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Class Road Map -

EE563

@ L1(9/30): Motivation, Applications,
Debpnitions, Properties

@ L2(10/5): Sumsconcave(modular), uses @
(diversity/costs, feature selection),
information theory

@ L3(10/7): Monge, More Debpnitions, °
Graph and Combinatorial Examples,

@ L4(10/12): Graph& Combinatorial
Examples, Matrix Rank, Properties, Other o
Defs, Independence

@ L5(10/14): Properties, Defs of
Submodularity, Independence

@ L6(10/19): Matroids, Matroid Examples,
Matroid Rank,

@ L7(10/21): Matroid Rank, More on
Partition Matroid, Laminar Matroids,
System of Distinct Reps, Transversals °

@ L8(10/26): Transversal Matroid, Matroid
and representation, Dual Matroid

@ L9(10/28): Other Matroid Properties, o
Combinatorial Geometries, Matroid and
Greedy, Polyhedra, Matroid Polytopes

@ L10(11/2): Matroid Polytopes, Matroids @
! Polymatroids

L11(11/4): Matroids!
Polymatroids
L12(11/9): Polymatroids, Polymatroids
and Greedy

LD(11/11): Veterans Day, Holiday
L13(11/16): Polymatroids and Greedy,
Possible Polytopes, Extreme Points,
Cardinality Constrained Maximization
L14(11/18): Cadinality Constrained
Maximization, Curvature

L15(11/23): Curvature, Submodular Max
w. Other Constraints, Start Cont.
Extensions

L16(11/25): Submodular Max w. Other
Constraints, Cont. Extensions, Lovisz
extension

L17(11/30): Choquet Integration,
Non-linear Measure/Aggregation,
Debpnitions/Properties, Examples.
L18(12/2): Multilinear Extension,
Submodular Max/polyhedral, Most
Violated Ineq., Matroids Closure/Sat
L19(12/7): Fund. Circuit/Dep, SFM, L.E.
primal, Start SFM via Min-Norm Point
L20(12/9): support for min-norm, proof
that min-norm gives optimal, computing
min-norm vector inB¢, SFM
L21(12/14): bnalmeeting (presentations)
maximization.

Polymatroids,

Last day of instruction, Fri. Dec 11th. Finals Week: Dec 12-18, 2020

Prof. Je! Bilmes
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Rest of class

o Homework 4 posted, due Thursday Dec 17th, 2020, 11:55pm.

o Final project 4-page paper and presentation slides, due Sunday Dec
13th, 11:59pm.

e Final project presentation, Monday Dec 14th, starting at 10:30am.

e Final project: Read and present a recent (past 5 years) paper on
submodular/supermodular optimization. Paper should have both a
theoretical and practical component. What is due: (1) 4-page paper
summary, and (2) 10 minute presentation about the paper, will be
giving presentations on Monday 12/14/2020. You must choose your
paper before the 14th (this will be HW5), and you must turn in your
slides and 4-page paper (this will be HW6).

e Recall, grades will be based on a combination of a bPnal project (40¢
and the four homeworks (60%).
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Summary List of Concepts

o
o
o
(]
(]
(]
(]
(]
o

Most violated inequalitymax{x(A)! f(A): A" E}

Matroid by circuits, and the fundamental circu@(l,e) " | + e.
Minimizers of submodular functions form a lattice.

Minimal and maximal element of a lattice.

x-tight sets, maximal and minimal tight set.

sat function & Closure

Saturation Capacity

e-containing tight sets

dep function & fundamental circuit of a matroid
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Summary important debPnitions so far: tight, dep, & sat

o x-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
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Summary important debPnitions so far: tight, dep, & sat

o Xx-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
e Polymatroid closure/maximak-tight set: Forx # Ps,
satx)! ${A:A#D(X)} ={e:e# E, %> O,x+ ! 1.# P;}.
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Summary important debPnitions so far: tight, dep, & sat

o Xx-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
e Polymatroid closure/maximak-tight set: Forx # Ps,

sat(x) ! ${A:A#D(X)} ={e:e# E, %> 0O,x+ ! 1. # P;}.
e Saturation capacity: fox # P, 0 & d(x;e) !

min{f (A)! x(A)|YA "' € =max{! :! # R,x+ ! 1o # Ps}
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Summary important debPnitions so far: tight, dep, & sat

o Xx-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
e Polymatroid closure/maximak-tight set: Forx # Ps,
sat(x) ! ${A:A#D(X)} ={e:e# E, %> 0O,x+ ! 1. # P;}.
e Saturation capacity: fox # P;, 0 & &(x;e€) !
min{f (A)! xX(A)|YA "' e =max{! :! # R, x+ ! 1o # P}
o Recall:sat(x) = {e: d(x;e) =0} andE \ sat(x) = {e: dx;e) > O}.
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Summary important debPnitions so far: tight, dep, & sat

o Xx-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
e Polymatroid closure/maximak-tight set: Forx # Ps,
sat(x) ! ${A:A#D(X)} ={e:e# E, %> 0O,x+ ! 1. # P;}.
e Saturation capacity: fox # P;, 0 & &(x;e€) !
min{f (A)! xX(A)|YA "' e =max{! :! # R, x+ ! 1o # P}
o Recall:sat(x) = {e: &(x;e) =0} andE \ sat(x) = {e: &x;e) > O}.
@ e-containingx-tight sets: Forx # P,
D(x,e)= {A:e# A" E,x(A)=f(A)}"D (x).
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Summary important debnitions so far: tight, dep, & sat

o Xx-tight sets: Forx # P;, D(x)! {A" E :x(A)= f(A)}.
o Polymatroid closure/maximak-tight set: Forx # Ps,
sat(x) ! ${A:A#D(X)} ={e:e# E, %> 0O,x+ ! 1. # P;}.
e Saturation capacity: fox # P;, 0& &(x;€) !
min{f (A)! xX(A)|YA "' e =max{! :! # R, x+ ! 1o # P}
o Recall:sat(x) = {e: &(x;e) =0} andE \ sat(x) = {e: &x;e) > O}.
@ e-containingx-tight sets: Forx # P,
D(x,e)= {A:e# A" E,x(A)=f(A)}"D (x).

e Minimal e-containingx-tight set/polymatroidal fundamental circuit:
For x # Ps, I

dep(x, e) = {Are# A" Ex(A)= f(A)} if e# sat(x)

else
# $
= e:)!> 0, st.x+! (1! 1) # P
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Review
INE RRNRRNY

depandsatin a lattice

Given some # Ps

The picture on the

right summarizes

the relationships @bede)
between the lattices

and sublattices.

Note, dep(x, ) *

{ab,cd} {abgce} {ab,de} facde} {bcde}

dep(x) = 7 i =
(Aix()= (). S e =

In fact, ‘aMa

sat(x, ) = sat( x). )

Why?

Example lattice
Hasse diagram on 5
elements.
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depandsatin a lattice

Given som« # Py,

The picture on the
right summarizes
the relationships
between the lattices
and sublattices.
Note, dep(x, €) *
dep(x) =
{A:x(A)=f(A)}.
In fact,
sat(x, e) = sat( x).
Why?

=dep(x)
;M’/f7’£’ fl{k /
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Review
INERE NRRNT

Minimizing # vs. minimizing

In fact, we have:

Theorem 20.2.4

Letf be submodular an® be its vaisz extension. '{hen
min{f (A)JA" E} =min . ¢e Yw) = min . 012 MW).

o First, sincef{1,) = f (A),%A " V, we clearly have
min {f (A)JA™" V} =min . e fAw) + min,,. (0.1]F w).

e Next, consider anyv # [0, 1]F, sort elementsE = {ey,...,en} as
w(ey) + w(ep) + adéa w(ey), debnek; = {e1,..., g}, and debPne
"m=w(en) and"; = W(ei)o!/o w(es) fori#{1,...,m! 1}.

° Then,%as we have seew,= ;"i1lg, and"; + O.

i = W(el) & 1.

e Also,
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Min-Norm Point; Debnition

e Consider the optimization:

minimize X, 3 (20.25a)
subjectto  x # Bs (20.25b)
WhereB%is the base polytope of submoduliay and
X, 3= " 4 x(e)? is the squared 2-norm. Let* be the optimal
solution.

e Note, x* is the unique optimal solution since we have a strictly conve
objective over a set of convex constraints.

e x*# is called theminimum norm pointof the base polytope.
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Min-Norm Point: Examples
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Review
INRRRNRN NN

Min-Norm Point and Submodular Function Minimizatio

e Given optimal solutiorx” to [min, x, 3 s.t. x # B¢ ], and consider:
= S
y*= x*- 0= (min(x*(e),0)le# E) # Pr, k. (20.25)
As = {e:x*(e) < 0}, Ag={e:x*() & 0. A’;f’@o.za)

) . ')[' /DMH,/Q_
e Thus, we immediately have that:

As " Ag (20.27)
and that
x*(As) = x*(Ao) = Y (As) = Y*(Ao). (20.28)

e These quantities will solve the SFM problem: we will see that
f(Ag) = f(Ap) =min auy f (A) and that Ag is the unique minimal
minimizer andA is the unique maximal minimizer.

e The proof is nice since it uses recently developed tools (e.g., dep, S

e WeOll also show both the Fujishige-Wolfe algorithm and the
Frank-Wolfe algorithm (which are quite dilerent from each other) car
Pnd the min-norm point relatively e"ciently.
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B dominates”

e In fact, everyx # P; is dominated by & y # Bs.
Theorem 20.2.6

If x # P; andT is tight for x (meaningx(T) = f (T)), then there exists
y # Bf with x & y andy(e) = x(e) fore# T.

Proof.
e We construct they algorithmically: initially sety . Xx.
o y# Py, Tistight fory soy(T) = f(T).
o Recall saturation capacity: foy # Ps, §y;e€) =
min{f (A)! y(A)|YA ' e =max{! :! # Ry+ ! 1o # P;}
e Consider following algorithm:

1T T
2 fore# E\T do
3 | y. yroy;9le; T'. T'${e}; ay; e

X e
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Review
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ModibPed max-min theorem

@ Min-max theorem (Thm 13.4.2) restated for = 0.
max{y(E)|y # Ps,y & O} = min {f (X)|X " V} (20.27)

Theorem 20.2.6 (Edmonds-1970)
# $
min{f (X)|X " E} =max x%®(E)|x # B; (20.28)

wherex® (e) = min {x(e), 0} fore# E.

Proof via the Lovisz ext.

min{f (X)X " E} = min fAw)= min maxw x (20.29)

w" [0,1]E w" [0,1]E X" P¢

= min _ maxw x (20.30)
w" [0,1]F X" Byt

=max min_Ww X (20.31)
x" Bs w" [0,1]F

= max x® (E) (20.32)
X" By

[]
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Max-min theorem, all forms
We start directly from Theorem 13.4.2.
max(Y(E):y& O,y # Ps)=min(f(A): A" E) (20.1)

Theorem 20.3.1 (EdmondOs Max-Min Theorem (restated))

Giveny # RE, debney® # RE with y® (g) = min {y(e), 0} fore# E.
max (y(E) : y&Oy#Pf)—max&y$(E) y & 0,y # P; (20.2)

= max &y$ (E):y#P; . (20.3)
=max Y*(E):y# B; (20.4)
=min(f(A):A" E) (20.5)

The Prst equality follows sincg& 0. The second equality (together with
the Prst) shown on following slide. The third equality follows smce for an
X # P; there exists ay # By with x & y (follows from Theoren%)

| #
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

e Solutions identical cost. Leyf be I.h.s. OPT andy3 be r.h.s. OPT.
e Consider I.h.s. OPT¥ in r.h.s. evaluation and suppose it is worse
(lower) than E.h.s. OPT: (
min(y7(e),x(e)) < min(y5(e),x(e)) (20.8)
e'E e E
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

o Solutions identical cost. Ley¥ be I.h.s. OPT andy} be r.h.s. OPT.
e Consider I.h.s. OPT¥ in r.h.s. evaluation and suppose it is worse
(lower) than r.h.s. OPT:

