ S.

o Let! : 2V $ R, be the cut function, namely for any given set of nod
X %V, |'(X)| measures the number of edges between notiesnd
V\ X Nie, '(x)= E(X,V \ X).

e Weighted versions, where rather than count, we sum the (non-negat
weights of the edges of a cut,(X) = w(!(X)).

e Hence, Minimum cut and Maximum cut are also special cases of
submodular optimization.
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Matrix Rank
[ ARRRARRAN]

Matrix Rank functions

e LetV, with |V| = n be an index set of a set of vectors RI" for some
m (unrelated ton). Thus,-v + V, . x, + R™.
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Matrix Rank functions

e LetV, with |V| = n be an index set of a set of vectors RI" for some
m (unrelated ton). Thus,-v + V, . xy + R™.

e For a given se{v, v1,Vo,...,V}, it might or might not be possible to
Pnd(#;); such that: Xy
nk
XV = #iXVi (47)
i=1

If not, then xy is linearly independentf xy,, ..., Xy, .
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Matrix Rank functions

e LetV, with |V| = n be an index set of a set of vectors RI" for some
m (unrelated ton). Thus,-v + V, . xy + R™.

e For a given se{v,vy,Vvo, ..., V}, it might or might not be possible to
bPnd (#;); such that:

XV = #iXVi (47)
i=1
If not, then xy is linearly independendf Xy, , ..., Xy,.

e Letr(S) for S %V be the rank of the set of vectorS. Thenr (3 is a
submodular function, and in fact is callednaatric matroid rank
function.
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Example: Rank function of a matrix

e Givenm/ n matrix X = (Xg,X2,...,Xn) with xj + R™ for alli. There
aren lengthim column vectorg x;},
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Example: Rank function of a matrix

e Givenm/ n matrix X = (Xg,X2,...,Xn) with xj + R™ for alli. There
aren lengthim column vectorg x;};

o LetV ={1,2,...,n} be the set of column vector indices.
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Example: Rank function of a matrix

e Givenm/ n matrix X = (Xg,X2,...,Xn) with xj + R™ for alli. There
aren lengthim column vectorg x;};

o LetV ={1,2,...,n} be the set of column vector indices.

e For anyA %V, let r(A) be the rank of the column vectors indexed b
A.
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Example: Rank function of a matrix

e Givenm/ n matrix X = (Xg,X2,...,Xn) with xj + R™ for alli. There
aren lengthim column vectorg x;};

o LetV ={1,2,...,n} be the set of column vector indices.

e For anyA %V, let r(A) be the rank of the column vectors indexed b
A.

e r(A) is the dimensionality of the vector space spanned by the set of
vectors{Xa} 4 a-
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Example: Rank function of a matrix

e Givenm/ n matrix X = (Xg,X2,...,Xn) with xj + R™ for alli. There
aren lengthim column vectorg x;};

o LetV ={1,2,...,n} be the set of column vector indices.

e For anyA %V, let r(A) be the rank of the column vectors indexed b
A.

e r(A) is the dimensionality of the vector space spanned by the set of
vectors{Xa} 4 a-

@ Thus, r(V) is the rank of the matrixX .
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Example: Rank function of a matrix

1 2 3456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340 000 30 0 50 |1|2|3X|4|5|6|7X|8
4 2 0 00 00 O0 5

o LetA=1{1,23},B={345,C={67, A, = {1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A" C)=3,r(B" C)=3.

er(A" A)=3,r(B" B;)=3,r(A" B,)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 13 1, !

. ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340000 30 0 59 |1|2|3X|4|5|6|7X|8
4 2 0 00 0 O O 5

o Let A={1,23}, B={34,5},C={67}, A = {1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

er(A" A)=3,r(B" B;)=3,r(A" B;)=4,r(B" A;)=4.
or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx Xs Xg X go
350000300 58 |1|2|3X|4|5|6|7X|8
4 2 000 0O0 05

o LetA={1,23}, B={345, C={67}, A ={1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

er(A" A)=3,r(B" B;)=3,r(A" B;)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx Xs Xg X go
350000300 58 |1|2|3X|4|5|6|7X|8
4 2 000 00 05

o LetA={1,23},B={345, C={6T7, Ar = {1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

or(A" A)=3,r(B" B;)=3,r(A" B;)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

! $ 1 2 3 4 56 7 8
1, 0 2 131, !

" ?,,IIIIIIII
2--03040024f:#xxx w x x go
30000300 58 |1|2|3X|4|5|6|7X|8
4 2 000 0O0 OS5

o LetA={1,23},B ={3,4,5,C={67}, A ={1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

or(A"A)=3,r(B" B;)=3,r(A" B;)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1 <r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 56 7 8
1, 0 2 13 1, !

" ?,.IIIIIIII
2"03040024f:#xxx - %
340000300 52 |1|2|3X|4|5|6|7X|8
4 2 0000005

o LetA={1,23},B=1{345,C={67}, A ={1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

or(A"A)=3,r(B" B;)=3,r(A" B;)=4,r(B" A))=4.

or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

123456 7 8
! $ 1 2 3 4 5 6 7 8
1.0 0131, !
AR BN RN
3#00003005§ |1|2|3X|4|5|6|7X|8
4 2 000000 5

LetA=1{1,2,3},B ={3,4,5,C={67}, A = {1}, B, = {5}.
Then r(A)=3, r(B)=3,r(C)=2.

r(A" C)=3,r(B" C)=3.

r(A" A)=3,r(B" By)=3,r(A" B;)=4,r(B" A;)=4.
r(A"B)=4,r(A#B)=1 <r (C)=2.

®© ©6 6 o ¢

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F20/85 (pg.50/257)



Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 1 3 10 !

. ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340 000 30 0 59 |1|2|3X|4|5|6|7X|8
4 2 0 OO0 0O O 5
0LetAZ{1,2,3},B={3,4,5},(::{6,7},Ar:{1}:Br:{5}-
e Thenr(A)=3, r(B)=3, r(C)=2.

or(A"C)=3,r(B" C)=3.

or(A" A)=3,r(B"B)=3,r(A"By)=4,r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx . T go
350000300 58 |1|2|3X|4|5|6|7X|8
4 2 000 00 05

o LetA=1{1,23},B ={3,4,5,C={67} Ar = {1}, B, = {5}.
e Thenr(A)=3,r(B)=3, r(C)=2.

or(A"C)=3,r(B" C)=3.

oer(A" A)=3,rB" B;)=3,r(A" B;)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 1 3 10 !

. ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340 000300 59 |1|2|3X|4|5|6|7X|8
4 2 0 00 0O O 5
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2.

e rA"C)=3, r(B" C)=3.

or(A" A)=3,r(B"B)=3,r(A"By)=4,r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1234656 7 8
! $ 1 2 3 4 56 7 8
1.0 2 131, !
. ? S R I R A R
21030400248 % e B
340 000 30 0 59 |1|2|3X|4|5|6|7X|8
4 20000005
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2. )

, gho Comeorty - g KA.
e r(A"C)=3, 1(B" ©)=3. ¢ FLLLL dimern T
o r(A" A)=3,r(B" B/)=3,r(A" B,)=4,r(B" A,)=4.
or(A"B)=4,r(A#B)=1 <r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 1 3 10 !

. ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340000 30 0 59 |1|2|3X|4|5|6|7X|8
4 2 0 00 0O O 5
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2.

or(A"C)=3,r(B" C)=3.

o r(A" A))=3, r(B"B,)=3,r(A"B;)=4,r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F20/85 (pg.55/257)



Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx . go
340000300 52 |1|2|3X|4|5|6|7X|8
4 2 0 00 0 O O 5
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2.

or(A"C)=3,r(B" C)=3.

or(A" A)=3,r(B"B;)=3, r(A"B;)=4,r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 1 3 10 !

" ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340 000300 52 |1|2|3X|4|5|6|7X|8
4 2 0 00 0O O 5
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A"C)=3,r(B" C)=3.

or(A" A)=3,r(B"B;)=3, r(A" B;)=4, r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx . go
30000300 50 |1|2|3X|4|5|6|7X|8
4 2 0 00 0O 05
°LetA={1,2,3},8:{314,5}1(::{617}1Ar:{1}!Br:{5}'
e Thenr(A)=3,r(B)=3,r(C)=2.

or(A"C)=3,r(B" C)=3.

er(A"A)=3,r(B" B;)=3,r(A" B;)=4, r(B" A;)=4.
er(A"B)=4,r(A#B)=1<r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3 4 6 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx Xs Xg X go
340000300 58 |1|2|3X|4|5|6|7X|8
4 2 000 00 05

o LetA={1,23},B={345,6 C={67}, Ar = {1}, B; = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

or(A"C)=3,r(B" C)=3.

or(A"A)=3,r(B" B,)=3,r(A" B;)=4,r(B" A;))=4.
o r(A"B)=4, r(A#B)=1 <r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

! $ 1 2 3 4 56 7 8
1, 0 2 13 1, !

" ?,.IIIIIIII
2"03040024f=#xxx . e x %
340 000300 59 |1|2|3X|4|5|6|7X|8
4 2 0000005

o LetA={1,23},B={345,6 C={67}, Ar = {1}, B; = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A" C)=3,r(B" C)=3.

or(A" A)=3,r(B"B,)=3,r(A" B;)=4,r(B" A/)=4.

or(A"B)=4, r(A#B)=1 <r(C)=2.

' T mmD Y
oM ety szaw
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

! $ 1 2 3 4 5 6 7 8
1, 0 2 13 1, !

" ?,,IIIIIIII
2"03040024f=#xxx X5 Xg X go
340000300 52 |1|2|3X|4|5|6|7X|8
4 2 0 00 OO O 5

o LetA={1,23},B={345,6 C={67}, Ar = {1}, B, = {5}.
e Thenr(A)=3,r(B)=3,r(C)=2.

er(A" C)=3,r(B" C)=3.

or(A" A;)=3,r(B" B;)=3,r(A" B;)=4,r(B" A;)=4.

or(A"B)=4,r(A#B)=1 <r(C)=2.
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

1 2 3456 7 8

[ $|12345678
1, 0 2 1 31 !

" ?,,IIIIIIII0
2::03040024§:#X1X2X3X4X5X6X7X8<€0
330 0 00 30 0 5 oo
4 2 0 00 00 O0 5

LetA={1,2,3},B ={34,5,C={67}, A, = {1}, B, = {5}.
Thenr(A)=3,r(B)=3,r(C)=2.

r(A" C)=3, r(B" C)=3.

r(A" Ay)=3,r(B" By)=3,r(A" B;)=4,r(B" A;)=4.

r(A" B)=4, r(A#B)=1 <r(C)=2. —a Hnet sdwdolanty.

6=r(A)+r(B)=r(A"B)+r(C)>r(A"B)+r(A#B) =5
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Matrix Rank

Rank function of a matrix

e Let A, B %V be two subsets of column indices.
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Rank function of a matrix

e Let A,B %V be two subsets of column indices.
e The rank of the two sets unioned togethé&r" B is no more than the
sum of the two individual ranks.
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Rank function of a matrix

e Let A,B %V be two subsets of column indices.

e The rank of the two sets unioned togethé&r" B is no more than the
sum of the two individual ranks.

e In a Venn diagram, let area correspond to dimensions spanned by
vectors indexed by a set. HenadA) can be viewed as an area.