. . C
b min(y7(e),x(e)) < min(y3(e), x(e)) (20.8)

eE e E
e But the vectory with entriesg(e) = min( y4(e), x(e)) has
gi(e) & x(e) and g # P sinceys # P, ¥ & y5, andP is down-closed.
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

o Solutions identical cost. Ley¥ be I.h.s. OPT andy} be r.h.s. OPT.
e Consider I.h.s. OPT¥ in r.h.s. evaluation and suppose it is worse
(lower) than r.h.s. OPT: =

min(y7(e),x(e)) < min(y3(e), x(e)) (20.8)

e'E e E
e But the vectory with entriesg(e) = min( y4(e), x(e)) has
gi(e) & x(e) and g # P sinceys # P, ¥ & y5, andP is down-closed.
° Thus,ﬁ is I.h.s. feasible but a better l.h.s. evaluation, a contradictio
of the optimality ofy# for L.h.s.
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

o Solutions identical cost. Ley¥ be I.h.s. OPT andy} be r.h.s. OPT.
e Similarly, consider r.h.s. OPV3 in L.h.s. evaluation and suppose it is
worse (lower) than l.h.s, OPT

yae) < vyi(e (20.8)
e" E e" E
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

o Solutions identical cost. Ley¥ be I.h.s. OPT andy} be r.h.s. OPT.
e Similarly, consider r.h.s. OPV3 in L.h.s. evaluation and suppose it is
worse (lower) than l.h.s, OPT

yae) < vyi(e (20.8)

e"E e"E
e But the vectoryg with entriesg;(e) = y#(e) hasg; # P and since
ﬁ(?) & x(e) for,all e, we ha(ve

yie) < yi(®=  g(e=  min(gi(e),x(e) (20.9)
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Alt proof ofz' (E) part of max-min theorem
Consider the following two problems for down-closed polyhedon

max y(e) (20.6a)

e E max min(y(e),x(e)) (20.7a)
S.t.y&x (20.6b) e'E

y#P (20.6c) St y#P (20.7b)

o Solutions identical cost. Ley¥ be I.h.s. OPT andy} be r.h.s. OPT.
e Similarly, consider r.h.s. OPV3 in L.h.s. evaluation and suppose it is
worse (lower) than l.h.s, OPT

yae) < vyi(e (20.8)

e"E e"E
e But the vectoryg with entriesg;(e) = y#(e) hasg; # P and since
ﬁ(?) & x(e) for,all e, we ha(ve

yie) < yi(®=  g(e=  min(gi(e),x(e) (20.9)

e'E e e'E e'E
e Thus, we have rh S. feasible vectyoj' strictly better than r.h.s. OPT
contradlctlng the optimality ofy5.
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Alt proof ofz' (E) part of max-min theorem

Consider the following two problems for down-closed polyhedton

max y(e) (20.6a)

e'E max min(y(e),x(e)) (20.7a)
st.y&x (20.6b) e'E

y#P (20.6c) SLYy#P (20.7b)

e Solutions identical cost. Ley? be I.h.s. OPT andy3 be r.h.s. OPT.
e Thus, l.h.s. and r.h.s. have identically valued solutions.
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Alt proof ofz' (E) part of max-min theorem

Consider the following two problems for down-closed polyhedton

max y(e) (20.6a)

e'E max min(y(e),x(e)) (20.7a)
st.y&x (20.6b) e'E

y#P (20.6c) SLYy#P (20.7b)

e Solutions identical cost. Ley? be I.h.s. OPT andy3 be r.h.s. OPT.
e Thus, l.h.s. and r.h.s. have identically valued solutions.

e Hence, from previous slide, taking=0, max(y(E): y & O,y # P¢) =
max (y* (E) 1y # Pr) =max(y* (E) : y # Br)

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F15/68 (pg.27/228)



in-Norm

How to get a discrete SFM solution from #:= dual solut

e So we havemax{x® (E)|x # B;} = min {f (X)|X " E}
rorr
Sesen g oA S

(olvt?on
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How to get a discrete SFM solution from the dual solut

e So we havenax{x® (E)|x # B;} = min {f (X)|X " E}
e Suppose we have a solutiotf to I.h.s. Thenx* # Ps, x*(E) = f (E),
andx*(X) & f(X), %X " E.
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How to get a discrete SFM solution from the dual solut

e So we havenax{x® (E)|x # B;} = min {f (X)|X " E}

e Suppose we have a solutiorf to I.h.s. Thenx® # P, x#(E) = f (E),
andx*(X) & f (X), %" E.

o DebneAg = {e# E :)ﬁe) < 0}. Then
x* (Ag) = x™ (E)=min {f (X)|X " E}.

7<)
/,-L/'ﬁ"’(c) = //VI)Q(M(C)/ D)
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How to get a discrete SFM solution from the dual solut

e So we havenax{x® (E)|x # B;} = min {f (X)|X " E}

e Suppose we have a solutiorf to I.h.s. Thenx® # P, x#(E) = f (E),
andx*(X) & f (X),% " E.

o DebneAg = {e# E : x(e) < 0}. Then
x* (Ag) = x*® (E) =min {f (X)|X " E}.

e That is, x*(Ag) = x*™® (Ag) = x™ (E) ;péf(X),%( " E sincex” is
optimal. In particular x*(As JIgf (As).

=

-
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How to get a discrete SFM solution from the dual solut

e So we havenax{x® (E)|x # Bt} = min {f (X)|X " E}
e Suppose we have a solutiofi to I.h.s. Thenx®#P;, x#(E) = f (E),
andx*(X) & f (X)X " El. /p
e DebneAg = {e# E : x{e) £ O} en _
X" (Ag }=%X"® (E) = min )X " E}.
e That is, x#(Ag) = x*® x*(E) + f (X), % " E sincex” is
f(As).
f(As).
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How to get a discrete SFM solution from the dual solut

e So we havanax{xNE)|x # B¢} =min {f (X)|X " E}
e Suppose we have a Solutiotf to Ith.s. Thenx® # Ps, x*(E) = f (E),
andx*(X) & f (X), %

x*® (Ag) = x#® (E) = min {NX))]| E}.

e That is, x* =" (R3)
imal. In particular,x*(A

e Sincex” # P;, we hav

SFM problem.
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How to get a discrete SFM solution from the dual solut

So we havamax{x® (E)|x # Bt} =min {f (X)|X " E}
Suppose we have a solutiotf to |.
andx#(X) & f(X), % " E.
DebneAg = {e#
X" (Ag) = X" (E) =

Thus we have found aA
x*(Ag) = f(Ag) = min
SFM problem.

DebneAg = {e#
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How to get a discrete SFM solution from the dual solut

e So we havemax{x® (E)|x # Bq} = min {f (X)|X " E}

e Suppose we\have a solutiorf tp I.h.s. Thenx” # B¢, x#(E) = f (E),
andx#(X) & fXX), % " E.

e DebneAg = {e#\E : x(e) < 0f. Then

X" (Ag) = x* (E)xmi

x*(Ag) = f(Ag) =min : X X_E) andAg is a solution to the

SFM problem.

o DebPneAg = {e#
leading tox*(A

@ Thus, if we

SFM.
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Greedy solvamax{w x|z # B} for arbitraryw # RE

Let f (A) be an arbitrary submodular function, addA) = f'(A)! m(A)
wheref ! is polymatroidal, andv # RE.

max{w x|x # Bf} = max {w x|x(A) & f (A) %A, x(E) = f (E)}
= max #w X|x(A) & f'(A)! m(A)YA, x(E)= f'(E)! m(E)
= max#w x|x(A)+ m(A) & f'(A) %\, x(E) + m(E) = f'(E)
=max W X+ w m|
x(@+ m(A) & f$(A)°/d\ X(E)+ m(E)=f (E) I w'm
= max Wy|y# Bi: ' wm G =Atm L - #,w(“))
3 . ey 7 L)y
=wy*l wms= V\;(y ; m) / 5o ;V(TV;;)&/'{'?‘)’:?b )-ect
wherey— X+ m, so thatx” = y*! m. x(w RGPS
Soy* uses greedy algorithm with positive orthaBt:. To show we use
Theorem 12.4.1 in Lecture 11, but we donOt réguire 0, and donOt stop
whenw goes negative to ensus¢’ # B:. Then when we subtract oim
from y*, we get solution to the original problem.

e.)
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e Recall that the greedy algorithm solves, for# RE

max{w x|x # P;} = max {w x|x # Bt} (20.8)

since for allx # Ps, there existsy + x with y # Bs.
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min{w z : x # B}

e Recall that the greedy algorithm solves, for# RE
max{w x|x # P;} = max {w x|x # Bs} (20.8)

since for allx # P;, there existsy + x with y # By .

e For arbitraryw # RE, we saw in Lecture 16 that the greedy algorithm
will also solve:

max{w x|x # B¢} (20.9)
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min{w z : v # B}

e Recall that the greedy algorithm solves, for# RE
max{w x|x # P;} = max {w x|x # Bs} (20.8)

since for allx # P;, there existsy + x with y # By .
e For arbitraryw # RE, we saw in Lecture 16 that the greedy algorithm
will also solve:

max{w x|x # B¢} (20.9)
e Also, sincew # RE is arbitrary, and since
min{w x|x # Bs} = ! max{! w x|x # B¢} (20.10)
the greedy algorithm using orderin@i, €, ..., en) such that
w(er) & w(ey) & 444 &v(em) (20.11)

will solve I.h.s. of Equation (20.10).
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Greedy solvamax{w x|z # B} for arbitraryw # RE

Let f (A) be arbitrary submodular function, arfdA) = f'(A) ! m(A)
wheref ' is polymatroidal, andv # RE.
max{w x|x # Bf} = max {w x|x(A) & f (A) %A, x(E) = f (E)}
= max #w X|x(A) & f'(A)! m(A)YA, x(E)= f'(E)! m(E)
= max#w x|x(A)+ m(A) & f'(A) %\, x(E) + m(E) = f'(E)
max w X+ w m|
x(@+ m(A) & f$(A) YA, X(E)+ m(E) = f (E) w'm
max W yly#Bi ! wm

=wy*l wm=w (y*! m)

wherey = x + m, so thatx* = y*1 m.

Soy* uses greedy algorithm with positive orthaBt:. To show, we use
Theorem 12.4.1 in Lecture 11, but we donOt require 0, and donOt stop
whenw goes negative to ensus¢’ # B:. Then when we subtract oim
from y*, we get solution to the original problem.
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One last lemma

Lemma 20.3.2

Given functior# : R/ R and two pointsa, b# R with a <b. Then# is
convex in the regioma, b if and only if

#(@)+ #(b) + #(a+ ! )+ #(b! 1),% #[0,b! 7] (20.12)
o
\f\\ i Lja{//

_

This inequality is the same as
f(h! f(b! 1)+ f(a+!)! f(a) (20.13)

and the rest follows from Bilmes&Bai, C)Deep Submodular FunctionsO,
Theorem 5.3 (which shows the corresponding theorem for concave
functions). Ol
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Min-Norm Point and Submodular Function Minimizatio
e Given optimal solutiorx” to [min, x, 3 s.t. x # B¢ ], and consider:

y* = x*- 0= (min(x*(e),0)le# E) # P;, (20.25)
Ag = {e: x*(e) < 0}, Ao = {e: x*(e) & 0}. (20.26)
e Thus, we immediately have that:
As " Ao (20.27)
and that
x*(As) = x*(Ao) = Y¥(As) = Y¥(Ao). (20.28)

e These quantities will solve the SFM problem: we will see that
f(Ag) = f(Ap) =min auy f (A) and that Ag is the unique minimal
minimizer andA is the unique maximal minimizer.

e The proof is nice since it uses recently developed tools (e.g., dep, S

e WeOll also show both the Fujishige-Wolfe algorithm and the
Frank-Wolfe algorithm (which are quite dilerent from each other) car
Pnd the min-norm point relatively e"ciently.
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Min-Norm Point and SFM

Theorem 20.4.1

Let x*, y#, Ag, and A be as given. They” is a maximizer of
max{y(E)|y # Ps,y & O}W Ag is the unique
minimal minimizer of , and Ag is the unique maximal minimizer 6f

Proof.

e First note, sincex” # B, we havex”(E) = f (E), meaningsat(x”) = E.
Thus, we may consider arg# E within dep(x”, e).
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Min-Norm Point and SFM

Theorem 20.4.1

Let x*, y#, Ag, and A be as given. They” is a maximizer of
max{y(E)|ly # Ps,y & O}y = max(y®(E):y# B;), Ag is the unique
minimal minimizer of , and Ag is the unique maximal minimizer 6f.

Proof.
e First note, sincex” # B¢, we havex*(E) = f (E), meaningsat(x*) = E.
Thus, we may consider arg/# E within dep(x”, €).
e Consider any paife, €) with e# Ag ande' # dep(x*, e). Then
x*(e) < 0,and)!> Os.t x*+ 11! | 1a # Pt.

a".(-x/g -v(/‘/
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Min-Norm Point and SFM

Theorem 20.4.1

Let x*, y#, Ag, and A be as given. They” is a maximizer of
max{y(E)|ly # Ps,y & O}y = max(y®(E):y# B;), Ag is the unique
minimal minimizer of , and Ag is the unique maximal minimizer 6f.

Proof.

e First note, sincex” # B¢, we havex*(E) = f (E), meaningsat(x*) = E.
Thus, we may consider arg/# E within dep(x”, €).

e Consider any paife, €) with e# Ag ande' # dep(x*, e). Then
x*(e) < 0,and)!> Os.t x*+ 11! | 1o # Ps.

e We havex”(E) = f (E) andx* is minimum in 12 sense. We have
(x*+ 11! 11g) # Ps, and in fact

(xX*+ 11! 11a)E)= x¥(E)+ 1 1 | = f(E) (20.14)

sox*+ 11.! | 14 # B¢ also.
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Then(x*+ 1 1¢! ! 14)(E)
= x*(E \{ e,é})+()>ﬁ§)+1’)+()>i(eiy 1) = f(E).

X new(€) Xnew(€')

o, (0) =) T e E g< <
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Then(x*+ 1 1¢! ! 14)(E)
= x# ! id ! e 1) =
X*(E \{ e,e})+()>lg)++__’)+()x (e*z_. ! ) f(E).
Xnew(€) Xnew(€')
e Minimality of x* # B in 12 sense requires that, with such am 0,

-2 -2 £ 2 )
x*(@) + XH€) < X{ew(® + Xfeu(€)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Then(x#+ 115! 1 12)(E)
= x# ! id ! e 1) =
X*(E \{ e,e})+()>lg)++__’)+()x (e*z_. I ) f(E).
Xnew(€) - (ED)
° I_\/Iinimality o_f x# # B¢ in _I2 sense reqqires that, with such a0,

-2 -2 -2 -2
x*(e) + x*(€) < Xiew(® + Xjew(€)

e Given thate# Ag, x*(e) < 0. Thus, if x*(€') > 0, we would have

(x*(e) + 12+ (x*(e) ! 12 < (x*(e)% + (x*(&)?, for some

0<!'&"!, contradicting the optimality ofx”.

N, "

Al 4r T
N
Lo Z 0o
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Then(x*+ ! 1! ! 1)(E)
= x*(E \{ e,é})+()x#_(g)+1’)+(>i(eiz_! )= f(E).

)

Xnew(€) - (ED)
° I_\/Iinimality o_f x# # B¢ in _I2 sense reqqires that, with such a0,

X+ xHE) < el * Xeul®)
e Given thate# Ag, x#(€) < 0. Thus, if x*(€') > 0, we would have
(x*(e)+ 1 N2+ (x#(e) ! 112 < (x#(e)? + (x¥(e))?, for some
0<! '& !, contradicting the optimality ofx*. LD
o If x*(€') = 0, we would havéx®(e) + ! )2 + (1 Y2 < (x¥(€))?, for any
0<! '< |x*(e)| by Lemma 20.3.2, again contradicting optimality of
x*.

Ale) xe)e 4 ]
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Then(x*+ ! 1! ! 1)(E)
= x*(E \{ e,é})+()x#_(g)+1’)+(>i(eiz_! )= f(E).

)

Xnew(€) - (ED)
° I_\/Iinimality o_f x# # B¢ in _I2 sense reqqires that, with such a0,

-2 -2 2 -2
x# (@) + x¥€) < Xfe® + Xieul®)

e Given thate# Ag, x*(e) < 0. Thus, if x*(€') > 0, we would have
(x*(e)+ 1 N2+ (x#(e) ! 12 < (x#(e)? + (x¥(€))?, for some
0<!'&!, contradicting the optimality ofx”.

o If x*(&) =0, we would havex®(e) + ! )2+ (! ')? < (x*(e))?, for any
0<! '< |x*(e)| by Lemma 20.3.2, again contradicting optimality of
x*.

e Thus, we must have(€') < 0 (strict negativity).
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Thus, for a pair(e, €) with € # dep(x”,e) ande# Ag, we have
X(&') < 0 and hence' # Ag .
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Thus, for a pair(e, €) with € # dep(x”,e) ande# Ag, we have
x(€') < 0 and henced # Ag .

e Hence,% # Ag, we havedep(x”,e) " Ag.
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Thus, for a pair(e, €) with € # dep(x”,e) ande# Ag, we have
x(€') < 0 and henced # Ag .

e Hence, % # Ag, we havedep(x”,e) " Ag.

@ A very similar argument can show thee # A, we have
dep(x*,e) " A (Exercise).
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Thus, for a pair(e, €) with € # dep(x”,e) ande# Ag, we have
x(€') < 0 and henced # Ag .

e Hence, % # Ag, we havedep(x”,e) " Ag.

e A very similar argument can show thee # Ag, we have
dep(x”,e) " A (Exercise).

e Also, recall thate # dep(x”, e).
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Therefore, we hav8e o, dep(x?,€) = Ag and$e a, dep(x?, €) = A
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x”, €)}e a, IS COver forAg, as is{ dep(x*, ©)}e a, fOr Ao.
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.

e dep(x*,e) is minimal tight set containings, meaning
x#(dep(x*, €)) = f (dep(x*, €)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.
e dep(x*, e) is minimal tight set containing, meaning
x*(dep(x*, €)) = f (dep(x¥, e)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:

x*(As) = f (As) (20.15)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.
e dep(x*, e) is minimal tight set containing, meaning
x*(dep(x*, €)) = f (dep(x¥, e)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:
x#(Ag) = f (Ag) (20.15)
x#(Ao) = f (Ao) (20.16)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.

o dep(x*, ) is minimal tight set containinge, meaning
x*#(dep(x#, €)) = f (dep(x¥, €)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:

x*(As) = f (As) (20.15)
x*(Ao) = f (Ao) (20.16)
x*(As) = X"(A0) = YX(E) = y'(Ao) + y(E) Ad) (2017
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.

o dep(x*, ) is minimal tight set containinge, meaning
x*#(dep(x#, €)) = f (dep(x¥, €)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:

x*(As) = f (As) (20.15)

x*(Ao) = f (Ao) (20.16)

x"(As) = (A0 = Y(E) = Y (Ro) + y'(EL A (20.17)
=0

and therefore, all together we have

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F25168 (pg.61/228)



Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.

o dep(x*, ) is minimal tight set containinge, meaning
x*#(dep(x#, €)) = f (dep(x¥, €)), and since tight sets are closed under
union, we have thalAg andAp are also tight, meaning:

x*(As) = f (As) (20.15)

x*(Ao) = f (Ao) (20.16)

x"(As) = (A0 = Y(E) = Y (Ro) + y'(EL A (20.17)
=0

and therefore, all together we have
f(As) = f(Ao) = x*(As) = x*(Ag) = Y*(E) (20.18)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

o Therefore, we hav8e o, dep(x?,€) = As and$e A, dep(x?, €) = A
o le., {dep(x*, e)} A, IS cover forAg, as is{ dep(x*, &)}e A, fOr Ao.

e dep(x*, e) is minimal tight set containing, meaning
x*#(dep(x#, €)) = f (dep(x¥, €)), and since tight sets are closed under

union, we have thalAg andAp are also tight, meaning:

x#(Ag) = f (Ag) (20.15)
x#(Ao) = f (Ao) (20.16)
x"(As) = (A0 = Y(E) = Y (Ro) + y'(EL A (20.17)

and therefore, all together we have =0
f(As) = f(Ao) = x"(As) = x*(Ag) = y*(E) (20.18)

e Hence,(f (Ag) = f (Ag), meaningAs and A have the same valuation,
but we have not yet shown they are the minimizers of the submodul

Y

function, nor that they are, resp. the maximal and minimal minimize

F25/68 (pg.63/228)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Eqn. (20.1) (recall, which is
max{y(E)|y # P;,y & 0} = min {f (X)|X " V}).
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} =min {f (X)|X " V}). This follows since
we havey” = x*- 0& 0, and sincex” # B; 0 Ps, andy” & x* and
P; is down-closed, we have thgt # P; .

F26/68 (pg.65/228)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} = min {f (X)[X " V}). This follows since,
we havey” = x*- 0& 0, and sincex” # B; 0 P;, andy” & x* and
P; is down-closed, we have thgt # P; .

e Also, for anyy # P; with y & 0 and for anyX " E, we have
Y(E) & y(X) & f (X).

S~y "
W\/ S it Ny

S(ra

o0
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} = min {f (X)[X " V}). This follows since,
we havey” = x*- 0& 0, and sincex” # B; 0 P;, andy” & x* and
P; is down-closed, we have thgt # P; .

e Also, for anyy # P; with y & 0 and for anyX " E, we have
Y(E) & y(X) & f (X).

e Hence, we have found a feasible for I.h.s. of Egn. (20yf)& O,

y* # Ps, soy*(E) & f (X) for all X .

F26/68 (pg.67/228)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} = min {f (X)[X " V}). This follows since,
we havey” = x*- 0& 0, and sincex” # Bs 0 P;, andy” & x* and
P; is down-closed, we have thgt # P; .

e Also, for anyy # P; with y & 0 and for anyX " E, we have
Y(E) & y(X) & f (X).

e Hence, we have found a feasible for I.h.s. of Egn. (20yf)& O,
y* # P;, soy*(E) & f (X) for all X .

o Soy*(E) &min {F X)X * VI
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} = min {f (X)[X " V}). This follows since,
we havey” = x*- 0& 0, and sincex” # B; 0 P;, andy” & x* and
P; is down-closed, we have thgt # P; .

e Also, for anyy # P; with y & 0 and for anyX " E, we have
Y(E) & y(X) & f (X).

e Hence, we have found a feasible for I.h.s. of Egn. (20yf)& O,
y* # Ps, soy*(E) & f (X) for all X .

e Soy#(E) & min{f (X)|X " V}.

e Considering Egn. (20.15), we have found sé&ks and Ag with
tightness in Eqn. (20.1), meaning?(E) = f (Ag) = f (Ao).

)= fA) (2015)

«*(A0) = £(4o) (2016)

e (A0) = (do) =y (B) = " (A0) + (B \ do)  (20.17)
A

and therefore, all together we have

F(A-) = f(Ao) = 2"(A-) = 2" (Ao) = y"(F) (20.18)
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Min-Norm Point and SFM

... proof of Thm. 20.4.1 cont.

e Now, y* is feasible for the I.h.s. of Egn. (20.1) (recall, which is
max{y(E)|ly # Ps,y & O} = min {f (X)[X " V}). This follows since,
we havey” = x*- 0& 0, and sincex” # B; 0 P;, andy” & x* and
P; is down-closed, we have thgt # P; .

e Also, for anyy # P; with y & 0 and for anyX " E, we have
Y(E) & y(X) & f (X).

e Hence, we have found a feasible for I.h.s. of Egn. (20yf)& O,
y* # Ps, soy*(E) & f (X) for all X .

e Soy#(E) & min{f (X)|X " V}.

e Considering Egn. (20.15), we have found sk and Ag with
tightness in Eqn. (20.1), meaning?(E) = f (Ag) = f (Ao).

e Hence,y* is a maximizer of |.h.s. of Egn. (20.1), adls and Ao are
minimizers off .
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Proc

Min-Norm Point and SFM

...proof of Thm. 20.4.1 cont.

e We next show that, not only are they minimizers, bA§ is the unique
minimal andAg is the unique maximal minimizer 6f
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Min-Norm Point and SFM

.. proof of Thm. 20.4.1 cont.

e We next show that, not only are they minimizers, bA§ is the unique
minimal andA¢ is the unique maximal minimizer 6f

e Now, for anyX 0 Ag, we have

f(X)+ x*(X)>x#(Ag) = f(Ag) (20.19)

OJ

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F27168 (pg.72/228)



Min-Norm Point and SFM

.. proof of Thm. 20.4.1 cont.

e We next show that, not only are they minimizers, bA§ is the unique
minimal andA¢ is the unique maximal minimizer 6f

e Now, for anyX 0 Ag, we have
f(X)+ x*(X)>x#(Ag) = f(Ag) (20.19)
e And for anyX 1 Ap, we have

f(X) + x*(X) >x#(Ag) = f(Ag) (20.20)
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Min-Norm Point and SFM

...proof of Thm. 20.4.1 cont.

e We next show that, not only are they minimizers, bA§ is the unique
minimal andA¢ is the unique maximal minimizer 6f

e Now, for anyX 0 Ag, we have

f(X)+ x*(X)>x#(Ag) = f(Ag) (20.19)
e And for anyX 1 Ap, we have

f(X) + x*(X) >x#(Ag) = f (Ag) (20.20)

e Hence,Ag must be the unique minimal minimizer 6f and A is the
unique maximal minimizer df.