F21/85 (pg.65/257)
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Rank function of a matrix

e Let A,B %V be two subsets of column indices.

e The rank of the two sets unioned togethé&r" B is no more than the
sum of the two individual ranks.

e In a Venn diagram, let area correspond to dimensions spanned by
vectors indexed by a set. HenadA) can be viewed as an area.

r(A) + r(B) ! r(A" B)

F21/85 (pg.66/257)
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Rank function of a matrix

e Let A,B %V be two subsets of column indices.

e The rank of the two sets unioned togethé&r" B is no more than the
sum of the two individual ranks.

e In a Venn diagram, let area correspond to dimensions spanned by
vectors indexed by a set. HenadA) can be viewed as an area.

r(A) + r(B) ! r(A" B)

e If some of the dimensions spanned Ayoverlap some of the
dimensions spanned W (i.e., if . commonspan), then that area is
counted twice inr (A) + r(B), so the inequality will be strict.
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Rank function of a matrix

e Let A,B %V be two subsets of column indices.

e The rank of the two sets unioned togethé&r" B is no more than the
sum of the two individual ranks.

e In a Venn diagram, let area correspond to dimensions spanned by
vectors indexed by a set. HenadA) can be viewed as an area.

r(A) + r(B) ! r(A" B)

e If some of the dimensions spanned Ayoverlap some of the
dimensions spanned I (i.e., if . commonspan), then that area is
counted twice inr(A) + r(B), so the inequality will be strict.

e Any function where the above inequality is true for AlIB %V is
calledsubadditive
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Rank functions of a matrix

e Vector setsA and B have a (possibly empty) common span and two
(possibly empty)non-commonresidualspans.
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Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

Prof. Je! Bilmes EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F22/85 (pg.70/257)



Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

e Let A, index vectors spanning dimensions spanned byut not B.
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Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

e LetA; index vectors spanning dimensions spanned dyut not B.
e Let B, index vectors spanning dimensions spanned byut not A.

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F22185 (pg.72/257)



Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

e Let A, index vectors spanning dimensions spanned bdyut not B.
e Let B, index vectors spanning dimensions spanned byut not A.
e Then,r(A)=r(C)+ r(A)
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Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

Let A, index vectors spanning dimensions spannedhyut not B.
Let B, index vectors spanning dimensions spanne® byut not A.
Then,r(A) = r(C)+ r(Ay)

Similarly,r(B) = r(C) + r(By).
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Rank functions of a matrix

e Vector setsA andB have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

e Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

Let A, index vectors spanning dimensions spannedhyut not B.
Let B, index vectors spanning dimensions spanne® byut not A.
Then,r(A) = r(C)+ r(Ay)

Similarly,r(B) = r(C) + r(B,).

Thenr(A) + r(B) counts the dimensions spanned Bytwice, i.e.,

r(A)+ r(B)=r(A;)+2r(C)+ r(By). (4.8)
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Rank functions of a matrix

Vector setsA and B have a (possibly empty) common span and two
(possibly empty)non-commorresidualspans.

Let C index vectors spanningll dimensions common t& andB. We
call C the common sparand callA # B the common indices

Let A, index vectors spanning dimensions spannedhyut not B.
Let B, index vectors spanning dimensions spanne® byut not A.
Then,r(A) = r(C)+ r(Ay)

Similarly,r(B) = r(C) + r(B,).

Thenr(A)+ r(B) counts the dimensions spanned Bytwice, i.e.,

r(A)+ r(B) = r(A;)+2r(C)+ r(By). (4.8)
But r(A " B) counts the dimensions spanned Byonly once.

r(A" B)=r(A;)+ r(C)+ r(By) (4.9)
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Rank functions of a matrix
e Thenr(A)+ r(B) counts the dimensions spanned Gytwice, i.e.,

r(A)+ r(B) = r(A/) +2r(C) +
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Rank functions of a matrix
e Thenr(A)+ r(B) counts the dimensions spanned Gytwice, i.e.,

r(A)+ r(B)=r(A) +2r(C)+ r(B))

e But r(A" B) counts the dimensions spanned Gyonly once.

r(Al B) =r(Ar) +r(C)+ r(B)
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Rank functions of a matrix
e Thenr(A)+ r(B) counts the dimensions spanned Gytwice, i.e.,

r(A)+ r(B)=r(A) +2r(C)+ r(B))

e But r(A" B) counts the dimensions spanned Gyonly once.

r(Al B) =r(Ar) +r(C)+ r(B)

e Thus, we havesubadditivity r(A)+ r(B)! r(A" B). Can we add
more to the r.h.s. and still have an inequality? Yes.
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Matrix Rank

Rank function of a matrix

e Note, r(A# B) & r(C). Why? Vectors indexed b # B (i.e., the
common indexset) span no more than the dimensioasmmonly
spannecby A and B (namely, those spanned by the professeq

r(C)" r(A! B)

Consider the following 4 x & matrix,

In short: 2{

sV ={1,2,3,4,5,6,7.8}

78

1 2 3 4 5 6 7 8
o P
2 4
ot R
0

o Let A={1,2.3}, B={3,4,5}, C={6.7}, 4 = {1}, B, = {5}

o Then r(4) =3, r(B) =3, r(C) =2.

o FAUC) =3, r(BUC)=3

° r{AUA) =3, e(BUB,) =3, r(AUB,) =4, r(BUA,) = 4.

o MAUB) =4, r(ANB)=1 <r(C) =2~ St ssbnstileciy
0 6= =5

6
1
0
0
0

123
0223
030 4
0000
2000
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Matrix Rank
[(RERRRR AN

Rank function of a matrix

e Note, r(A# B) & r(C). Why? Vectors indexed b # B (i.e., the
common indexset) span no more than the dimensioasmmonly
spannecby A and B (namely, those spanned by the professeq

r(C)" r(A! B)

In short:
e Common span (blue) is OmoreO (no less) than span of common inc
(magenta).
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Matrix Rank
[(RERRRR AN

Rank function of a matrix

e Note, r(A# B) & r(C). Why? Vectors indexed b # B (i.e., the
common indexset) span no more than the dimensioasmmonly
spannecby A and B (namely, those spanned by the professeq

r(C)" r(A! B)

In short:
e Common span (blue) is OmoreO (no less) than span of common inc
(magenta).
e More generally, common information (blue) is OmoreO (no less) tha
information within common index (magenta).
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The Venn and Art of Submodularity

N N [ = B 1]
[(A) £, 1(BY ! T(AL B) + r(A#B)

=r(Ar) +2r(C)+ r(By) _rAr +r(C)+ r(B =r(A# B)

00 ® ¢




Matrix Rank
[RERRARAR N

Polymatroid rank function

e Let S be asetof subspaces of a linear space (i.e., eachS is a
subspace of dimensidn 1).
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Matrix Rank
[(RERRARAR N

Polymatroid rank function

gm0 JiY sef of &«

e Let S bevasetof subspaces of a linear space (i.e., each S is a
subspace of dimensidn 1).

e For eachX %S, let f (X) denote the dimensionality of the linear
subspace spanned by the subspaceX in

(= } S, S, .c55

< 512,92 e 6 dsed> S=E5SF]
;< 4

X S = Xz ?&’/555

foo= o(mme =6
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Polymatroid rank function

e Let S be asetof subspaces of a linear space (i.e., eachS is a
subspace of dimensidn 1).

e For eachX %S, let f (X) denote the dimensionality of the linear
subspace spanned by the subspaceX in

e We can think ofS as aset of setsof vectors from the matrix rank
example, and for each+ S, let X5 being a set of vector indices.
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Polymatroid rank function

e Let S be asetof subspaces of a linear space (i.e., eachS is a
subspace of dimensidn 1).

e For eachX %S, let f (X) denote the dimensionality of the linear
subspace spanned by the subspaceX in

e We can think ofS as aset of setsof vectors from the matrix rank
example, and for each+ S, let X5 being a set of vector indices.

e Then, debning : 25 $ R, as follows,

f(X)=r("s1xXs) (4.10)

we have thatf is submodular, and is known to bepmlymatroid rank
function.
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Let S be asetof subspaces of a linear space (i.e., eachS is a

subspace of dimensidn 1).

For eachX % S, let f (X) denote the dimensionality of the linear
subspace spanned by the subspaceX in

We can think ofS as aset of setsof vectors from the matrix rank
example, and for each+ S, let X5 being a set of vector indices.
Then, debPning : 25 $ R. as follows,

fF(X)=r("s xXs) (4.10)

we have thatf is submodular, and is known to bepamlymatroid rank
function.

In general (as we will seg@olymatroid rank functiongre submodular,
normalizedf (' ) = 0, and monotone non-decreasinfj(Q) & f (B)
wheneveA % B).
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Polymatroid rank function

Let S be asetof subspaces of a linear space (i.e., eachS is a
subspace of dimensidn 1).

For eachX % S, let f (X) denote the dimensionality of the linear
subspace spanned by the subspaceX in

We can think ofS as aset of setsof vectors from the matrix rank
example, and for each+ S, let X5 being a set of vector indices.
Then, debPning : 25 $ R. as follows,

fF(X)=r("s xXs) (4.10)

we have thatf is submodular, and is known to bepamlymatroid rank
function.

In general (as we will segplymatroid rank functiongre submodular,
normalizedf (' ) = 0, and monotone non-decreasinfj(@) & f (B)
whenevelA % B).

We use the terrmon-decreasingather thanincreasingthe latter of
which is strict (also so that a constant function isnOt OincreasingO).
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Matrix Rank
(RERRARANL |

Spanning trees

o Let E be a set of edges of some gra@gh= (V,E), and letr(S) for
S % E be the maximum size (in terms of number @dges) spanning
forest in the graph induced by edg8s
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Matrix Rank
(RERRARANL |

Spanning trees

o Let E be a set of edges of some gra@gh= (V,E), and letr(S) for
S % E be the maximum size (in terms of number edges) spanning
forest in the graph induced by edg8s

e Example: Givers = (V,E),V = {1,2,3,4,5,6,7, 8},
E={12...,12. S={1,2,3,4,5,8,9}0 E. Two spanning trees
have the same edge count (the rank 9f.
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Matrix Rank
(RERRARANL |

Spanning trees

o Let E be a set of edges of some gragh=(V,E), and letr(S) for
S % E be thegmaximum Size (in terms of number edges) Spanning
forest in the graphinduced by edg8s

e Example: Givers = (V,E),V = {1,2,3,4,5,6,7, 8},
E={12...,12. S={1,2,3,4,5,8,9} 0 E. Two spanning trees
have the same edge count (the rank $¥.

e Thenr(S) is submodular, and is another matrix rank function
corresponding to the incidence matrix of the graph.

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F27185 (pg.92/257)



Summing Submodular Functions

GivenE, letf1,f»: 28 $ R be two submodular functions. Then
f 128 $ Rwith f(A)= f1(A)+ fo(A) (4.15)

is submodular.
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Summing Submodular Functions

GivenE, letf1,f»: 28 $ R be two submodular functions. Then
f 128 $ Rwith f(A)= f1(A)+ fo(A) (4.15)

is submodulaithis follows easily since

f(A)+ f(B)= f1(A)+ fo(A)+ F1(B)+ f2(B) (4.16)
I fo(A" B)+ fo(A" B)+ f1(A#B)+ fo(A#B) (4.17)
= f(A" B)+ f(A#B). (4.18)

e., it holds for each component &f in each term in the inequality.