Ol
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Proc optimal

Min-Norm Point and SFM

e So, if we have a procedure to compute the min-norm point
computation, we can solve SFM.
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Proc optimal

Min-Norm Point and SFM

e So, if we have a procedure to compute the min-norm point
computation, we can solve SFM.

@ Nice thing about previous proof is that it uses both expressionsléqr
for dilerent purposes.
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Min-Norm Point and SFM

e So, if we have a procedure to compute the min-norm point
computation, we can solve SFM.

@ Nice thing about previous proof is that it uses both expressionsléqr
for dilerent purposes.

e This was discovered by Fujishige (in fact the proof above is an
expanded version of the one found in the book).
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Min-Norm Point and SFM

e So, if we have a procedure to compute the min-norm point
computation, we can solve SFM.

@ Nice thing about previous proof is that it uses both expressionsléqr
for dilerent purposes.

e This was discovered by Fujishige (in fact the proof above is an
expanded version of the one found in the book).

o As we will see, the algorithm (by F. Wolfe) can bnd this min-norm

point, essentially an active-set procedure for quadratic programming
uses EdmondsOs greedy algorithm to make it e"cient.
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Min-Norm Point and SFM

e So, if we have a procedure to compute the min-norm point
computation, we can solve SFM.

@ Nice thing about previous proof is that it uses both expressionsléqr
for dilerent purposes.

e This was discovered by Fujishige (in fact the proof above is an
expanded version of the one fouhd in the book).

s we will see, the algorithm ( . Wolfe) can bnd this min-norm
point, essentially an active-set procedure for quadratic programming
uses EdmondsOs greedy algorithm to make it e"cient.

This is still currently the best practical algorithm fgeneral purpose
Cubmodular function minimization (although other algorithms have

better asymptotic complexity).
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Min-norm point and other minimizers fof

e Recall, that the set of minimizers déf forms a lattice.
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Min-norm point and other minimizers fof

e Recall, that the set of minimizers déf forms a lattice.
e Q: If we take anyA with Ag 0 A 0 Ag, is A also a minimizer?
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Min-norm point and other minimizers fof

e Recall, that the set of minimizers déf forms a lattice.

o Q: If we take anyA with Ag 0 A 0 Ap, is A also a minimizerNo.
Consider graph cut function with graph with multiple connected
components, séAg = (, Ag=V butnotallA:Ag 0 A0 Agisa

minimizer.

F29/68 (pg.82/228)
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Min-norm point and other minimizers fof

e Recall, that the set of minimizers déf forms a lattice.

o Q: If we take anyA with Ag 0 A 0 Ag, is A also a minimizer? No.
Consider graph cut function with graph with multiple connected
components, s#Ag = (, Ag=V butnotallA:As 0 A0 Agisa
minimizer.

e In fact, with x* the min-norm point, andAg andAg as debned above,
we have the following theorem:
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Min-norm point and other minimizers fof

e Recall, that the set of minimizers déf forms a lattice.

o Q: If we take anyA with Ag 0 A 0 Ag, is A also a minimizer? No.
Consider graph cut function with graph with multiple connected
components, s#Ag = (, Ag=V butnotallA:As 0 A0 Agisa
minimizer.

e In fact, with x* the min-norm point, andAg and Ao as debned above,
we have the following theorem:

Theorem 20.4.2

Let A" E beanyminimizer of submodulaf, and letx” be the
minimum-norm point. ThemM can be expressed in the form:

/
A=Ag$ dep(x*, a) (20.21)

a" Am

for some S@tAm " Ap\ Ag. Conversely, for any s&&y, " Ag\ Ag, then
Al As $ . 5 dep(x” a) is a minimizer.
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Proof
[RRRRR 11

Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

e If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation off .
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation off .

e But x* # Ps, sox*(A) & f (A) andf (A) = x#(Ag) & x#(A).
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation of .

o But x* # Ps, sox*(A) & f (A) andf (A) = x#(Ag) & x#(A).

e Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation off .

o But x* # Ps, sox*(A) & f (A) andf (A) = x#(Ag) & x#(A).
e Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)
e Hence x#(A) = x*(Ag) = f (A) so thatA is also a tight set fox”.
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation of .

o But x* # Ps, sox*(A) & f (A) andf (A) = x#(Ag) & x#(A).

e Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)

e Hence x#(A) = x*(Ag) = f (A) so thatA is also a tight set fox”.

e For anya# A, A is a tight set containingg, and dep(x*, a) is the
minimal tight containinga.
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation of .

But x* # Ps, sox#(A) & f (A) andf (A) = x#(As) & x*(A).
Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)
Hence x?*(A) = x#(Ag) = f (A) so that A is also a tight set fox*.

For anya# A, A is a tight set containinga, and dep(x*, a) is the
minimal tight containinga.

e Hence, for anya # A, dep(x*,a) " A.
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation of .

But x* # Ps, sox#(A) & f (A) andf (A) = x#(As) & x*(A).
Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)
Hence x?*(A) = x#(Ag) = f (A) so that A is also a tight set fox*.

For anya# A, A is a tight set containinga, and dep(x*, a) is the
minimal tight containinga.

Hence, for anyag A, dep(x*,a)" A.
e This means that . , dep(x*,a) = A. a & de (¥ =)
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

o If A is a minimizer, themAg " A" Ag, andf (A) = y#(E) is the
minimum valuation of .

But x* # Ps, sox?(A) & f (A) andf (A) = x#(As) & x#(A).
Also, sinceA " Ag andx*(Ag\ A) =0, x*(Ag) = x#(A) = x#(Ao)
Hence x*(A) = x#(Ag) = f (A) so that A is also a tight set fox*.

For anya# A, A is a tight set containinga, and dep(x*, a) is the
minimal tight containinga.

Hence, for anyaé# A, dep(x*,a)" A.

e This means that . , dep(x*,a) = A.

e SinceAg "/ A" Ao, then)ﬁm " A\ Ag such that /

A= dep(x*,a) $ dep(x*,a) = Ag $ dep(x*, a)

Gy, a" Ah a" Am
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

e Conversely, consider any s&f, " Ag\ Ag, and dePneA as

/ / /
A=(Ag $ dep(x*,a) = dep(x*,a) $ dep(x*, a)
a" Anm a" Ay a" Anm

(20.22)
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.
e Conversely, consider any s&f, " Apg\ Ag, and debPneA as

/ / /
A=Ag$ dep(x*,a) = dep(x*,a) $ dep(x*, a)
a" Anm a" Ay a" Anm

(20.22)

e Then sinceA is a union of tight setsA is also a tight set, and we hav:
f (A) = x*(A).
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.
e Conversely, consider any s&f, " Apg\ Ag, and debPneA as

/ / /
A=Ag$ dep(x*,a) = dep(x*,a) $ dep(x*, a)
a" Anm a" Ay a" Anm

(20.22)

e Then sinceA is a union of tight setsA is also a tight set, and we hav:
f (A) = x*(A).

e But since for anya # Ag, dep(x*,a) " ApthenA " Ap and we have
that x*(A\ Ag) =0, sof (A) = x#(A) = x*(Ag) = f (As) meaning
A is also a minimizer of .

]
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.
e Conversely, consider any s&f, " Apg\ Ag, and debPneA as

/ / /
A=Ag$ dep(x*,a) = dep(x*,a) $ dep(x*, a)
a" Anm a" Ay a" Anm

(20.22)

e Then sinceA is a union of tight setsA is also a tight set, and we hav:
f (A) = x*(A).

e But since for anya # Ag, dep(x*,a) " A thenA " Ag and we have
that x*(A\ Ag) =0, sof (A) = x#(A) = x*(As) = f (As) meaning
A is also a minimizer of .

]
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Min-norm point and other minimizers fof

proof of Thm. 20.4.2.

e Conversely, consider any s&f, " Apg\ Ag, and debPneA as

/ / /
A=Ag$ dep(x*,a) = dep(x*,a) $ dep(x*, a)
a" Anm a" Ay a" Anm

(20.22)

e Then sinceA is a union of tight setsA is also a tight set, and we hav:
f (A) = x*(A).

e But since for anya # Ag, dep(x*,a) " A thenA " Ag and we have
that x*(A\ Ag) =0, sof (A) = x#(A) = x*(As) = f (As) meaning
A is also a minimizer of .

]

Therefore, we can generate the entire lattice of minimizer$ aftarting
from Ag and Ag given access tdep(x*, €).
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On a unique minimizegr

o Note that if f (e]A) > 0, YA " E ande# E\ A, then we have
Ag = Ag (there is one unique minimizer).
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On a unique minimizegr

o Note that if f (e]A) > 0, A " E ande# E\ A, then we have
Ag = Ap (there is one unique minimizer).

e On the other hand, ifAg = Ay, it does not implyf (e|]A) > 0 for all
A" E\{e€}.
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On a unique minimizegr

o Note that if f (e]A) > 0, A " E ande# E\ A, then we have
Ag = Ap (there is one unique minimizer).

e On the other hand, ifAg = Ao, it does not implyf (e|]A) > O for all
A" E\{e€}.

o If Ag = Ap then certainlyf (e]/Ag) > Ofore# E \ Ap and
I'f(e]Ap\{ €})> Oforalle# Aog.
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Duality: convex minimization of L.E. and min-norm alg.

o Letf be a submodular function with itOs Lovisz extension. Then the
following two problems are duals (Bach-2013):

N - .1 5
minimizef{w) + 1 wl3 (20.23) Maximize Sl (20.24a)
wi RV 2 subjectto  x# B;  (20.24b)
whereB; = P; $ x# RY :x(V) =,f (V) s the base polytope of
submodular functiorf , and!x!2= ", , x(€)? is squared 2-norm.

e Equation (20.23) is related to proximal methods to minimize the Lovits
extension (see Parikh&Boyd, OProximal AlgorithmsO 2013).

o(Equationi(20:24b) is solved by the minimum-norm-point-algorithm
(Wolfe-1976, Fujishige-1984, Fujishige-2005, Fujishige-2011) is essent
an active-set procedure for quadratic programming, and uses Edmand
gréedy algorithm to make it elcient. o~ [Fraxii, it

e These algorithms usually perform quite well in practice, they can be m
to perform about the same, given a properly tuned implementation (als
the FrankWolfe based algorithm is much simpler).
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I n By
RELLEErrr e

Fujishige-Wolfe Min-Norm Algorithm

e Wolfe-1976 (OFinding the Nearest Point in a PolytopeQ) developed
algorithm to compute the minimum norm point of a polytope, specib
as a set of vertices (again, not same as Frank-Wolfe©1956).