EES563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F29/85 (pg.94/257)



Summing Submodular Functions

GivenE, letf1,f»: 28 $ R be two submodular functions. Then
f 128 $ Rwith f(A)= f1(A)+ fo(A) (4.15)

is submodular.This follows easily since

f(A)+ f(B)= f1(A)+ fo(A)+ f1(B) + fo(B) (4.16)
I f1(A" B)+ fo(A" B)+ f1(A#B)+ fo(A#B) (4.17)
= f(A" B)+ f(A#B). (4.18)

l.e., it holds for each component éf in each term in the inequalityin fact,
any conic combinatior(i.e., non-negative linear combination) of submodul;
functions is submodular, as in(A) = #,f1(A) + #2f2(A) for #41,#,! 0.

= a, pt4) = A4
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Summing Submodular and Modular Functions

GivenE, letf,,m : 28 $ R be a submodular and a modular function.
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Summing Submodular and Modular Functions

GivenE, letf1,m : 2 $ R be a submodular and a modular functiohhen
f 125 ¢ Rwith f(A)= f1(A) ( m(A) (4.19)

is submodular (as is(A) = f1(A) + m(A)).
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Summing Submodular and Modular Functions

GivenE, letf1,m: 28 $ R be a submodular and a modular function. The
f 125 ¢ Rwith f(A)= f1(A) ( m(A) (4.19)

is submodular (as i§(A) = f1(A)+ m(A)). This follows easily since

f(A)+ f (B)

f1(A) ( m(A)+ f1(B) ( m(B) (4.20)
f1(A" B)( m(A" B)+ f1(A#B)( m(A#B) (4.21)
f(A" B)+ f(A#B). (4.22)
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Summing Submodular and Modular Functions

GivenE, letf1,m: 28 $ R be a submodular and a modular function. The
f 125 ¢ Rwith f(A)= f1(A) ( m(A) (4.19)

is submodular (as i(A) = f1(A)+ m(A)). This follows easily since

f(A)+ f(B)=fi(A)( m(A)+ f1(B) ( m(B) (4.20)
I (A" B)( m(A" B)+ f1(A#B)( m(A#B) (4.21)
= f(A" B)+ f(A#B). (4.22)

That is, the modular component with
m(A)+ m(B) = m(A" B)+ m(A# B) never destroys the inequality.
Note of course that ifm is modular than so i§¢ m.
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Restricting Submodular functions

GivenE, letf : 28 $ R be a submodular functions. And I& % E be an
arbitrary bxed setThen

f':25 8% Rwithf (A)! f(A#S) (4.23)
is submodular.
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Restricting Submodular functions

GivenE, letf : 2 I R be a submodular functions. And I&" E be an
arbitrary bxed set. Then

f':281 Rwithf'(A)! f(A#S) (4.23)
is submodular.
Proof.

O
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Restricting Submodular functions

GivenE, letf : 2 I R be a submodular functions. And I&" E be an
arbitrary bxed set. Then

f':281 Rwithf'(A)! f(A#S) (4.23)
is submodular.
Proof.
GivenA" B " E\ v, consider

F(A+V)#S)ST(A#S)%F(B+V)#S)$T(B#S)  (4.24)
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Restricting Submodular functions

GivenE, letf : 2 I R be a submodular functions. And I&" E be an
arbitrary bxed set. Then

f':281 Rwithf'(A)! f(A#S) (4.23)
is submodular.
Proof.
GivenA" B " E\ v, consider

f(A+V)#S)$F(A#S)%I(B+V)#S)$f(B#S)  (4.24)

If v &S, then both di'lerences on each size are zero.
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Restricting Submodular functions

GivenE, letf : 2 I R be a submodular functions. And I&" E be an
arbitrary bxed set. Then

f':281 Rwithf'(A)! f(A#S) (4.23)
is submodular.

Proof.
GivenA" B " E\ v, consider

f(A+V)#S)$F(A#S)%I(B+V)#S)$f(B#S)  (4.24)

If v &S, then both dilerences on each size are zelbv & S, then we can
consider this

f(A"+Vv)$ f(A) %f(B'+Vv)$ (B (4.25)

with A'= A# S andB'= B#S. SinceA'" B!, this holds due to
submodularity off . O
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Summing Restricted Submodular Functions

GivenV, letfq1,f2:2Y 1 R be two submodular functions and let
S1,S2 " V be two arbitrary Pxed sets. Then

f:2Y1 Rwithf(A)= f1(A#S)+ fo(A#S)) (4.26)

is submodular. This follows easily from the preceding two results.
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Summing Restricted Submodular Functions

GivenV, letfq1,f2:2¥ 1 R be two submodular functions and let
S1,S2 " V be two arbitrary bxed sets. Then

f:2Y1 Rwithf(A)= f1(A# S)+ fa(A# S (4.26)

is submodular. This follows easily from the preceding two results.
GivenV, let C= {Cq,C5,...,Ck} be a set of subsets &f, and for each
C&C letfg: m be a submodular function. Then

¢t & _?k |
f:2Y1 Rwithf(A)= fc(A#C) (4.27)
c"C
is submodular. —_—
Fe(An E475
= 2 oy

e=luyw 6E(4)
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Summing Restricted Submodular Functions

GivenV, letfq1,f2:2¥ 1 R be two submodular functions and let
S1,S2 " V be two arbitrary bxed sets. Then

f:2Y1 Rwithf(A)= f1(A# S)+ fa(A# S (4.26)

is submodular. This follows easily from the preceding two results.
GivenV, let C= {C1,C,,...,Ck} be a set of subsets of, and for each
C&C letfc:2Y ! R be a submodular function. Then
I
f:2V1 Rwithf(A)= fc(A#C) (4.27)
c'C

is submodular. This property is critical for image processing and graphic:
models. For example, &€ be all pairs of the forr{{ u,v} : u,v & V}, or

let it be all pairs corresponding to the edges of some undirected graphic
model.
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Max - normalized

GivenV, let c& RY be a given bxed vector. Thdén: 2¥ | R, where
f(A)= mgﬁ G (4.28)
i

is submodular and normalized (we také ) = 0).

Consider L) £ = Fla + q“’//mzs!

+ 0 + )
MEXG +MaX G % max & + max. G (4.29

which follows since we have that

- = - 4.
max(max . max¢) = max_ (4.30)
and
I . . ) 0, .
mln(r}}agq,rjanxq) /oj"rnAa$xB G (4.31)
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GivenV, let c& RY be a given bxed vector (not necessarily non-negative
Thenf : 2V ! R, where

f(A)= rrjlg}f G (4.32)

is submodular, where we takg' ) ( min; ¢ (so the function need not be
normalized).

The proof is identical to the normalized case. Ol
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Facility/Plant Location (uncapacitated)

e Core problem in operations research, early motivation for submodularity

e Goal: as e"ciently as possible, place OfacilitiesO (factories) at certain
locations to satisfy sites (at all locations) having various demands.
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Facility/Plant Location (uncapacitated)

e Core problem in operations research, early motivation for submodularity

e Goal: as e"ciently as possible, place OfacilitiesO (factories) at certain
locations to satisfy sites (at all locations) having various demands.
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Facility/Plant Location (uncapacitated)

e Core problem in operations research, early motivation for submodularity

e Goal: as e"ciently as possible, place OfacilitiesO (factories) at certain
locations to satisfy sites (at all locations) having various demands.

. . . facility Iocations/ ~ sites/ S
e We can model this with a weighted

bipartite graphG = (F, S, E, ¢) [
whereF is set of possible
factory/plant locations,S is set of

Benefit of having
site 2 serviced by
facility 4.

sites needing servicg, are edges 3 [ ™ ’ 3
indicating (factory,site) service , Y
possibility pairs, andd: E! R, is
the benebt of a given pair. 5 .
e Facility location function has form: . :
AEF, :
f(A)= max g . (4.33) Q@

irs ) Am
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Facility/Plant Locatlon (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.
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Facility/Plant Locatlon (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.
e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.
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Facility/Plant Locatlon (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.

e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.

e Letcj be the ObenebtO or OvalueO Yg.is the cost) of servicing
sitei with facility locationj .
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Facility/Plant Location (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.

e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.

o Letcj be the ObenebtO or OvalueO Y&.g.is the cost) of servicing
sitei with facility locationj .

e Let m; be the benebt (e.g., eithelym j is the cost or$ m; is the cost)
to build a plant at location; .
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Facility/Plant Location (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.

e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.

o Letcj be the ObenebtO or OvalueO Y&.g.is the cost) of servicing
sitei with facility locationj .

e Let m; be the benebt (e.g., eithel/m  is the cost or$ m; is the cost)
to build a plant at location; .

e Each site should be serviced by only one plant but no less than one
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Facility/Plant Location (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.

e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.

o Letcj be the ObenebtO or OvalueO Y&.g.is the cost) of servicing
sitei with facility locationj .

e Let m; be the benebt (e.g., eithel/m  is the cost or$ m; is the cost)
to build a plant at location; .

e Each site should be serviced by only one plant but no less than one

e Debnef (A) as the Odelivery benebtO plus Oconstruction benebtO
the locationsA " F are to be constructed.
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Facility/Plant Location (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.

e S={1,...,s} is a set of sites (e.g., cities, clients) needing service.

o Letcj be the ObenebtO or OvalueO Y&.g.is the cost) of servicing
sitei with facility locationj .

e Let m; be the benebt (e.g., eithel/m  is the cost or$ m; is the cost)
to build a plant at location; .

e Each site should be serviced by only one plant but no less than one

e Debnef (A) as the Odelivery benebtO plus Oconstruction benebtO
the locationsA " F are to be constructed.

e We can debne the (uncapacitated) facility location function

| |

f(A)= ' mj + ' maxcjj . (4.34)
i"A irg 1A
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Facility/Plant Location (uncapacitated) w. plant beneb

o LetF = {1,...,f} be a set of possible factory/plant locations for
facilities to be built.
S={1,...,s} is a set of sites (e.g., cities, clients) needing service.
o Letcj be the ObenebtO or OvalueO Y&.g.is the cost) of servicing
sitei with facility locationj .
e Let m; be the benebt (e.g., eithel/m  is the cost or$ m; is the cost)
to build a plant at location; .
e Each site should be serviced by only one plant but no less than one
e Debnef (A) as the Odelivery benebtO plus Oconstruction benebtO
the locationsA " F are to be constructed.
e We can debne the (uncapacitated) facility location function
| |

f(A)= mj + ' Maxgc; . (4.34)
i"A s 1A

e Goal is to bPnd a seA that maximizesf (A) (the benebt) placing a
bound on the number of plant& (e.g., [A] ( k).
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Facility Location

GivenV, E, let c & RV%E be a giver|V|) | E| matrix. Then
[
f : 281 R, wheref (A) = maxc; (4.35)
-
i" v

is submodular.

We can writef (A) asf (A)= ;. fi(A) wheref;(A) = max;a cj is
submodular (max of a" row vector), sof can be written as a sum of
submodular functions. O

Thus, the facility location function (which only adds a modular function tc
the above) is submodular.
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Exar
(RRRRRNAN] [RERRRRARRNAAT]

Log Determinant

e Let! be ann) n positive debnite matrix. Le¥ = {1,2,...,n}* [n]
be an index set, and foh " V, let! 5 be the (square) submatrix df
obtained by including only entries in the rows/columns givenfby

> 27

B -
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Log Determinant

e Let! be ann) n positive debnite matrix. Le = {1,2,...,n}* [n]
be an index set, and foh " V, let! o be the (square) submatrix df
obtained by including only entries in the rows/columns givernfby

e We have that:

f (A) =logdet(! A) is submodular. (4.36)

F38/85 (pg.123/257)
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Log Determinant

e Let! be ann) n positive debnite matrix. Le = {1,2,...,n}* [n]
be an index set, and foh " V, let! o be the (square) submatrix df
obtained by including only entries in the rows/columns givernfby

e We have that:

f (A) =logdet(! a) is submodular. (4.36)

e The submodularity of the log determinant is crucial for determinantal
point processes (DPPs) (debned later in the class).
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Log Determinant

e Let! be ann) n positive debnite matrix. Le = {1,2,...,n}* [n]
be an index set, and foh " V, let! o be the (square) submatrix df
obtained by including only entries in the rows/columns givernfby

e We have that:

f (A) =logdet(! a) is submodular. (4.36)

e The submodularity of the log determinant is crucial for determinantal
point processes (DPPs) (debned later in the class).

Proof of submodularity of the logdet function.
SupposeX & R" is multivariate Gaussian random variable, that is
$ 1 %
X&p(X) = #———exp $5(x$ W E(x$ p) (4.37)

1
11

217 |
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H o, %) + R0y x.) — HOm, dg ke ) - Hx) 2D

Then the (di'erential) entropy of the r.vX is given by

h(x)=log " 2l [=log @)l | @.38)

and in particular, for a variable subsat,
f (A)= h(Xa)=log &(Z!e)lAl|! Al (4.39)
Entropy is submodular (further conditioning reduces entropy), and more
f (A) = h(Xa) = m(A)+ %Iog|! Al (4.40)
wherem(A) is a modular function. Ol

Note: still submodular in the semi-debnite case as well.
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Summary: Properties so far
e Cover functions(A) = w( .. 5 Ua) are submodular.
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Summary: Properties so far

e Cover functions(A) = w( ,ma Ua) are submodular.
e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular andl, is concave.
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Summary: Properties so far
e Cover function(A) = w( ,ma Ua) are submodular.
e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.
e max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-
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Summary: Properties so far
e Cover function(A) = w( ,ma Ua) are submodular.
e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.
e max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-
e Matrix rank function is submodular.
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Summary: Properties so far

e Cover function(A) = w( ,ma Ua) are submodular.

e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

e max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

e Matrix rank function is submodular.

e Log determinantf (A) = logdet(! a) submodular for p.d! .
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Summary: Properties so far

e Cover function(A) = w( ,ma Ua) are submodular.

e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

e max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

e Matrix rank function is submodular.

o Log determinantf (A) = logdet(! a) submodular for p.d! .

e Matrix rankr (A), dim. of space spanned by the vector et} ;- -
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Summary: Properties so far

e Cover function(A) = w( ,ma Ua) are submodular.

e SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

e max is submodulaf (A) = max - a G, as is facility location

f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .

Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.

Graph cut, set cover, and incidence functions,
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .
Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .
Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
Number connected components in induced graph), and interior
edge functionE (S), is supermodular.
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .
Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
Number connected components in induced graph), and interior
edge functionE (S), is supermodular.

Submodular plus modular is submodulbfA) = f'(A) + m(A).
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .

Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
Number connected components in induced graph), and interior
edge functionE (S), is supermodular.

Submodular plus modular is submodulbfA) = f'(A) + m(A).
Complementationf '(A) = f (V \ A) is submodular if is submodular
(same for supermodular, modular).
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .

Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
Number connected components in induced graph), and interior
edge functionE (S), is supermodular.

Submodular plus modular is submodulbfA) = f'(A) + m(A).
Complementationf '(A) = f (V \ A) is submodular if is submodular
(same for supermodular, modular). "

Conix mixture:#; %0, f; : 2¥ 1 R submodular, then so is P #ify.
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Summary: Properties so far

Cover functions(A) = w( _,ma Ua) are submodular.

SCCM is submoduldr(A) = ., "u(my(A)) wheremy is a
non-negative modular and,, is concave.

max is submodulaf (A) = max - a G, as is facility location
f(A)= ,~yMmaXa A Sau-

Matrix rank function is submodular.

Log determinantf (A) =logdet(! o) submodular for p.d! .

Matrix rankr(A), dim. of space spanned by the vector $at.} . 4.
Graph cut, set cover, and incidence functions,

quadratics with non-positive o!-diagonafs(X) = m"1y + 11, M1 .
Number connected components in induced graph), and interior
edge functionE (S), is supermodular.

Submodular plus modular is submodulbfA) = f'(A) + m(A).
Complementationf '(A) = f (V \ A) is submodular if is submodular
(same for supermodular, modular). "

Conix mixture:#; %0, f; : 2¥ | R submodular, then so is P #ifi.
Restrlctlons preserve submodularnfy (A)=f(A#YS)
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Concave over non-negative modular

Let m & RE be a non-negative modular function, atida concave function
overR. Debnef : 28I R as

f(A) = "(m(A)) (4.41)

thenf is submodular.
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Concave over non-negative modular

Let m & RE be a non-negative modular function, atida concave function
overR. Debnef : 28I R as

f(A) = "(m(A)) (4.41)

thenf is submodular.

Proof.

GivenA" B " E\ v, we haveO( a= m(A) ( b= m(B), and
0( c= m(v). Forg concave, we have(a+ ¢)$ "(a) %" (b+ ¢c) $ " (b),
and thus

"(M(A)+ m(v)) $ " (m(A)) %" (m(B)+ m(v)) $ "(m(B)) (4.42)

Ol

A form of converse is true as well.
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Concave composed with non-negative modular

Theorem 4.5.1
Given a ground set V. The following two are equivalent:

@ For all modular functionsm : 2V ! Ry, thenf : 2V ! R defined as
f(A) = "(m(A)) is submodular

Q@ " :R: ! R isconcave.

e If " is non-decreasing concave W0) = 0, thenf is polymatroidal.
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Concave composed with non-negative modular

Theorem 4.5.1
Given a ground set V. The following two are equivalent:

@ For all modular functionsm : 2V ! Ry, thenf : 2V ! R defined as
f(A) = "(m(A)) is submodular

Q@ " :R: ! R isconcave.

e If " is non-decreasing concave W0) = 0, thenf is polymatroidal.
@ Sums of concave over modular functions are submodular
1K
f(A)=  "i(mi(A)) (4.43)
i=1
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Concave composed with non-negative modular

Theorem 4.5.1
Given a ground set V. The following two are equivalent:

@ For all modular functionsm : 2V ! Ry, thenf : 2V ! R defined as
f(A) = "(m(A)) is submodular

Q@ " :R: ! R isconcave.

e If " is non-decreasing concave W0) = 0, thenf is polymatroidal.
e Sums of concave over modular functions are submodular
1K
f(A)=" "i(mi(A)) (4.43)
i=1
e Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause 2011), and Ofeature-ba
submodular functionsO (Wei, lyer, & Bilmes 2014).

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F42/85 (pg.144/257)



Concave composed with non-negative modular

Theorem 4.5.1
Given a ground set V. The following two are equivalent:

@ For all modular functionsm : 2V ! Ry, thenf : 2V ! R defined as
f(A) = "(m(A)) is submodular

Q@ " :R: ! R isconcave.

e If " is non-decreasing concave W0) = 0, thenf is polymatroidal.
e Sums of concave over modular functions are submodular
1K
f(A)=" "i(mi(A)) (4.43)
i=1
e Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause 2011), and Ofeature-ba
submodular functionsO (Wei, lyer, & Bilmes 2014).
e However, Vondrak showed that a graphic matroid rank function over
K 4 (weOll debne this after we debne matroids) are not members.
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Monotonicity

Debnition 4.5.2

A functionf : 2¥ I R is monotone nondecreasir{gesp. monotone
increasiny if for all A + B, we havef (A) ( f(B) (resp.f (A) <f (B)).
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Monotonicity

Debnition 4.5.2

A functionf : 2¥ I R is monotone nondecreasir{gesp. monotone
increasiny if for all A + B, we havef (A) ( f(B) (resp.f (A) <f (B)).

Debnition 4.5.3

A functionf : 2¥ I R is monotone nonincreasinfresp. monotone
decreasinpif for all A + B, we havef (A) %f (B) (resp.f (A) >f (B)).
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Exampl
11

Composition of non-decreasing submodular and
non-decreasing concave

Theorem 4.5.4
Given two functions, one defined on sets

f:21 R (4.44)
and another continuous valued one:

":R! R (4.45)

the composition formed ash =", f : 2V | R (defined as
h(S) = " (f (S)) ) is nondecreasing submodular, if" is non-decreasing
concave and f is nondecreasing submodular.
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Monotone dilerence of two functions

Let f andg both be submodular functions on subsets\bfand let
(f $ g)(d be either monotone non-decreasing or monotone non-increasil
Thenh:2V ! R debned by

h(A) = min( f (A), g(A)) (4.46)

is submodular.

If h agrees withf on both X andY (or g on both X andY), and since
h(X)+ h(Y)=f(X)+ f(Y)%f(X - Y)+ f(X#Y) (4.47)
or
h(X)+ h(Y)= g(X)+ g(Y) %g(X - Y)+ gX #Y), (4.48)
the result (Equation 4.46 being submodular) follows since
PO+ 1(Y) % min(f (X - Y),g(X - Y))+min( f(X #Y),g(X #Y))
9(xX) + o(Y) ’ ’

(4.49)
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Monotone dilerence of two functions

...cont.

Otherwise, w.l.o.g.h(X) = f(X) andh(Y) = g(Y), giving

h(X)+ h(Y)= f(X)+ g(Y) %f(X - Y)+ f(X#Y)+ g(Y)$ f(Y)
(4.50)
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Monotone dilerence of two functions

...cont.

Otherwise, w.l.o.g.h(X) = f(X) andh(Y) = g(Y), giving

h(X)+ h(Y)= f(X)+ g(Y) %f(X - Y)+ f(X#Y)+ g(Y)$ f(Y)
(4.50)

Assume the case whefe$ g is monotone non-decreasing. Hence,
F(X-Y)+9(Y)$ f(Y)%Qg(X - Y) giving

h(X)+ h(Y) %g(X - Y)+ f(X #Y)%h(X - Y)+ h(X #Y) (4.51)

Ol

What is an easy way to prove the case wherg g is monotone
non-increasing?
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Saturation via thenin(g function

Letf : 2V 1 R be a monotone non-decregasing or non-increasing
submodular function and let be a constant. Then the function
h:2Y 1 R debned by

h(A) = min( #, T (A)) (4.52)

is submodular.
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Saturation via thenin(g function

Letf : 2V 1 R be a monotone non-decregasing or non-increasing
submodular function and let be a constant. Then the function
h:2Y 1 R debned by

h(A) = min( #, T (A)) (4.52)

is submodular.

For constantk, we have that(f $ k) is non-decreasing (or non-increasing)
so this follows from the previous result. Ol

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F47185 (pg.153/257)



Saturation via thenin(g function

Letf : 2V 1 R be a monotone non-decregasing or non-increasing
submodular function and let be a constant. Then the function
h:2Y 1 R debned by

h(A) = min( #, T (A)) (4.52)

is submodular.