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F34/68 (pg.102/228)



I n By
RELLEErrr e

Fujishige-Wolfe Min-Norm Algorithm

e Wolfe-1976 (OFinding the Nearest Point in a PolytopeO) developed
algorithm to compute the minimum norm point of a polytope, specib
as a set of vertices (again, not same as Frank-Wolfe®1956).

e Given set of point® = {p;,aaapm} wherep; # R": bnd the
minimum norm point in convex hull d?:

min _!x!, (20.25)

x! conv P
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I n By
RELLEErrr e

Fujishige-Wolfe Min-Norm Algorithm

e Wolfe-1976 (OFinding the Nearest Point in a PolytopeO) developed
algorithm to compute the minimum norm point of a polytope, specib
as a set of vertices (again, not same as Frank-Wolfe®1956).

e Given set of point® = {p;,aaapn} wherep; # R": bnd the
minimum norm point in convex hull d?:

min _Ix!, (20.25)

x! conv P

e WolfeOs algorithm is guaranteed terminating, and explicitly uses a
representation ok as a convex combination of points i
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I n By
RELLEErrr e

Fujishige-Wolfe Min-Norm Algorithm

e Wolfe-1976 (OFinding the Nearest Point in a PolytopeO) developed
algorithm to compute the minimum norm point of a polytope, specib
as a set of vertices (again, not same as Frank-Wolfe®1956).

e Given set of point® = {p;,aaapn} wherep; # R": bnd the
minimum norm point in convex hull d?:

min _Ix!, (20.25)

x! conv P

e WolfeOs algorithm is guaranteed terminating, and explicitly uses a
representation ok as a convex combination of points i

e Fujishige-1984 OSubmodular Systems and Related TopicsO realize:

algorithm can bnd the the min. norm point &; thanks to EdmondOs
greedy algorithm.
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I n By
[ ARRERRARRN] Lrrrrrerered

Fujishige-Wolfe Min-Norm Algorithm

e Wolfe-1976 (OFinding the Nearest Point in a PolytopeO) developed
algorithm to compute the minimum norm point of a polytope, specib
as a set of vertices (again, not same as Frank-Wolfe®1956).

e Given set of point® = {p;,aaapn} wherep; # R": bnd the
minimum norm point in convex hull d?:

min _Ix!, (20.25)

x! conv P

e WolfeOs algorithm is guaranteed terminating, and explicitly uses a
representation ok as a convex combination of points i

e Fujishige-1984 OSubmodular Systems and Related TopicsO realize:
algorithm can bnd the the min. norm point &; thanks to EdmondOs
greedy algorithm.

e Seems to still be (among) the fastest general purpose SFM algoritht
in practice.
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By
et

Convex and a'ne hulls, alnely independent

e Given points seP = {p1,p2,...,p} with p; # R, let convP be the
convex hull ofP, i.e.,

$ &
convP £ Lipi: 'i=1,1%0,i#[K] . (20.26)
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By
et

Convex and a'ne hulls, alnely independent

e Given points seP = {p1,p, ..., px} with pi # RY, let convP be the
convex hull ofP, i.e.,

&
Yo |
convP £ Lipi: 'i=1,'%0,i#[K] . (20.26)

e For a set of pointR = {1, &, ..., 4}, with g # RY, we debPna! Q
to be thealne hull of Q, i.e.:

S o &
al Q L | iG: =1 (20.27)
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Convex and a'ne hulls, alnely independent

e Given points seP = {p1,p, ..., px} with pi # RY, let convP be the
convex hull ofP, i.e.,

&
Yo |
convP £ Lipi: 'i=1,'%0,i#[K] . (20.26)

e For a set of pointR = {1, &, ..., 4}, with g # RY, we debPna! Q
to be thealne hull of Q, i.e.:

al Q= lig : li=1 & convQ. (20.27)
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Convex and a'ne hulls, alnely independent

e Given points seP = {p1,p, ..., px} with pi # RY, let convP be the
convex hull ofP, i.e.,

&
Yo |
convP £ Lipi: 'i=1,'%0,i#[K] . (20.26)

e For a set of pointR = {1, &, ..., 4}, with g # RY, we debPna! Q
to be thealne hull of Q, i.e.:

al Q= lig : li=1 & convQ. (20.27)

e A set of pointsQ is alnely independentif no point in Q belongs to the
alne hull of the remaining points.
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o B
Lerrrerend

Convex vs. Alne hull, geometry

7 1 /,:
/, : /, 1 . 3
! aff(Q) p . Vi,x; €R
------------- '( 1
! s 3! v Q= {z1,22, 73}
1
: A : '\ T1,T2,%3 coplanar
1 1 I
| |
: . : ! span(Q))
1 1
1 1
1 1
1 1
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o B
Lerrrerend

H (x): Orthogonak-containing hyperplane
e DePneH (x) as thehyperplane that is orthogonal to the line from 0 ¥
while also containing, i.e.

(
H(x)2 y#RY|xTy=1x!3 (20.28)
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o B
Lerrrerend

H (x): Orthogonak-containing hyperplane
e DebneH (x) as thehyperplane that is orthogonal to the line from 0 i
while also containing, i.e.

(
H(x)2 y#RY|xTy=1x!3 (20.28)

|
o Any set y#RV|xTy=c is orthogonal
to the line from O to x. This follows
since, for constant, {y: (y" z)'™x =0} =
{y :y™x = z7x} is hyperplane orthogonal to
X translated byz. Take c = zTx for result,
andz = x, givingc = ! x!?, to containx.

F37/68 (pg.113/228)
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win By
Lerrrerend

H (x): Orthogonak-containing hyperplane
e DebneH (x) as thehyperplane that is orthogonal to the line from 0 i

while also containing, i.e.
H(x)2 y#RY|xTy=Ix!3

(20.28)
| "
o Any set "y#RVY|xTy=c is orthogonal
to the line from 0 to x. This follows
since, for constant, {y: (y" z)'™x =0} =
{y :y™x = z7x} is hyperplane orthogonal to
X translated byz. Take c = zTx for result,
andz = x, givingc = ! x!?, to containx.

F37/68 (pg.114/228)
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o H(X)= y#RVY|xTy=1Ix!135 ,

anyz # H(x) hasxTz = xTx. & % O

&
S

— — (>
J ~/
1) 1)
<
G @
- ~/ — )
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By
et

Ex: H(x), polytopes, and supporting hyperplanes
o H(X)= y#RVY|xTy=1Ix!13,

anyz # H(x) hasxTz = xTx. %, <,
e ConsiderconvP polytope for

pointsP = {p1,p2,...}, and
p# argming p XTp. TL:
XTP<XTX; TR: XTP > X TX;

middle row:xTp = xTx. 1, 1,
x xZ,

& <

1 X IRG
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o H(X)= y#RVY|xTy=1Ix!13,
anyz # H(x) hasxTz = xTx.

e ConsiderconvP polytope for
pointsP = {p1,p2,...}, and
p# argming p XTp. TL:
XTP<XTX; TR: XTP> X TX;
middle row:xTp = XTX.

e Bottom Row: In Algo,x is
chosen so that ikTp= xTx
then H (x) separated from
the origin, andx is the min
2-norm point. Notice that
XTp%xTx forallp# P.
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Ex: H(x), polytopes, and supporting hyperplanes
o H(X)= y#RVY|xTy=1Ix!13,

anyz # H(x) hasx7z = xTx. %) &

e ConsiderconvP polytope for .
pointsP = {p1,p2,...}, and
p# argming p XTp. TL:
XTP<XTX; TR: XTP> X TX;
middle row:xTp = XTX. i

&
S

e Bottom Row: In Algo,x is
chosen so that ikTp= xTx
then H (x) separate from
the origin, andx is the min

2-norm point. Notice that <
XTp%xTx forallp# P.

e Middle/bottom row: H(x) is a
supporting hyperplanef
convP (contained, touching).
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Notation

e The line betweerx andy: given two pointsx,y # RY, let
X, y]£{!x +(@ " !)y:! #[0,1]}. Hence,[x,y] = conv {X,y}.
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Notation

e The line betweerx andy: given two pointsx,y # RV, let
X, y]£{!x +(@ " !)y:! #[0,1]}. Hence,[x,y] = conv {X,y}.
e Note, if we wish to minimize the 2-nor£n of a vectix! ,, we can
equivalently minimize its squatex! 3= ~ . x?, and vice verse.
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Fujishige-Wolfe Min-Norm Algorithm
e Algorithm maintains a set of pointQ © P, which Is always assuredly
alnely independent and also|Q| doesnOt grow large evenRf is large.
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Fujishige-Wolfe Min-Norm Algorithm

Algorithm maintains a set of pointQ ' P, which is always assuredly

alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfdny; a1 o ! X!, is
available (see below).
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Fujishige-Wolfe Min-Norm Algorithm

Algorithm maintains a set of pointQ ' P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.
e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

Algorithm repeatedly produces min. norm poixt for selected seQ.
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Fujishige-Wolfe Min-Norm Algorithm

e Algorithm maintains a set of point® * P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

e Algorithm repeatedly produces min. norm poiit for selected se®.

e If we Pndw; %0,i = 1,4aaam for the minimum norm point, therx” also
belongs toconvQ and also a minimum norm point oveonv Q.
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Fujishige-Wolfe Min-Norm Algorithm

e Algorithm maintains a set of point® * P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

e Algorithm repeatedly produces min. norm poiit for selected se®.

e If we Pndw; %0,i = 1,44&am for the minimum norm point, therx” also
belongs toconvQ and also a minimum norm point oveonv Q.

e If Q"' P is suitably chosernx” may even be the minimum norm point
overconvP solving the original problem.
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Fujishige-Wolfe Min-Norm Algorithm

e Algorithm maintains a set of point® * P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

e Algorithm repeatedly produces min. norm poiit for selected se®.

e If we Pndw; %0,i = 1,44&am for the minimum norm point, therx” also
belongs toconvQ and also a minimum norm point oveonv Q.

o If Q' P is suitably chosernx” may even be the minimum norm point
overconvP solving the original problem.

e One of the most expensive parts of WolfeOs original 1976 algorithm is
solving linear optimization problem over the polytope, doable by
examining all the extreme points in the polytope.
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Fujishige-Wolfe Min-Norm Algorithm

e Algorithm maintains a set of point® * P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

e Algorithm repeatedly produces min. norm poiit for selected se®.

e If we Pndw; %0,i = 1,44&am for the minimum norm point, therx” also
belongs toconvQ and also a minimum norm point oveonv Q.

o If Q' P is suitably chosernx” may even be the minimum norm point
overconvP solving the original problem.

e One of the most expensive parts of WolfeOs original 1976 algorithm is
solving linear optimization problem over the polytope, doable by
examining all the extreme points in the polytope.

e If number of extreme points is exponential, hard to do in general.
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Fujishige-Wolfe Min-Norm Algorithm

e Algorithm maintains a set of point® * P, which is always assuredly
alnely independent and also|Q| doesnOt grow large evenR is large.

e WhenQ are alnely independent, minimum norm point in the alne hull
of Q can easily be found, as a closed form solutionrfiny, 5 o ! X!, is
available (see below).

e Algorithm repeatedly produces min. norm poiit for selected se®.

e If we Pndw; %0,i = 1,44&am for the minimum norm point, therx” also
belongs toconvQ and also a minimum norm point oveonv Q.

o If Q' P is suitably chosernx” may even be the minimum norm point
overconvP solving the original problem.

e One of the most expensive parts of WolfeOs original 1976 algorithm is
solving linear optimization problem over the polytope, doable by
examining all the extreme points in the polytope.

e If number of extreme points is exponential, hard to do in general.

e Number of extreme points of submodular base polytope is exponentia
large, but linear optimization over the base polytoBe doable
O(nlogn) time via EdmondsOs greedy algorithm.
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Pseudocode of Fujishige-Wolfe Min-Norm (MN) algorit

Input : P = {p1,44apm},pi # R",i =1,4aam.
Output: x": the minimum-norm-point inconvP.

1 x ¢ pr wherep;: # argming p !'p!,  /* or choose it arbitrarily */ ;
2Q({ x};
3 while 1 do /* major loop */
4 | if x' =0orH(x") separate® from originthen
| return : X
5 else
6 Choose® # P on the near (closer td) side ofH (x");
7 | Q= Q){ %};
8 while 1 do /* minor loop */
Xo (" argming 4 g !X!,;
10 if Xg # convQ then
11 x (" Xo;
12 break;
13 else
14 y (" argmin, conv Q#[x! Xo] X" Xoly;
15 Delete fromQ points not on the face otonvQ wherey lies;
16 x vy




1

w N

10
11

12
13
14
15
16

N: Pseudocode Fujishige-Wolfe Min-Norm (MN) algorit

Input : P = {p,aadpm},pi # R",i =1,aaam.