For constantk, we have that(f $ k) is non-decreasing (or non-increasing)
so this follows from the previous result. Ol

Note also,g(a) = min( k,a) for constantk is a hon-decreasing concave
function, so wherf is monotone nondecreasing submodular, we can use
earlier result about composing a monotone concave function with a
monotone submodular function to get a version of this.
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (
form of Orobust facility location()A) = min y» v maxa- a S(i,a) and
the goal is to maximize thisnaxa: v a| k h(A). h therefore is the min
of a set of submodular functions.

F48/85 (pg.155/257)
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (
form of Orobust facility location()A) = min y» v maxa a S(i,a) and
the goal is to maximize thignaxa: v:jaj kK h(A). h therefore is the min
of a set of submodular functions.

e In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (
form of Orobust facility location()A) = min y» v maxa a S(i,a) and
the goal is to maximize thignaxa: v:jaj kK h(A). h therefore is the min
of a set of submodular functions.

e In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).

e However, when wishing to maximize two monotone non-decreasing
submodular functions, g, we can debne function, : 2V ! R as

( )
h) (A) = % min(#,f (A)) + min( #,g(A)) (4.53)

then h, is submodular, andh, (A) %# if and only if bothf (A) % #
and g(A) % #, for constant# & R.
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More on Min - the saturate trick

e minimax facility location is similar to the following maximin function (
form of Orobust facility location()A) = min y» v maxa a S(i,a) and
the goal is to maximize thignaxa: v:jaj kK h(A). h therefore is the min
of a set of submodular functions.

e In general, the minimum of two submodular functions is not
submodular (unlike concave functions, closed under min).

e However, when wishing to maximize two monotone non-decreasing
submodular functions, g, we can debne function, : 2V ! R as

( )
h (A) = % min(#, f (A)) + min( #, g(A)) (4.53)

then h, is submodular, andh, (A) %# if and only if bothf (A) % #
and g(A) % #, for constant# & R.

e Useful in applications. Like DS functions, another instance of a
submodularsurrogate(where we take a non-submodular problem and

Pnd a submodular one that can tell us something about it).
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Arbitrary functions: dilerence between submodular fun

Theorem 4.5.5

Given an arbitrary set function h, it can be expressed as a difference
between two submodular functions (i.e., .h &2V ! R,
/f,g9 s.t. .A,h(A)= f(A)$ g(A) where both f and g are submodular).

Let h be given and ar?itrary, and debne: )
#=  min h(X)+ h(Y)$ h(X - Y)$ h(X #Y) (4.54)

XY X)'Y,Y) X
If # % 0 then h is submodular, so by assumptidéin< O.
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Arbitrary functions: dilerence between submodular fun

Theorem 4.5.5

Given an arbitrary set function h, it can be expressed as a difference
between two submodular functions (i.e., .h &2V ! R,
/f,g9 s.t. .A,h(A)= f(A)$ g(A) where both f and g are submodular).

Let h be given and ar?itrary, and debne: )
#=  min h(X)+ h(Y)$ h(X - Y)$ h(X #Y) (4.54)

XY X)'Y,Y) X
If # % 0 then h is submodular, so by assumpti¢in< 0. Now letf be an
arbitrary strict submo?ular function and debne

1 i )
o= XY :>r<n)!r\](,v)'x fFX)+F(V)SFX-Y)$F(X#Y) . (459

Strict means that$ > 0.
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Arbitrary functions as dilerence between submodular f

Debneh': 2V 1 R as

|#]
$
Thenh' is submodular (why?), antl = h'(A) $ Il (A), a dilerence
between two submodular functions as desired.

h'(A) = h(A) + =—f (A) (4.56)
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e We often wish to express the gain of an itgn& V in contextA,
namelyf (A-{j})$ f (A).
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o We often wish to express the gain of an itgn& V in contextA,
namelyf (A-{j})$ f (A).

e This is called thegainand is used so often, there are equally as man
ways to notate this. l.e., you might see:

F(A-{i1)$ f(A) = %(A) (4.57)
= %(j) (4.58)
= 0f(A) (4.59)
= f({iNA) (4.60)

= f(j|A) (4.61)
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o We often wish to express the gain of an itgn& V in contextA,
namelyf (A-{j})$ f (A).

e This is called thegain and is used so often, there are equally as man
ways to notate this. l.e., you might see:

FA-{i})$ f(A) = %(A) (4.57)
= () (4.58)
L 0,f(A) (4.59)
= f({i}A) (4.60)
= £(j1A) (4.61)

o WeOll usk(j|A).
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o We often wish to express the gain of an itgn& V in contextA,
namelyf (A-{j})$ f (A).

e This is called thegain and is used so often, there are equally as man
ways to notate this. l.e., you might see:

FA-{i})$ f(A) = %(A) (4.57)
= () (4.58)
L 0,f(A) (4.59)
= f({i}A) (4.60)
= £(j1A) (4.61)

o WeOll usk(j|A).

e diminishing returngan be stated as saying thét(j |A) is a monotone
non-increasing function oA, sincef (j|A) %f (j |[B) wheneveA " B
(i.e., further conditioning reduces valuation).
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Gain Notation

It will also be useful to extend this to sets.
Let A,B be any two sets. Then

f(AB)! f(A- B)$ f(B) (4.62)
So whenj is any singleton

fGB)=f{i}B)=1({j}- B)$f(B) (4.63)
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Gain Notation

It will also be useful to extend this to sets.
Let A,B be any two sets. Then

f(AB)! f(A- B)$ f(B) (4.62)
So whenj is any singleton
fiB)=f({j}B)=f({j}- B)$f(B) (4.63)

Inspired from information theory notation and the notation used for
conditional entropyH (Xa|Xg) = H(Xa,Xg)$ H(XB).
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignrand a modular functiormyg.
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Exar
1 [RERARN] [RRRRRRANIL Y]

Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g., g(A) =[g(A) + #|A[]l$ #|Al, # % [miny o iy T (VIA)].
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g.,g(A) =[g(A) + #|A[]$ #|Al, # % [miny o: iy T (VIA)].

e Given arbitrary normalized submodulgr 2 ! R, construct a
functiong: 2V ! R as follows:

aA)=09(A)$  g@@Vv\{a})=g(A)$ mg(A) (4.64)
" a" A
wheremg(A) ! a A 9(alV \{ a}) is a modular function.
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g.,g(A) =[g(A) + #|A[]$ #|Al, # % [miny o: iy T (VIA)].

e Given arbitrary normalized submodulgr 2 ! R, construct a
functiong: 2V ! R as follows:

aA)=09(A)$  g(aV\{a})= g(A)$ mg(A) (4.64)
" a" A
wheremg(A) ! a A 9(alV\{ a}) is a modular function.
e gis normalized sincg(' ) =0.
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g.,g(A) =[g(A) + #|A[]$ #|Al, # % [miny o: iy T (VIA)].

e Given arbitrary normalized submodulgr 2 ! R, construct a
functiong: 2V ! R as follows:

aA)=09(A)$  g(aV\{a})= g(A)$ mg(A) (4.64)
" a" A
wheremg(A) ! a A 9(alV\{ a}) is a modular function.
@ gis normalized sincg(') =0.
e g is monotone non-decreasing since ok A " V:
a(V|A) = g(vIA) $ g(v[V \{Vv}) %0 (4.65)
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g.,g(A) =[g(A) + #|A[]$ #|Al, # % [miny o: iy T (VIA)].

e Given arbitrary normalized submodulgr 2 ! R, construct a
functiong: 2V ! R as follows:

aA)=09(A)$  g(aV\{a})= g(A)$ mg(A) (4.64)
" a" A
wheremg(A) ! a A 9(alV\{ a}) is a modular function.
@ gis normalized sincg(') =0.
@ g is monotone non-decreasing since ¥o& A " V:
aVvIA) = g(vIA) $ g(v[V \{Vv}) %0 (4.65)
e gis called thetotally normalizedversion ofg.
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Totally normalized functions

e Any normalized submodular functian(even non-monotone) can be
represented as a sum of a polymatroid (normalized monotone
non-decreasing submodular) functignand a modular functiommg.

o E.g. g(A) =[g(A) + #|A|]$ #|Al, # % [miny a- viy T (VIA)].

e Given arbitrary normalized submodulgr 2 ! R, construct a
functiong: 2V ! R as follows:

aA)=09(A)$  g(aV\{a})= g(A)$ mg(A) (4.64)
" a" A
wheremg(A) ! a A 9(alV\{ a}) is a modular function.
@ gis normalized sincg(') =0.
@ g is monotone non-decreasing since ¥o& A " V:
g(v|A) = g(v|A) $ g(vIV \{Vv}) %0 (4.65)
e g is called thetotally normalizedversion ofg.
e Theng(A) = @(A) + mgy(A).
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Arbitrary function as dilerence between two polymatroi

e Any normalized functiorh (i.e., h(" ) = 0) can be represented as a
di'lerence not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.
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Arbitrary function as dilerence between two polymatroi

e Any normalized functiorh (i.e., h(" ) = 0) can be represented as a
dilerence not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

e Given submodulaf and g, let f9and g be them totally normalized.
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Arbitrary function as dilerence between two polymatroi

Any normalized functiom (i.e., h(*) = 0) can be represented as a
dilerence not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

e Given submodulaf and g, let f9and g be them totally normalized.

e Given arbitraryh = f $ g wheref andg are normalized submodular,

h=1f$g= @+ m; $ (g+ mg) (4.66)
= 2% g+ (ms $ my) (4.67)
= 9$ g+ Myan (4.68)
= P+ Mg $ (@+($migg)”) (4.69)

wherem™ .is the positive part of modular functiom. That is,
m*(A)= . A m(al(m(a) > 0).
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Arbitrary function as dilerence between two polymatroi

e Any normalized functiorh (i.e., h(" ) = 0) can be represented as a
dilerence not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

e Given submodulaf and g, let f9and g be them totally normalized.

e Given arbitraryh = f $ g wheref and g are normalized submodular,

h=1f$g= @+ m; $ (g+ mg) (4.66)
= 9% g+ (m¢ $ mg) (4.67)
= @$ g+ msgn (4.68)
= P+ Mg $ (@+($migg)”) (4.69)

wherem™ .is the positive part of modular functiom. That is,
m*(A)= . A m(al(m(a) > 0).
e Both f9+ m:&g andg+ ($msgg)” are polymatroid functions!
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Arbitrary function as dilerence between two polymatroi

e Any normalized functiorh (i.e., h(" ) = 0) can be represented as a
dilerence not only between submodular, but between polymatroid
(normalized monotone non-decreasing submodular) functions.

e Given submodulaf and g, let f9and g be them totally normalized.

e Given arbitraryh = f $ g wheref and g are normalized submodular,

h=1f$g= @+ m; $ (g+ mg) (4.66)
= 9% g+ (m¢ $ mg) (4.67)
= @$ g+ msgn (4.68)
= P+ Mg $ (@+($migg)”) (4.69)

wherem™ .is the positive part of modular functiom. That is,
m*(A)= . A m(al(m(a) > 0).

e Both f9+ m;'&g andg+ ($msgg)* are polymatroid functions!

e Thus, any function can be expressed as a dilerence between two, not
submodular (DS), but polymatroid functions.
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Two EquivalenSubmodulabepbnitions

Debpnition 4.6.1 (submodular concave)

A functionf : 2¥ | R is submodulaif for anyA,B " V, we have that:

f(A)+ f(B) %f(A- B)+ f(A#B) 4.7)

An alternate and (as we will soon see) equivalent debnition is:

DePpnition 4.6.2 (diminishing returns)

A functionf : 2V | R is submodulaif for anyA " B + V, and
v&V\ B, we have that:

f(A-{V})$ f(A)%F(B-{Vv})$ f(B) (4.8)

¥ The incremental OvalueO, OgainO, or Ocostérrehses (diminishes) as
the context in whichv is considered grows froi to B.