Output: x": the minimum-norm-point inconvP.

p( pir wherepi # argmin, p ! p!,, or choosep# P arbitrarily or
heuristically ;

Q{ x'};
while 1 do /* major loop */
if X' = 0orH(x") separates® from originthen
| return :x
else
Choose® # P on the near (closer td) side ofH (x");
| Q= Q){ %};
while 1 do /* minor loop */
Xo (" argming a o ! X!y,
if xg # convQ then
X (" Xo;
break;
else
y (" argmin, conv Q#[x! xo] Ix™" xo! 21
Delete fromQ points not on the face otonvQ wherey lies;
x (v
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy
o It Is advised that for the next set of slides, you have a print out of th
previous MN algorithm available on display/paper somewhere.

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F43/68 (pg.131/228)



Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

o It is advised that for the next set of slides, you have a print out of thi
previous MN algorithm available on display/paper somewhere.

e Algorithm maintains arinvariant, namely that:

X # convQ' convP, (20.29)

must hold at every possible assignmentxof(Lines 1, 11, and 16):
@ True after Line 1 since = {x'},
@ True after Line 11 sinceo # convQ,
© and true after Line 16 sincg # convQ even after deleting points.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

o It is advised that for the next set of slides, you have a print out of thi
previous MN algorithm available on display/paper somewhere.

e Algorithm maintains arinvariant, namely that:

x # convQ' convP, (20.29)

must hold at every possible assignmentxof(Lines 1, 11, and 16):
@ True after Line 1 since = {x'},
@ True after Line 11 sinceg # convQ,
© and true after Line 16 sincg # convQ even after deleting points.

e Note also for any” # convQ ' convP, we have

min !'x!',* min !x!,*! x| 20.30
x!lal Q 2 x! conv Q 2 2 ( )
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

o It is advised that for the next set of slides, you have a print out of thi
previous MN algorithm available on display/paper somewhere.

e Algorithm maintains arinvariant, namely that:

x # convQ' convP, (20.29)

must hold at every possible assignmentxof(Lines 1, 11, and 16):
@ True after Line 1 since = {x'},
@ True after Line 11 sinceg # convQ,
© and true after Line 16 sincg # convQ even after deleting points.

e Note also for any" # convQ' convP, we have

min 'x!',* min Ix!, *! x! 20.30
x!'al Q 2 x! conv Q 2 2 ( )

e Note, the input,P, consists ofm points. In the case of the base
polytope,P = B¢ could be exponential in = |V|.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

o It is advised that for the next set of slides, you have a print out of thi
previous MN algorithm available on display/paper somewhere.

e Algorithm maintains arinvariant, namely that:

x # convQ' convP, (20.29)

must hold at every possible assignmentxof(Lines 1, 11, and 16):
@ True after Line 1 since = {x'},
@ True after Line 11 sinceg # convQ,
© and true after Line 16 sincg # convQ even after deleting points.

o Note also for any" # convQ ' convP, we have
min !'x!,* min Ix!,*! x| 20.30
x!'al Q 2 x! conv Q 2 2 ( )
e Note, the input,P, consists ofm points. In the case of the base
polytope,P = Bs could be exponential in = |V|.
e There are six places that might be seemingly tricky or expensive: Li
4, Line 6, Line 9, Line 10, Line 14, and Line 15.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

o It is advised that for the next set of slides, you have a print out of thi
previous MN algorithm available on display/paper somewhere.

e Algorithm maintains arinvariant, namely that:

x # convQ' convP, (20.29)

must hold at every possible assignmentxof(Lines 1, 11, and 16):
@ True after Line 1 since = {x'},
@ True after Line 11 sinceg # convQ,
© and true after Line 16 sincg # convQ even after deleting points.

e Note also for any" # convQ' convP, we have
min !'x!,* min Ix!,*! x| 20.30
x!'al Q 2 x! conv Q 2 2 ( )
e Note, the input,P, consists ofm points. In the case of the base
polytope,P = Bs could be exponential in = |V|.
e There are six places that might be seemingly tricky or expensive: Li
4, Line 6, Line 9, Line 10, Line 14, and Line 15.
e We will consider each in turn, but Prst we do a geometric example.
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N: Pseudocode Fujishige-Wolfe Min-Norm (MN) algorit

Input : P = {p,448pn},.pi! R",i=1,44dam.
Output: x': the minimum-norm-point irconvP.
1 p# pi wherep: ! argming p $p$,, or choosep! P arbitrarily or

heuristically ;

2 QH#{ x'};

3 while 1 do [* major loop */

4 | if X' =0 or H(x') separate® from originthen

| return : x' Solved by Edmond®s

5 else greedy procedure.

6 Choosed ! P on the near (closer t®) side ofH (x');

7 Q= Q% {x};

8 while 1 do - /* minor loop */

o't argming. o o 88 S

10 if Xo! convQ then Linear equation solver represents

1 x! X0. x_0 as alne coefs, so this just checks >= 0.
12 break; 25 conex combinatons of poins wilin Q
13 else

14 y'# argming cony Quix! xo] $X # Xo$;

15 Delete fromQ points not on the face o€onvQ wherey lies;

16 x' oy
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

e In the following series of images, permanent (non-changing) named
points on the polytope will be indicated by capital letters (i.By, P>,
Ps3, R, S, T) while variables in the algorithm that are changing will u:
lower case letters (i.ex’, Xo, %, y).

e Also, example is in 2D, so polytope given canOt be a realByaser
anyf . Example meant to show only the geometry of the algorithm.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

Polytope, and circles concentric &t

. Minimum Norm

s
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

P3
°0
P2

The initial polytope consisting of the convex hull of three poipisp,, ps,
and the originO.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

p1 is the extreme point closest t0 and so we choose it brst, although we
can choose any arbitrary extreme point as the initial point. Wexsef p;
in Line 1, andQ ({ pi} in Line 2.H(x") = H(p1) (green dashed line) is
not a supporting hyperplane a@onv(P) in Line 4, so we move on to the
else condition in Line 5.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

(<)

*%

(B) 1«

We need to add some extreme poion the OnearO sidetbfp;) in Line 6,
we choos&d = py. In Line 7, we sefQ ( Q) { pz2}, soQ = {p1,p2}-
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

(R)! #

Xo = R is the min-norm point im! {p1, p2} computed in Line 9.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

°0

(z)P2

xo = R is the min-norm point ima! {p1, p2} computed in Line 9. Also, with
= {p1, P2}, sinceR # convQ, we setx’ ( Xo= R in Line 11, not
V|0Iat|ng the mvarlantx # coan I\;ote ;elfter Line 11, we still have

X # convP and!X !, = ! Xpew! 5 < 7 Xyq , strictly.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

R = Xo = X . We consider nexH (R) = H(x") in Line 4. H(x") is not a
supporting hyperplane afonvP. So we choos@s on the OnearO side of
H(x") in Line 6. AddQ ( Q){ p3} in Line 7. NowQ = P = {py, p2, ps}.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

R = Xo = X . We consider nexH (R) = H(x") in Line 4. H(x") is not a
supporting hyperplane afonvP. So we choos@s on the OnearO side of
H(x") in Line 6. AddQ ( Q){ ps} in Line 7. NowQ = P = {p1, p2, ps}.
The originxp = 0 is the min-norm point im! Q (Line 9), and it is not in
the interior ofconvQ (condition in Line 10 is false).

F47/68 (pg.146/228)

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020



By
et

Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

conv(Q)

X', %ol

¢ 0/fx0)

(ﬁ))! #

Q=P = {p1,p2,ps}. Line 14:S =y = argmin ,; conv Q#[x' xo1 ' X" Xo!2
wherexg is0 andx is R here. Thusy lies on the boundary ofonvQ.
Note, !y!, < Ix"l, sincex” # convQ, ! xg!, < Ix'!,.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

conv(Q)

X', %ol

¢ 0/fx0)

(ﬁ))! #

Q=P ={p1,p2, p3} Line 14:S = y = argmin , conv Q#[x! xo] ' X Xo! 5
wherexg is0 andx is R here. Thusy lies on the boundary ofonvQ.
Note, !y!, < Ix"l, sincex” # convQ, ! xg!, < Ix'!,.

Line 15: Deletep; from Q since not on face wherg= S lies. Q = {pz, ps}
after Line 15. We still havg = S # convQ for the updatedQ.
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

conv(Q)

X', %ol

¢ 0/fx0)

(ﬁ))! #

Q=P ={p1,p2, p3} Line 14:S = y = argmin , conv Q#[x! xo] ' X Xo! 5
wherexg is0 andx is R here. Thusy lies on the boundary ofonvQ.
Note, !y!, < Ix"l, sincex” # convQ, ! xg!, < Ix'!,.
Line 15: Deletep; from Q since not on face wherg= S lies. Q = {pz, ps}
after Line 15. We still havg = S # convQ for the updatedQ. Line 16:
x (', retain invasiantx # convQ, and again have

A " ,
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Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

Q = {p2,p3}, and soxp = T computed in Line 9 is the min-norm point in
al Q. We also havexg # convQ in Line 10 so we assiga ( Xg in Line
11 and break.

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F47/68 (pg.150/228)



2 n By
RN RRRRRRREN B} Lrrreeent

Fujishige-Wolfe Min-Norm algorithm: Geometric Examy

(Z)P2

H (T) separated from the origin in Line 4, and therefore is a supporting
hyperplane, and therefore is the min-norm point inconvP, so we return
with x".
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Condition for Min-Norm Point

Theorem 20.5.1

P ={p1,p2...,Pm}, X # convP is the min. norm point inconvP if'f
pTx % !x'12 +i=1,44am. (20.31)

e Assumex’ is the min-norm point, lety # convP, and0* " * 1.
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Condition for Min-Norm Point

Theorem 20.5.1

P ={p1,p2...,Pm}, X # convP is the min. norm point inconvP if'f
pTx % !x'12 +i=1,44am. (20.31)

e Assumex is the min-norm point, lety # convP, and0* " * 1.
e Thenz&x +"(y" x)=(1" ")x +"y # convP, and
1z12=1x"+"(y" x')3 (20.32)
= Ix13+2"(x Ty X T+ "2y X135 (20.33)

F48/68 (pg.153/228)
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Condition for Min-Norm Point

Theorem 20.5.1

P ={p1,p2...,Pm}, X # convP is the min. norm point inconvP if'f

piTx % Ix'12 +i=1,aaam. (20.31)
2

Proof.
e Assumex’ is the min-norm point, lety # convP, and0* " * 1.

e Thenz&x +"(y" x)=(" ")x +"y # convP, and

1z12=1x"+"(y" x')3 (20.32)
= Ix13+2"(x Ty X T+ "2y X135 (20.33)

e Itis possible for z!5 < Ix"15 for small", unlessx” Ty % x" Tx" for all
y # convP , Equation (20.31).

F48/68 (pg.154/228)
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Condition for Min-Norm Point

Theorem 20.5.1

P ={p1,p2...,Pm}, X # convP is the min. norm point inconvP if'f
pTx % !x'12 +i=1,44am. (20.31)

Proof.
e Assumex’ is the min-norm point, lety # convP, and0* " * 1.

e Thenz&x +"(y" x)=(" ")x +"y # convP, and

1z12=1x"+"(y" x')3 (20.32)
= Ix13+2"(x Ty X T+ "2y X135 (20.33)

o Itis possible for z!5 < I x"15 for small", unlessx” Ty % x" Tx" for all
y # convP , Equation (20.31). #
e Conversely, given Eq(&ozo.?;l), and g)'oven thet ;!ip; # convP,
yix' = g™ % 1ix Tx = x Tx (20.34)
i i
implying that! z! % > Ix !% in Equation 20.33 for arbitrarg # convP.

F48/68 (pg.155/228)
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

e Q is of course alnely independent when there is at most one point in i
(e.g., after Line 2).
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).
e After the initialization, it changes only by deletion of points, or adding |
single point. Deletion does not change the independence.
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).

e After the initialization, it changes only by deletion of points, or adding
single point. Deletion does not change the independence.

e Before addingé at Line 7, we know™ is the minimum norm point in
a! Q (since we break only at Line 12).

.
C
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).

e After the initialization, it changes only by deletion of points, or adding |
single point. Deletion does not change the independence.

o Before addingd at Line 7, we knowk  is the minimum norm point in
a! Q (since we break only at Line 12).

e Therefore,x" is normal toa! Q, which impliesa! Q' H(x").
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).
e After the initialization, it changes only by deletion of points, or adding |
single point. Deletion does not change the independence.

o Before addingd at Line 7, we knowk  is the minimum norm point in
a! Q (since we break only at Line 12).

o Therefore,x" is normal toa! Q, which impliesa! Q' H(x').
e Since®d # H(x") chosen at Line 6, we haue# a! Q.
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).

e After the initialization, it changes only by deletion of points, or adding |
single point. Deletion does not change the independence.

o Before addingd at Line 7, we knowk  is the minimum norm point in
a! Q (since we break only at Line 12).

Therefore,x" is normal toa! Q, which impliesa! Q' H(x').
Since¥ # H (x') chosen at Line 6, we hawé# a! Q.
.. updateQ){ ®} at Line 7 is alnely independent as long &3 is. [
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The setQ is always a'nely independent

The setQ in the MN Algorithm is always a'!nely independent.

Proof.

e Q is of course alnely independent when there is at most one point in|i
(e.g., after Line 2).

e After the initialization, it changes only by deletion of points, or adding |
single point. Deletion does not change the independence.

o Before addingd at Line 7, we knowk  is the minimum norm point in
a! Q (since we break only at Line 12).

o Therefore,x" is normal toa! Q, which impliesa! Q' H(x').
e Since®d # H(x") chosen at Line 6, we haue# a! Q.
o

.. updateQ){ ®} at Line 7 is alnely independent as long &3 is. [

Thus,, by Lemma 20.5.2, we have for ary a! Q such thatx = " Wi G
with  , w; =1, the weightsw; are uniquely determined.
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The setQ is never too large

The setQ in the MN Algorithm has size never more thant 1.
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The setQ is never too large

The setQ in the MN Algorithm has size never more thant 1.

This is immediate, sinc® is always a!nely independent, and iRV, an
alnely independent set can have at most+ 1 entries, with|V|=n. [
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Minimum Norm in an alne set
e Line 9 of the algorithm requireso ( miny: a1 g ! X!'».
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Minimum Norm in an alne set

e Line 9 of the algorithm requireso ( miny: a1 g ! X!'».
e WhenQ is alnely independent, this is relatively easy.
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Minimum Norm in an alne set

e Line 9 of the algorithm requireso ( miny: a1 g ! X!'».

e WhenQ is alnely independent, this is relatively easy.

o Let Q representn - k matrix with points as columng # Q. The following
is solvable with matrix inversion/linear solver, where Qw:

minimize I'x! % = wiQTQw (20.35)

subject to 1Tw=1 (20.36)
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Minimum Norm in an alne set

e Line 9 of the algorithm requireso ( miny: a1 g ! X!'».

e WhenQ is alnely independent, this is relatively easy.

e Let Q representn - k matrix with points as columng# Q. The following
is solvable with matrix inversion/linear solver, where Qw:

minimize Ix! % = wTQTQw (20.35)
subjectto  1w=1 (20.36)

e Form Lagrangiaw™QTQw + 2! (1Tw" 1), and di"erentiating w.r.t.! and
w, and setting to zero, we get:

1Tw=1 (20.37)

QQw+!1=0 (20.38)
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Minimum Norm in an alne set

e Line 9 of the algorithm requireso ( miny: a1 g ! X!'».

e WhenQ is alnely independent, this is relatively easy.

e Let Q representn - k matrix with points as columng# Q. The following
is solvable with matrix inversion/linear solver, where Qw:

minimize Ix! % = wTQTQw (20.35)
subjectto  1w=1 (20.36)

e Form Lagrangiaw™QTQw + 2! (1Tw" 1), and di"erentiating w.r.t.! and
w, and setting to zero, we get:

1Tw=1 (20.37)
QQw+!11=0 (20.38)
e k+1 variables ank unkgowns, sgrl\iable V\ch+linear solver with matrices
T |
0 1 - L (20.39)

1 QQ W‘o
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Minimum Norm in an alne set

Line 9 of the algorithm requiresg ( Miny: ar o ! X!».

WhenQ is alnely independent, this is relatively easy.

Let Q representn - k matrix with points as columng# Q. The following
is solvable with matrix inversion/linear solver, where Qw:

minimize Ix! % = wTQTQw (20.35)
subjectto  1w=1 (20.36)

Form Lagrangiamw™QTQw + 2! (1Tw" 1), and di"erentiating w.r.t.! and
w, and setting to zero, we get:

1Tw=1 (20.37)
QQw+!11=0 (20.38)
k +1 variables ank unonwns, scil\lable V\ch+linear solver with matrices
0O 17 o1
100 w_ 0 (20.39)

Thanks toQ being alne, matrix on l.h.s. is invertable.
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Minimum Norm in an alne set

#
e Note, this also solves Line 10, sincegeasibility requiresv; =1, we
need only checkv %0 to ensurexp = ; wig # convQ.
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Minimum Norm in an alne set

e Note, this also solves Line 10, sincegeasibility requ#itrqsrvi =1, we
need only checkv %0 to ensurexg = ; wig # convQ.

e In fact, a feature of the algorithm (in WoIfeOE 1976 paper) is that we
keep the convex coelcient§w;}; wherex £ i Wibi of x" and from
this vector. We also keep such thatxg = v.q for pointsg # Q,
from Line 9.

F52/68 (pg.174/228)
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Minimum Norm in an alne set

e Note, this also solves Line 10, sincegeasibility requ;&i#rqsrvi =1, we
need only checkv %0 to ensurexg = ; wig # convQ.

e In fact, a feature of the algorithm (in WoIfeOg 1976 paper) is that we
keep the convex coelcient§w;}; wherex £ i Wibi of x" and from
this vector. We also keep such thatxg = v.q for pointsg # Q,
from Line 9.

e Givenw andv, we can also easily solve Lines 14 and 15 (see OSter
on page 133 of Wolfe-1976, which also debPnes numerical tolerance
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Minimum Norm in an alne set

e Note, this also solves Line 10, sincegeasibility requ#itrqsrvi =1, we
need only checkv %0 to ensurexg = ; wig # convQ.

e In fact, a feature of the algorithm (in WoIfeOg 1976 paper) is that we
keep the convex coelcient§w;}; wherex £ i Wibi of x" and from
this vector. We also keep such thatxg = v.q for pointsg # Q,
from Line 9.

e Givenw andv, we can also easily solve Lines 14 and 15 (see OSter
on page 133 of Wolfe-1976, which also dePnes numerical tolerance

e We have yet to see how to elciently solve Lines 4 and 6, however.
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MN Algorithm Pnds the MN point in Pnite time.

Theorem 20.5.4

The MN Algorithm Pnds the minimum norm point tonvP after a Pnite
number of iterations of the major loop.

Proof.
e In minor loop, we always have # convQ, since wheneveD is
modiPedx" is updated as well (Line 16) such that the updated
remains in newconvQ.
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MN Algorithm Pnds the MN point in Pnite time.

Theorem 20.5.4

The MN Algorithm Pnds the minimum norm point tonvP after a Pnite
number of iterations of the major loop.

Proof.

e In minor loop, we always have # convQ, since wheneveD is
modibedx" is updated as well (Line 16) such that the updated
remains in newconvQ.

e Hence, every time&" is updated (in minor loop), its norm never
increases,
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MN Algorithm Pnds the MN point in Pnite time.

Theorem 20.5.4
The MN Algorithm Pnds the minimum norm point tonvP after a Pnite
number of iterations of the major loop.

Proof.

e In minor loop, we always have # convQ, since wheneveD is
modibedx" is updated as well (Line 16) such that the updated
remains in newconvQ.

e Hence, every time&" is updated (in minor loop), its norm never
increases,i.e., before Line 111xo! , *! X!, sincex” # a! Q and
X0 = MiN i 4 Q!X!Z'
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MN Algorithm Pnds the MN point in Pnite time.

Theorem 20.5.4

The MN Algorithm Pnds the minimum norm point tonvP after a Pnite
number of iterations of the major loop.

Proof.
e In minor loop, we always have # convQ, since wheneveD is
modibedx" is updated as well (Line 16) such that the updated
remains in newconvQ.

e Hence, every time&" is updated (in minor loop), its norm never
increases, i.e., before Line 10!, *! X!, sincex” # a! Q and
Xo = Min y; a1 g ! X! ,.Similarly, before Line 18,y!, *! x"!,, since
invariantx” # convQ but whilexg # a! Q, we havexg # convQ, and
IXol, < IX'1 .
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Moreover, there can be no more iterations within a minor loop than
dimension oftonvQ for the initial Q given to the minor loop initially at
Line 8 (dimension o€onvQ is |Q|" 1 sinceQ is alnely independent).
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Moreover, there can be no more iterations within a minor loop than|
dimension oftonvQ for the initial Q given to the minor loop initially at
Line 8 (dimension o€onvQ is |Q|" 1 sinceQ is alnely independent).

e Each iteration of the minor loop removes at least one point frgnin
Line 15.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Moreover, there can be no more iterations within a minor loop than|
dimension oftonvQ for the initial Q given to the minor loop initially at
Line 8 (dimension o€onvQ is |Q|" 1 sinceQ is alnely independent).

e Each iteration of the minor loop removes at least one point frgnin
Line 15.

e WhenQ reduces to a singleton, the minor loop always terminates.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Moreover, there can be no more iterations within a minor loop than|
dimension oftonvQ for the initial Q given to the minor loop initially at
Line 8 (dimension o€onvQ is |Q|" 1 sinceQ is alnely independent).

e Each iteration of the minor loop removes at least one point frgnin
Line 15.

e WhenQ reduces to a singleton, the minor loop always terminates.

e Thus, the minor loop terminates in Pnite number of iterations, at mo
dimension ofQ.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

Moreover, there can be no more iterations within a minor loop thanft
dimension oftonvQ for the initial Q given to the minor loop initially at
Line 8 (dimension o€onvQ is |Q|" 1 sinceQ is alnely independent).

Each iteration of the minor loop removes at least one point fr@nn
Line 15.

When Q reduces to a singleton, the minor loop always terminates.
Thus, the minor loop terminates in Pnite number of iterations, at mo
dimension ofQ.
In fact, total number of iterations of minor loop in entire algorithm is
at most number of points if? since we never add back in points @
that have been removed.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Each timeQ is augmented with% at Line 7, followed by updating”
with Xg at Line 11, (i.e., when the minor loop returns with only one
iteration), ! x" ! , Strictly decreases from what it was before.
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MN Algorithm bPnds the MN pomt in Pnite time.

... proof of Theorem 20.5.4 continued.

e Each timeQ is augmented with% at Line 7, followed by updating”
with Xo at Line 11, (i.e., when the minor loop returns with only one
iteration), ! x !, strictly decreases from what it was before.

e To see this, considex” + "(&" x ) whereO* " * 1. Since both
¥, x # convQ, we havex + "(®" x ) # convQ.
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MN Algorithm bPnds the MN pomt in Pnite time.

... proof of Theorem 20.5.4 continued.

e Each timeQ is augmented with% at Line 7, followed by updating”
with Xo at Line 11, (i.e., when the minor loop returns with only one
iteration), ! x !, strictly decreases from what it was before.

e To see this, considex” + "(&" x ) where0* " * 1. Since both
®,x" # convQ, we havex' + "(8" Xx') # convQ.

e Therefore, we havéx” + "(8" x")!, % !Xq! ,, which implies
X+ x )= x5 420 (X)) xS+ 2iet xS
% !Xo! 3 (20.40)

and from Line 6% is on the same side ¢ (x) as the origin, i.e.
(x")¥%< Ix"12 so middle term of r.h.s. of equality is negative.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Therefore, for sulciently small", specibcally for

2 1x12" (x')$%
" . (20.41)
19" x'12

we have that! x"13 > 1 xo! 5.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.

e Therefore, for sulciently small", specibcally for

2 XI5 (x")®
"< - (20.412)
11 2
" x'!5

"2 2
we have that' x !5 > !'xo!5.

e For a similar reason, we have !, strictly decreases each tin@ is
updated at Line 7 and followed by updatimg with y at Line 16.
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MN Algorithm Pnds the MN point in Pnite time.