¥ Gain notation: Debné (v|A)! f(A+ v)$ f (A). Then functionf is
submodular iff (v|A) %f (v|B) forallA" B" V\{v},v&V.
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Submodular Debnition: Group Diminishing Returns

An alternate and equivalent debnition is:

Debnition 4.6.1 (group diminishing returns)

A functionf : 2¥ | R is submodular if for anA " B + V, and
C" V\ B, we have that:

f(A- C)$ f(A)%f(B-C)$ f(B) (4.70)

This means that the incremental OvalueO or Ogai®Cotiecreases as the
context in whichC is considered grows from to B (diminishing returns)
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Submodular Debnition Basic Equivalencies

We want to show thatSubmodular ConcavéDebnition 4.6.1),Diminishing
Returns(DePnition 4.6.2), andsroup Diminishing Returns
(DePnition 4.6.1) are identical.
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Submodular Debnition Basic Equivalencies

We want to show thatSubmodular ConcavéDebnition 4.6.1),Diminishing
Returns(DePnition 4.6.2), andsroup Diminishing Returns
(DePnition 4.6.1) are identical. We will show that:

e Submodular Concavé Diminishing Returns
e Diminishing Returnd Group Diminishing Returns
@ Group Diminishing Returng Submodular Concave
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Submodular Concaxe Diminishing Returns

f(S)+ f(T)%F(S- T)+ F(S#T)1 f(v]A) %f(v|B),A" B" V\v.

e Assume Submodular concave, s8, T we have
f(S)+ f(T)%f(S- T)+ f(S#T).
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Submodular Concaxe Diminishing Returns

f(S)+ f(T)%F(S- T)+ F(S#T)1 f(v]A) %f(v|B),A" B" V\v.

e Assume Submodular concave, s8, T we have
f(S)+ f(T)%f(S-T)+ f(S#T).

e GivenA,B andv &V suchthat: A" B " V \{v}, we have from
submodular concave that:

f(A+Vv)+ f(B)%f(B+v)+ f(A) (4.71)
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Submodular Concaxe Diminishing Returns

f(S)+ f(T)%F(S- T)+ F(S#T)1 f(v]A) %f(v|B),A" B" V\v.

e Assume Submodular concave, s8, T we have
f(S)+ f(T)%f(S-T)+ f(S#T).

e GivenA,B andv &V suchthat: A" B " V\{v}, we have from
submodular concave that:

f(A+v)+ f(B) %f (B + v)+ f(A) (4.71)
e Rearranging, we have

f(A+V)$S f(A)%f(B+Vv)$ f(B) (4.72)
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Diminishing Returns Group D|m|n|sh ng Returns

f(v|S) %f (V[T),S" T" V\v1l f(C|A) %f(C|B),A" B" V\C.

Let C = {c1,Cp,...,¢}. Thendiminishing returngmplies
fAuC) —f(A) (4.73)
k—1
= f(AUC) — Z(f(AU {e,...,e}) — f(AU {ea, ... ,ci})) — f(A) (4.74)

= Z(f(A U {01 .. Cl}) — f(A U {Cl .. .Ci71})> = Zf(CZ‘A U {01 .. Cifl}) (4.75)

2 f@lBUfa...ca)) = Z(f(B Ufcr...ai}) — f(BU{er. ..CH})) (4.76)
= f(BU Z( (BU{c,...,ci}) — F(BU{cy, ... cl}))—f(B) (4.77)
= f(BUC) - f(B) (4.78)

]
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Group Diminishing Returds Submodular Concave

f(U|S) %f (U[T),S" T" VAU f(A)+f(B)%f(A- B)+f(A#B).

Assumegroup diminishing returnsAssumeA 2 B otherwise trivial. DebPne
A'= A#B,C= A\B, andB'= B. Then sinceA' " B!,

f(A'+C)$ f(AY %f(B'+C)$ f(BY (4.79)
giving
f(A'+ C)+ f(B') %f(B'+ C)+ f (A" (4.80)
or
f(A#B+ A\ B)+ f(B) %f(B+ A\B)+ f(A#B) (4.81)

which is the same as the submodular concave condition

f(A)+ f(B) %f(A- B)+ f(A#B) (4.82)
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Submodular DePnition: Four Points

Debnition 4.6.2 (OsingletonO, or Ofour pointsO)

A functionf : 2¥ | R is submodular if#f for ady+ V, and any
a,b&V\ A, we have that:

f(A-{a})+ f(A-{ 1) %f(A-{al)+f(A) (4.83)
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Submodular DePnition: Four Points

Debnition 4.6.2 (OsingletonO, or Ofour pointsO)

A functionf : 2¥ | R is submodular if#f for ady+ V, and any
a,b&V\ A, we have that:

f(A-{a})+ f(A-{ 1) %f(A-{al)+f(A) (4.83)

This follows immediately frondiminishing returns
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Submodular DePnition: Four Points

Debnition 4.6.2 (OsingletonO, or Ofour pointsO)

A functionf : 2¥ | R is submodular if#f for ady+ V, and any
a,b&V\ A, we have that:

f(A-{a})+ f(A-{ 1) %f(A-{al)+f(A) (4.83)

This follows immediately frondiminishing returns To achievediminishing
returng assumeA + B with B\ A = {by,bp,...,b}. Then

f(A+a)$f(A)Wf(A+bp+a)$f(A+Db) (4.84)

WfA+b+bp+a)$f(A+ b+ by (4.85)

%... (4.86)
Wf(A+b+adahx+a)$f(A+b+aadh)

(4.87)

=f(B+a)$f(B) (4.88)
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The Submodular Square, and Hypercube Vertices

We can test submodularity via values on vertices of hypercube.
Example: withV| = n =2, thisis With |V|= n =3, a bit harder.

111
easy: ®
10, 11
110. 8 .011
00 01
8 .010 001

How many inequalities of form
f(A)+f(B) %f(A- B)+f(A#B)?
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Submodular Concave Diminishing Returns, in one slide

Theorem 4.6.3

Given functionf : 2V | R, then
f(A)+ f(B) %f(A- B)+ f(A#B) forallAB" V (SC)
if and only if

f(V[X) %F (V[Y) forall X " Y " V andv &Y (DR)

Proof.
(SC)1 (DR): SetA3 X -{v},B3 Y. ThenA- B=Y -{ v} and
A#B = X andf (A)$ f(A#B) %f(A- B)$ f(B) implies (DR).
(DR)1 (SC): OrderA\ B = {v1,Vv2,...,V} arbitrarily. Fori & 1:r,
f(Vil(A#B)-{ vi,v2,...,Vig1}) %f (Vi|B -{ v1,V2,...,Vig1}).
Applying telescoping summation to both sides, we get:
I I
fVil(A#B)-{ vi,v2,...,vie1}) % F(VilB -{ vi,v2,...,Vig1})
i=1 i=1
1 f(A)$ f(A#B) %f(A- B)$ f(B)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)%f(A- B)+ f(A#B), .AB" V (4.94)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)%f(A- B)+ f(A#B), .AB" V (4.94)
f(GIS) %f(|T), .S" T" V, withj &V\ T (4.95)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B) %f(A- B)+ f(A#B), .AB" V (4.94)
f(GIS) %FGT), .S" T" V, withj &V\ T (4.95)
f(C|S) %f (C|T),.S" T" V,withC" V\ T (4.96)

EE563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F65/85 (pg.196/257)



Many (Equivalent) Debnitions of Submodularity

f(A)+f(B) %f(A- B)+ f(A#B), .AB" V (4.94)
f(GIS) %FGT), .S" T" V, withj &V\ T (4.95)
f(C|S) %f (C|T),.S" T" V,withC" V\ T (4.96)

fG1S) %f(jIS-{ K}), .S" Vwithj &V\ (S-{k})  (4.97)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B) %f(A- B)+ f(A#B), .AB" V (4.94)
f(GIS) %FGT), .S" T" V, withj &V\ T (4.95)
f(C|S) %f (C|T),.S" T" V,withC" V\ T (4.96)

f(IS) %f(|S-{ K}),.S" Vwithj &V\ (S-{Kk})  (4.97)
f(A- BIA#B)( f(AJA#B)+ f(BJA#B), .AB" V (4.98)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B) %f(A- B)+ f(A#B), .AB" V (4.94)
f(GIS) %FGT), .S" T" V, withj &V\ T (4.95)
f(C|S) %f (C|T),.S" T" V,withC" V\ T (4.96)
f(IS) %f(|S-{ K}),.S" Vwithj &V\ (S-{Kk})  (4.97)

f(A- BIA#B)( f(AJA#B)+f(BJA#B), .AB" V (4.98)

f(T) ( f(S)+ f(il1S)$ fGIS- T${j}), .ST" V
i"T\s i"S\T

(4.99)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)%f(A- B)+ f(A#B), .AB" V (4.94)

f(1S) %f(j|T), .S" T" V, withj &V\T (4.95)

f(C|S) %f(C|T),.S" T" V,withC" V\T (4.96)

f(1S) %f(|S-{ k}),.S" Vwithj &V \ (S-{ k}) (4.97)

f(A-BJA#B)( f(AA#B)+f(BIA#B), .AB" V (4.98)
f(T) ( f(S)+ f(I1S)$ fGI1S- T${j}), .S, T" V

j"T\S j"S\T
' (4.99)
f(TY( F(S)+  f(lS),.S" T" V (4.100)

i"T\s
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)! f(A"B)+ f(A#B), $A,B %V (4.94)
fGIS)! FGIT), $S%T %V, withj &V\ T (4.95)
f(C|S)! f(C|T),$S%T %V, withC %V \ T (4.96)
fGIS)! F(IS"{ k}), $S%V withj &V \ (S"{ k}) (4.97)

f(A"BIJA#B)' f(AJA#B)+ f(BJA#B), $A,B %V (4.98)

FT) £(S)+ Y. fGIS)C > FGIS" T({j}), $5,T %V

JET\S JES\T
(4.99)
f(T)' f(S)+ Z f(IS), $S%T %V (4.100)
JET\S
FT) £(S)( Y fGISViH+ > f(IS#T)$S, TV
JES\T JET\S

(4.101)
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)! f(A"B)+ f(A#B), $A,B %V (4.94)
fGIS)! FGIT), $S%T %V, withj &V\ T (4.95)
f(C|S)! f(C|T),$S%T %V, withC %V \ T (4.96)
fGIS)! F(IS"{ k}), $S%V withj &V \ (S"{ k}) (4.97)

f(A"BIJA#B)' f(AJA#B)+ f(BJA#B), $A,B %V (4.98)

FT) £(S)+ Y. fGIS)C > FGIS" T({j}), $5,T %V

JET\S JES\T
(4.99)
FT) £(S)+ DY f(IS), $S%T %V (4.100)
JET\S
FT)' £(S)( Y fGISViH+ D f(IS#T)$S, TV
JES\T JET\S
(4.101)
FT) £(S)( D FGISV(i}), $T %S %V (4.102)

JES\T
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Equivalent DePnitions of Submodularity

WeOve already seen that Eq. 4)94£q. 4.95) Eq. 4.96) Eq. 4.97)
Eq. 4.98.
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Equivalent DePnitions of Submodularity

WeOve already seen that Eq. 4)94£q. 4.95) Eq. 4.96) Eq. 4.97)
Eq. 4.98.
We next show that Eq. 4.97 Eg. 4.99* Eq. 4.100* Eq. 4.97.
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Approach

To show these next results, we essentially brst use:
f(S" T)=1(S)+ f(T|S)"' f(S)+ upper-bound (4.103)
and

f(T) + lower-bound f(T)+ f(S|T)= f(S" T) (4.104)
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Approach

To show these next results, we essentially prst use:

f(S" T)=f1(S)+ f(T|S)"' f(S)+ upper-bound

and
f(T)+ lower-bound f(T)+ f(S|T)=f(S" T)
leading to
f(T)+ lower-bound f(S)+ upper-bound
or

f(T)' f(S)+ upper-bound lower-bound

(4.103)

(4.104)

(4.105)

(4.106)

F67/85 (pg.206/257)
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Eqg. 497+ Eq. 4.99

LetT\S={ji,...,J,} andS\ T = {ky,...,kg}.
First, we upper bound the gain df in the context ofS:

(8" D= D (FS i i) (F(S L))

t=1
(4.107)

Zf(ms {in. i) D f(4S)  (4.108)
t=1

= Z f(j|S) (4.109)
JET\S
or
HUS R PRTIS) (4.110)
JET\S
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Eqg. 497+ Eq. 4.99

Let T\ S={ji,...,j,-} andS\ T = {ky,...,Kg}.
Next, lower boundS in the context ofT:

q

f(S" T)( f(T)= Z[f(T"{ Ki, ... ke) ( F(T"{ ky,....,ke1})]

t=1
(4.111)

q q
D kT " {kay KV k) DY F (kT SV ki)

t=1 t=1
(4.112)
= ) f(Is" T} (4.113)
jeS\T

EES563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F69/85 (pg.208/257)



Eqg. 497+ Eq. 4.99

LetT\S={j1,....j-} andS\ T = {ky,...,Kg}.
So we have the upper bound

f(TIS)=f(s"T)(F(S)" Y f(ls)

JET\S

and the lower bound

F(SIT)=f(S" T)(F(T)! > fGIS" T\(i})

JES\T
This gives upper and lower bounds of the form

f(T)+ lower bound f(S" T)' f(S)+ upper bound

(4.114)

(4.115)

(4.116)

and combining directly the left and right hand side gives the desired

inequality.
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Eg. 4.99* Eq. 4.100

This follows immediately since 8 % T, thenS\ T = + and the last term
of Eg. 4.99 vanishes.
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Many (Equivalent) Debnitions of Submodularity

f(A)+f(B)! f(A"B)+ f(A#B), $A,B %V (4.94)
fGIS)! FGIT), $S%T %V, withj &V\ T (4.95)
f(C|S)! f(C|T),$S%T %V, withC %V \ T (4.96)
fGIS)! F(IS"{ k}), $S%V withj &V \ (S"{ k}) (4.97)

f(A"BIJA#B)' f(AJA#B)+ f(BJA#B), $A,B %V (4.98)

FT) £(S)+ Y. fGIS)C > FGIS" T({j}), $5,T %V

JET\S JES\T
(4.99)
FT) £(S)+ DY f(IS), $S%T %V (4.100)
JET\S
FT)' £(S)( Y fGISViH+ D f(IS#T)$S, TV
JES\T JET\S
(4.101)
f(T)" f(S)( Z fGIS\{j}), $T %S %V (4.102)

JES\T
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Eq. 4.100 Eq. 4.97

Here, we sefl = S"{ j,k},j &S"{ k} into Eg. 4.100 to obtain

f(S"{jk})" f(S)+ f(I|S)+ f(Kk|S) (4.117)
=f(S)+f(S+{j})( F(S)+ f(S+{k})( f(S) (4.118)
=f(S+{jH)+ T (S+{k})( f(S) (4.119)
=f(|S)+ f(S+ {k}) (4.120)

giving
fFaIs*{kH)=F1ES"{ik}H(F(S"{k}) (4.121)

*f(|S) (4.122)




Submodular Concave

e Why do we call thd (A)+ f(B)! f(A" B)+ f (A#B) debnition of
submodularity, submodulazoncav@
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Submodular Concave

e Why do we call thd (A)+ f(B)! f(A" B)+ f (A# B) debnition of
submodularity, submodularoncave

e A continuous twice dilerentiable functioh : R”, R is concave if"f
- 2f . 0 (the Hessian matrix is nonpositive debnite).
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Submodular Concave

e Why do we call thd (A)+ f(B)! f(A" B)+ f (A# B) debnition of
submodularity, submodularoncave

e A continuous twice dilerentiable functioh : R”, R is concave if"f
- 2f . 0 (the Hessian matrix is nonpositive dePnite).

e Debne a Odiscrete derivativeO or dilerence operator debned on dis
functionsf : 2", R as follows:

(- sf)A)! F(A" B)( f(A\B)=f(B|(A\B))  (4.123)

read as: the derivative df at A in the directionB.
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Submodular Concave

e Why do we call thd (A)+ f(B)! f(A" B)+ f (A# B) debnition of
submodularity, submodularoncave

e A continuous twice dilerentiable functioh : R”, R is concave if"f
- 2f . 0 (the Hessian matrix is nonpositive dePnite).

e Debne a Odiscrete derivativeO or dilerence operator debned on dis
functionsf : 2", R as follows:

(- sf)A)! F(A" B)( f(A\B)=f (B|(A\B))  (4.123)

read as: the derivative df at A in the directionB.
e Hence, ifA# B = + then(- gf)(A)= f(BJ|A).
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Submodular Concave

e Why do we call thd (A)+ f(B)! f(A" B)+ f (A# B) debnition of
submodularity, submodularoncave

e A continuous twice dilerentiable functioh : R”, R is concave if"f
- 2f . 0 (the Hessian matrix is nonpositive dePnite).

e Debne a Odiscrete derivativeO or dilerence operator debned on dis
functionsf : 2", R as follows:

(- sf)A)! F(A" B)( f(A\B)=f (B|(A\B))  (4.123)

read as: the derivative df at A in the directionB.
e Hence, ifA# B = + then (- gf )(A) = f (B|A).
e Consider a form of second derivative or 2nd di'erence:

(Ve £)(A)
(- B- cf)(A)= - [f(A" C)( F(A\C)] (4.124)
=(- sF)(A" C)( (- BF)(A\C) (4.125)

=f(A"B" C)( f((A" C)\ B)
( f((A\C)" B)+ f((A\ C)\ B)  (4.126)
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Submodular Concave

e If the second dilerence operator everywhere nonpositive:

f(A"B" C)( f((A" C)\B)
( f((A\C)" B)+f(A\C\B)' 0  (4.127)
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Submodular Concave

o If the second dilerence operator everywhere nonpositive:

f(A"B" C)( f((A" C)\B)
( f((A\C)" B)+f(A\C\B)' 0  (4.127)

then we have the equation:

f((A" C)\'B)+ f((A\C)" B)! f(A" B" C)+ f(A\ C\ B)
(4.128)
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Submodular Concave

o If the second dilerence operator everywhere nonpositive:

f(A"B" C)( f((A" C)\ B)
( f(ANC)"B)+f(A\C\B)' O (4.127)
then we have the equation:
f(A"C)\B)+f(A\C)"B)! f(A"B" C)+ f(A\C\B)
(4.128)

e DebneA’= (A" C)\ B andB’=(A\ C)" B. Then the above
implies:

f(AY+ f(B/)! f(A"" B')+ f(A'#B’) (4.129)

and note thatA’ and B’ so debned can be arbitrary.
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Submodular Concave

o If the second dilerence operator everywhere nonpositive:

f(A"B" C)( f((A" C)\ B)
( f(ANC)"B)+f(A\C\B)' O (4.127)
then we have the equation:
f(A"C)\B)+f(A\C)"B)! f(A"B" C)+ f(A\C\B)
(4.128)

e DebneA’= (A" C)\ B andB’=(A\ C)" B. Then the above
implies:
f(A)+ f(B)! f(A'" B')+ f(A'#B’) (4.129)

and note thatA’ and B’ so debned can be arbitrary.
e One sense in which submodular functions are like concave functions
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Submodular Concave

A B A

(@) AP=(A! C)\' B (b) BP=(A\O)! B
Figure: A figure showing A’" B’= A" B" Cand A’#B’= A\ C\ B.
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Submodular Concave

A B A

(@) AP=(A! C)\' B (b) BP=(A\O)! B
Figure: A figure showing A’" B’= A" B" Cand A’#B’= A\ C\ B.

EES563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F76/85 (pg.223/257)



Defs.
[RRRRRRRNNAN] |

Submodularity and Concave

e This submodular/concave relationship is more simply done with
singletons.
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Submodularity and Concave

e This submodular/concave relationship is more simply done with
singletons.

e Recall four points dePnition: A function is submodular if for)alle VvV
andj,k &V \ X

fFX+])+f(X+K)! f(X+)+K)+ f(X) (4.130)
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Submodularity and Concave

e This submodular/concave relationship is more simply done with

singletons.
e Recall four points debnition: A function is submodular if for)albe VvV
andj,k &V \ X
fX+))+ X+ k)X +]+k)+ f(X) (4.130)

e This gives us a simpler notion corresponding to concavity.
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Submodularity and Concave

e This submodular/concave relationship is more simply done with

singletons.
e Recall four points debnition: A function is submodular if for)albe VvV
andj,k &V \ X
fX+))+ X+ k)X +]+k)+ f(X) (4.130)

e This gives us a simpler notion corresponding to concavity.
e Debne gainas ;(X)= f(X +])( f(X), aform of discrete gradient.
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Submodularity and Concave

e This submodular/concave relationship is more simply done with
singletons.

Recall four points debnition: A function is submodular if for>allo Vv
andj,k &V \ X

f(X+))+fF(X+Kk)! f(X+)+k)+ f(X) (4.130)

This gives us a simpler notion corresponding to concavity.
Debne gain as ;(X)= f(X +j) ( f(X), aform of discrete gradient.

Trivially becomes a second-order condition, akin to concave functior
A function is submodular if for alk %V andj,k &V, we have:

S X))o (4.131)
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Example: Rank function of a matrix

Consider the following/ 8 matrix, soV = {1,2,3,4,5,6,7,8}.

A W =

1

N O O O

2

S O W N

3

O O O N

4

o O P+ W

5 6 7 8

1 2 3 4
oL o
002 4|
300 5 X‘lx‘zxfx“
0 0 0 5

5
|

X5

6 7 8
o

X6 X7 X8

LetA={1,2,3},B ={3,4,5,C={6,7}, A, = {1}, B, = {5}.
Thenr(A)=3,r(B)=3,r(C)=2.
r(A" C)=3, r(B" C)=3.

r(A" A,)=3,r(B"B,)=3,r(A"B,)=4,r(B" A,)=4.
r(A" B)=4, r(A#B)=1 <r(C)=2.
6=r(A)+r(B)=r(A"B)+r(C)>r(A"B)+r(A#B) =5
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On Rank

e Letrank: 2V, Z. be the rank function.
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On Rank

e Letrank: 2V, Z. be the rank function.

e In general, rankA) '| Al, and vectors iPA are linearly independent if
and only if rankA) = |A].

Prof. Jeff Bilmes EES563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020 F79/85 (pg.231/257)



On Rank

e Letrank: 2V, Z. be the rank function.

e In general, ranfd) '| Al[, and vectors iPA are linearly independent if
and only if rankA) = |A].

e If A,B are such that rankA) = |A| and ranKB) = |B|, with
|A| < |B|, then the space spanned I8/ is greater, and we can bnd a
vector inB that is linearly independent of the space spanned by vect
in A.
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On Rank

e Letrank: 2V, Z. be the rank function.

e In general, rankA) '| Al, and vectors iPA are linearly independent if
and only if rankA) = |A].

e If A,B are such that rankA) = |A| and ranKB) = |B|, with
|A| < |B|, then the space spanned I8 is greater, and we can bnd a
vector inB that is linearly independent of the space spanned by vec
in A.

e To stress this point, note that the above condition|s| < |B], not
A % B which is su#cient (to be able to bPnd an independent vector)
but not required.
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On Rank

e Letrank: 2V, Z. be the rank function.

e In general, rankA) '| Al, and vectors iPA are linearly independent if
and only if rankA) = |A].

e If A,B are such that rankA) = |A| and ranKB) = |B|, with
|A| < |B|, then the space spanned I8 is greater, and we can bnd a
vector inB that is linearly independent of the space spanned by vec
in A.

e To stress this point, note that the above condition|i&| < [B|, not
A % B which is su#cient (to be able to bnd an independent vector)
but not required.

e In other words, give\, B with rank(A) = |A| & rank(B) = |B]|, then
|A| < |[B]|01 anb& B such that ranKA "{ b}) = |[A|+1.
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Spanning trees/forests

e We are given a grapls = (V, E), and consider the edgds = E(G)
as an index set.

e Consider thdV|/| E| incidence matrix of undirected grapgh, which
is the matrix X = (Xv.e)vev(a)ccE(G) Where

1 ifvé&e

Xy.e {O Vg e (4.132)
1 23456 7 89 10 11 12
1/1 10000000 0 0 O
2[1 01 0100000 0 O
3]0 1 01010000 0 O
40011001100 0 O
50000011001 0 O
6/0 000000110 1 O
7lo ooo10001 0 0 1
8\0 00 000DO0O0O0 1 1 Y

(4.133)
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Spanning trees/forests & incidence matrices

e We are given a grapt = (V, E), we can arbitrarily orient the graph
(make it directed) consider again the edgés= E (G) as an index set.

e Consider instead th¢/|/| E| incidence matrix of undirected graga,
which is the matrixXq = (Xu.e)vev(@),cer(q) Where

1 if v&et
Xpe=13(1 ifv&e (4.134)
0 ifvé&e

and wheree™ is the tail ande™ is the head of (now) directed edge

EES563/Spring 2020/Submodularity - Lecture 4 - Oct 12th, 2020

F81/85 (pg.236/257)



e A directed version of the graph
(right) and its adjacency matrix
(below).

e Orientation can be arbitrary.
e Note, rank of this matrix is 7.

1 2 3 4 5 6
1/(1 1 0 0 0 O
2l 1 0 (1 0 1 0O
30 (1 0 1 0 (1
4l 0 0 1 (1 0 O
5/ 0 0o 0 0 0 1
6/ 0 0 0 0 O O
710 0o 0 0 (1 0
s\o o 0o 0 0 O

—~
CoprphrPoo

o

—~~
0PrPrPo0o ®

—~
PR OCPCOo0oo ©
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m
columns.

[

(1

(4.135)

o~NO UL WN PR

[cNeoNoNeoNeNoll ol

Here, rank{x;})=1.
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m

columns.
1 2
1/(1 1
2 1 0
3] 0 (1
4 0 0
=l o o (4.135)
6 0 0
7 0 0
8 0 0

Here, rank{x1,x2}) =2.
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m

columns.
1 2 3
1/(1 1 0
2l 1 0 (1
3] 0 (1 ©
4 0 0 1
cl o o0 o (4.135)
6 0 0 0
7 0 0 0
8 0 0 0

Here, rank{x, X2, X3}) = 3.
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m

columns.
1 2 3 5
1/(1 1 0 0
2[ 1 o (1 1
3] 0 (1 0 O
4 0 0 1 0
5 0 0 0 0 (4.135)
6 0 0 0 0
71 0 o o (1
8 0 0 0 0

Here, rank{x1, X2, X3,X5}) = 4.
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m
columns.

=

(1

(4.135)

—~~
OpoOoo0o@POoOrowm

O~NOOUDWN R
Ooooco .,0oFr N
OCoo0oorO, .0 w
~—~
leNoNeNoNIN S Ne RN

[cNeoNoNeNeNol ]

Here, rank{xy, X2, X3, X4,X5}) = 4.
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Spanning trees

e We can consider edge-induced subgraphs and the corresponding m
columns.

(1

(4.135)

(e NeNeNeNe NN ol
Oo0oo0OOoORrO,_ 0w
—~~
e NeoNoNoRNINE = No RN

oOo~NO UL WNPE
[cNeoNeoNeoNeNoll ]

Here, rank{x1, X2, X3,X4}) =3 sincexy = ( X1 ( X2 ( Xs.
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Spanning trees, rank, and connected components

e In general, whenever the edges specify a cycle, there will be a linee
dependence between the corresponding set of vectors in the matrix.
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Spanning trees, rank, and connected components

e In general, whenever the edges specify a cycle, there will be a linee
dependence between the corresponding set of vectors in the matrix.

e This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.
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Spanning trees, rank, and connected components

e In general, whenever the edges specify a cycle, there will be a linee
dependence between the corresponding set of vectors in the matrix.

e This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.

e Consider a OrankO function debned as follows: given a set of edge
A % E(G), the rankA) is the size of the largest forest in the-edge
induced subgraph db.
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Spanning trees, rank, and connected components

e In general, whenever the edges specify a cycle, there will be a linee
dependence between the corresponding set of vectors in the matrix.

e This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.

e Consider a OrankO function debned as follows: given a set of edge
A % E(G), the rani(A) is the size of the largest forest in the-edge
induced subgraph oB.

e The rank of the entire graph then is then a spanning forest of the grz
(spanning tree if the graph is connected).
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Spanning trees, rank, and connected components

e In general, whenever the edges specify a cycle, there will be a linee
dependence between the corresponding set of vectors in the matrix.

e This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.

e Consider a OrankO function debned as follows: given a set of edge
A % E(G), the rani(A) is the size of the largest forest in the-edge
induced subgraph oB.

e The rank of the entire graph then is then a spanning forest of the gre
(spanning tree if the graph is connected).

e The rank of the graph is ra{le (G)) = |V|( k wherek is the number
of connected components @&.
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Spanning trees, rank, and connected components

In general, whenever the edges specify a cycle, there will be a linea
dependence between the corresponding set of vectors in the matrix.
This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.

Consider a OrankO function debned as follows: given a set of edge
A % E(G), the rani(A) is the size of the largest forest in the-edge
induced subgraph oB.

The rank of the entire graph then is then a spanning forest of the gre
(spanning tree if the graph is connected).

The rank of the graph is rafE (G)) = |V|( k wherek is the number
of connected components @&.

For A % E(G), debPnek(A) as the number of connected component
of the edge-induced spanning subgraph(G), A). Recall,kg(A) is
supermodular, s¢V (G)| ( kg (A) is submodular.
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Spanning trees, rank, and connected components

In general, whenever the edges specify a cycle, there will be a linea
dependence between the corresponding set of vectors in the matrix.
This means that all forests in the graph correspond to a set of linear
independent column vectors in the matrix.

Consider a OrankO function debned as follows: given a set of edge
A % E(G), the rani(A) is the size of the largest forest in the-edge
induced subgraph oB.

The rank of the entire graph then is then a spanning forest of the gre
(spanning tree if the graph is connected).

The rank of the graph is rafE (G)) = |V|( k wherek is the number
of connected components @&.

For A % E(G), debPnekg(A) as the number of connected component
of the edge-induced spanning subgraph(G), A). Recall,kg(A) is
supermodular, s¢V (G)| ( kg(A) is submodular.

We have rankA) = |[V(G)| ( ka(A).
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph
G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

e Given a treeT, the cost of the tree is coéT) = > __,w(e), the sum
of the weights of the edges.

There are several algorithms for MST:
Algorithm 1: KruskalOs Algorithm
Sort the edges so thatv(e) ' w(ey) "ada' w(e,) ;
T2 (V(G),H=(V.4H;
for i =1 tom do

if E(T)"{ e} does not create a cycle in T then
L | E(T)2 E(M"{e};

g A WO =
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph
G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

e Given a treeT, the cost of the tree is coéT) = > __,w(e), the sum
of the weights of the edges.

e There are several algorithms for MST:
Algorithm 2: Jarn’k/Prim/Dijkstra Algorithm

1 T2+

2 while T js not a spanning tree do

3 L T2 T"{ e} for e= the minimum weight edge extending

the tree T to a not-yet connected vertex ;
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph

G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

Given a tre€T, the cost of the tree is co¢T) = > __,w(e), the sum
of the weights of the edges.

There are several algorithms for MST:
Algorithm 3: Bor$vkaOs Algorithm

F 2+ /* We build up the edges of a forest in F */
while G(V, F) is disconnected do
L forall components C; of F do

A W N =

| F2 F"{e} fore = the min-weight edge out o€;;
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph
G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

e Given a treeT, the cost of the tree is co¢T) = > _,w(e), the sum
of the weights of the edges.

e There are several algorithms for MST:

e These three algorithms are all guaranteed to Pnd the optimal minimi
spanning tree in (low order) polynomial time.
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph
G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

e Given a treeT, the cost of the tree is co¢T) = > _,w(e), the sum
of the weights of the edges.

e There are several algorithms for MST:

e These three algorithms are all guaranteed to Pnd the optimal minimi
spanning tree in (low order) polynomial time.

e These algorithms arell related to the OgreedyO algorithm. I.e., Oad
next whatever looks bestO.
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph

G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

Given a tre€T, the cost of the tree is co$T) = > __,w(e), the sum
of the weights of the edges.

There are several algorithms for MST:

These three algorithms are all guaranteed to bnd the optimal minimt
spanning tree in (low order) polynomial time.

These algorithms arell related to the OgreedyO algorithm. I.e., Oadt
next whatever looks bestO.

These algorithms will also always Pnd a basis (a set of linearly
independent vectors that span the underlying space) in the matrix
example we saw earlier.
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Spanning Tree Algorithms

e We are now given a positive edge-weighted connected graph

G =(V,E,w) wherew : E, R, is a modular function the edges of
the graph. The goal is to bPnd the minimum spanning tree (MST) of
the graph.

Given a tre€T, the cost of the tree is co$T) = > __,w(e), the sum
of the weights of the edges.

There are several algorithms for MST:

These three algorithms are all guaranteed to bnd the optimal minimt
spanning tree in (low order) polynomial time.

These algorithms arell related to the OgreedyO algorithm. I.e., Oadt
next whatever looks bestO.

These algorithms will also always Pnd a basis (a set of linearly
independent vectors that span the underlying space) in the matrix
example we saw earlier.

The above are all examples of a matroid, which is the fundamental
reason why the greedy algorithms work.
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