... proof of Theorem 20.5.4 continued.
e Therefore, for sulciently small", specibcally for

2 XI5 (x")®
"< - (20.412)
11 2
" x'!5

"2 2
we have that' x !5 > !'xo!5.

e For a similar reason, we have ! , strictly decreases each tin@ is
updated at Line 7 and followed by updatimg with y at Line 16.

e Therefore, in each iteration of major loopx ! , Strictly decreases, ant
the MN Algorithm must terminate and it can only do so when the
optimal is found.

Ol
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Line: 6: Finding # P on the n

e The OnearO side means the side that contains the origin.
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Line: 6: Finding # P on the near side ¢ (x")

e The OnearO side means the side that contains the origin.

e Ideally, bnd® such that the reduction of x"! , is maximized to reduce
number of major iterations.
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Line: 6: Finding # P on the near side ¢ (x")

e The OnearO side means the side that contains the origin.

o Ideally, bndd such that the reduction of x"! , is maximized to reduce
number of major iterations.

e From Egn. 20.40, reduction on norm is lower-bounded:

L J— " 2 " 2 " ' " 2 " " $ A n ||2 o 1 " 2 é n
= Ix 15" Xo!l5%2" Ix 15" (X )°% " x15=

(20.42)
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Line: 6: Finding # P on the near side ¢ (x")

e The OnearO side means the side that contains the origin.

o Ideally, bndd such that the reduction of x"! , is maximized to reduce
number of major iterations.

e From Egn. 20.40, reduction on norm is lower-bounded:

L J— " 2 " 2 " ’ " 2 " " $ A n |l2 o 1 " 2 A n
= Ix 15" X! 5%2" Ix 15" (x)*® " x15=

(20.42)
e When0* "< W, we can get the maximal value of the
lower bound, ovel', as follows:
. /,
"1 2n " i
max wo X I!_?,, (f(l ) (20.43)
o i< 2(#x!#§$(x!)" x) RX 1,

05 x| #2
#XS$ X #y
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Line: 6: Finding # P on the nea

e To maximize lower bound of norm reduction at each major iteration,
want to Pnd ank such that the above lower bound (Equation 20.43)
maximized.
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Line: 6: Finding # P on the n

e To maximize lower bound of norm reduction at each major iteration,
want to Pnd an¥ such that the above lower bound (Equation 20.43)
maximized.

e That is, we want to bnd

: /5
X120 (x")®x

" XII ! 2

¥ # argmax

20.44
x! P I'x ( )

to ensure that a large norm reduction is assured.
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Line: 6: Finding # P on the near side ¢ (x")

e To maximize lower bound of norm reduction at each major iteration,
want to Pnd an¥ such that the above lower bound (Equation 20.43)
maximized.

e That is, we want to bnd

g ]2
IX 15" (X )®x
n X“!2

® # argmax

20.44
x! P I'x ( )

to ensure that a large norm reduction is assured.

e This problem, however, is at least as hard as the MN problem itself .
we have a quadratic term in the denominator.
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Line: 6: Finding # P on the near side ¢ (x")

e As a surrogate, we maximize numerator in Eqn. 20.44, i.e., bnd

% # argmax! X' 13" (x")®x = argmin (x")®x, (20.45)
x!'P x!'P
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Line: 6: Finding # P on the near side ¢ (x")

e As a surrogate, we maximize numerator in Egn. 20.44, i.e., bnd

% # argmax! X' 13" (x")®x = argmin (x")®x, (20.45)
x! P x!'P

e Intuitively, by solving the above, we brdsuch that it has the largest
OdistanceO to the hyperplahéx’), and this is exactly the strategy
used in the Wolfe-1976 algorithm.

EE563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F59/68 (pg.200/228)



Line: 6: Finding € P on the near side ¢ (x*)

@ As a surrogate, we maximize numerator in Eqn. 20.44, i.e., find

Z € argmax Ha?*H% — (2*) "2 = argmin(2*) "z, (20.45)
xeP xeP

@ Intuitively, by solving the above, we find & such that it has the largest
“distance” to the hyperplane H(z*), and this is exactly the strategy
used in the Wolfe-1976 algorithm.

@ Also, solution Z in Line 6 can be used to determine if hyperplane
H (x*) separates conv P from the origin (Line 4): if the point in P
having greatest distance to H(z*) is not on the side where origin lies,
then H(z*) separates conv P from the origin.

F59/68 (pg.201/228)
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Line: 6: Finding € P on the near side ¢ (x*)

@ As a surrogate, we maximize numerator in Eqn. 20.44, i.e., find

Z € argmax Haﬁ*H% — (2*) "2 = argmin(2*) "z, (20.45)
xeP xeP

@ Intuitively, by solving the above, we find & such that it has the largest
“distance” to the hyperplane H(z*), and this is exactly the strategy
used in the Wolfe-1976 algorithm.

@ Also, solution Z in Line 6 can be used to determine if hyperplane
H (x*) separates conv P from the origin (Line 4): if the point in P
having greatest distance to H(z*) is not on the side where origin lies,
then H(z*) separates conv P from the origin.

@ Mathematically and theoretically, we terminate the algorithm if
() > 23, (20.46)

where 7 is the solution of Eq. 20.45.
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Line: 6: Finding € P on the near side ¢ (x*)

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
e > 0, and terminates the algorithm if

(‘L*)Ti > “J;*Hg — Elglea(%( Hﬂ\g (20.47)

EES563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F60/68 (pg.203/228)



Line: 6: Finding € P on the near side cH( )

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

*\ T o * (|12 2
> — ema; 20.47
(%) T > [lz7[|3 — € max 212 ( )

@ When conv P is a submodular base polytope (i.e., conv P = B; for a
submodular function f), then the problem in Eqn 20.45 can be solved
efficiently by Edmonds's greedy algorithm (even though there may be
an exponential number of extreme points).
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Line: 6: Finding € P on the near side ¢ (x*)

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

*\ T o * (|12 2
> — a 20.47
(%) & > [[="|5 €max =2 (20.47)

@ When conv P is a submodular base polytope (i.e., conv P = Bs for a
submodular function f), then the problem in Eqn 20.45 can be solved
efficiently by Edmonds's greedy algorithm (even though there may be
an exponential number of extreme points).

e Edmond'’s greedy algorithm, therefore, solves both Line 4 and Line 6
simultaneously.
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Line: 6: Finding € P on the near side ¢ (x*)

@ In practice,the above optimality test might never hold numerically.
Hence, as suggested by Wolfe, we introduce a tolerance parameter
€ > 0, and terminates the algorithm if

*\ T o * (|12 2
> — a 20.47
(%) & > [[="|5 €max =2 (20.47)

@ When conv P is a submodular base polytope (i.e., conv P = Bs for a
submodular function f), then the problem in Eqn 20.45 can be solved
efficiently by Edmonds's greedy algorithm (even though there may be
an exponential number of extreme points).

e Edmond'’s greedy algorithm, therefore, solves both Line 4 and Line 6
simultaneously.

@ Hence, Edmonds's discovery is one of the main reasons that the MN
algorithm is applicable to submodular function minimization.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n°T + n®) (Orlin’09) where T is the
time for function evaluation, far from practical for large problem
instances.
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MN Algorithm Complexity

o The cutrereAasmmt strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

@ Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:

e each major iteration requires O(n) function oracle calls
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:

e each major iteration requires O(n) function oracle calls
e complexity of each major iteration could be at least O(n?) due to the
affine projection step (solving a linear system).
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:

e each major iteration requires O(n) function oracle calls

o complexity of each major iteration could be at least O(n?) due to the
affine projection step (solving a linear system).

o Therefore, the complexity of each major iteration is

O(TLS 4 nler)

where each function oracle call requires O(n?) time.
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MN Algorithm Complexity

@ The currently fastest strongly polynomial combinatorial algorithm for
SFM achieves a running time of O(n®T +n®) (Orlin'09) where T is the
time for function evaluation, far from practical for large problem
instances.

o Fujishige & Isotani report that MN algorithm is fast in practice, but
they use only a limited set of submodular functions.

o Complexity of MN Algorithm is still an unsolved problem.

@ Obvious facts:

e each major iteration requires O(n) function oracle calls
o complexity of each major iteration could be at least O(n?) due to the

affine projection step (solving a linear system).
o Therefore, the complexity of each major iteration is

O(n® 4+ n'*r)
where each function oracle call requires O(n?) time.

@ Since the number of major iterations required is unknown, the
complexity of MN is also unknown.
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MN Algorithm Empirical Complexity
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Figure: The number of major iteration for /() = —m1(S) + 100 - (wy (A'(S)))". The red lines are the linear interpolations of the worst case points, and the black

lines are the linear interpolations of the average case points. From Lin&Bilmes 2014 (unpublished)
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MN Algorithm Complexity

@ A lower bound complexity of the Fujishige-Wolfe min-norm procedure
has not yet been established.
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MN Algorithm Complexity

@ A lower bound complexity of the Fujishige-Wolfe min-norm procedure
has not yet been established.

@ In 2014, Chakrabarty, Jain, and Kothari in their NIPS 2014 paper
“Provable Submodular Minimization using Wolfe's Algorithm” showed a
pseudo-polynomial time bound of O(n’g?) where n = |V| is the
ground set, and g is the maximum gain of a particular function f.
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MN Algorithm Complexity

@ A lower bound complexity of the Fujishige-Wolfe min-norm procedure
has not yet been established.

@ In 2014, Chakrabarty, Jain, and Kothari in their NIPS 2014 paper
“Provable Submodular Minimization using Wolfe's Algorithm” showed a
pseudo-polynomial time bound of O(ng?) where n = |V| is the
ground set, and g is the maximum gain of a particular function f.

@ This is pseudo-polynomial since it depends on the function values.
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MN Algorithm Complexity

@ A lower bound complexity of the Fujishige-Wolfe min-norm procedure
has not yet been established.

@ In 2014, Chakrabarty, Jain, and Kothari in their NIPS 2014 paper
“Provable Submodular Minimization using Wolfe's Algorithm” showed a
pseudo-polynomial time bound of O(ng?) where n = |V| is the
ground set, and g is the maximum gain of a particular function f.

@ This is pseudo-polynomial since it depends on the function values.

@ In 2020, in De Loera et. al. “The Minimum Euclidean-Norm Point in a
Convex Polytope: Wolfe's Combinatorial Algorithm is Exponential”,
2020, SIAM J. Computing, gave an example where the Wolfe procedure
can run in exponential time, although this is not for the submodular
polytope B; that applies here, this is left as an open question. Hence,
the lower bound complexity of the Fujishige-Wolfe procedure is still
unknown.
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Frank-Wolfe vs. Fujishige-Wolfe

Another algorithm we could use to find the min-norm is M. Frank & P.
Wolfe “An algorithm for quadratic programming”, 1956 (conditional gradient
descent) for constrained convex minimization of convex function f : D — R.

Input : Convexset D CR", convex f: D — R, z0 €D, 7 >0
Output: 2* € D, the minimizer of f on D. Lo fort iy Edmints

1 k < 0 and start with zg € D ; é_//—‘ Por #ris nam pitd
2 Let s solve min(s, V f(zk)) s.t. s €D ; we P
M }//r//z

Let A € [0, 1] minimize f(Ask + (1 — A)xk) ;
4 o1 — sk + (1 — M), k< k+1;

5 Goto line 2 if ||xk+1 — zk|| > 7 ;

6 T* < Ty+1

w

5. XC/.SQL

@ Above can also be used minimize Lovasz extension, primal approach to
SFM.

@ The Frank-Wolfe and Fujishige-Wolfe are distinct procedures although
Wolfe is the same person.

EES563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F64/68 (pg.220/228)




SFM
[RRRL N

Other algorithms for approximate and/or pseudo-polync

@ In 2015, Lee, Sidford, and Wong, gave pseudo-poly algorithms for SFM
that run in O(n?log nMEOQ + n210g®® nM) time nad
O(n31og? nEO + n*10g®W n) time respectively.
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Other algorithms for approximate and/or pseudo-polync

@ In 2015, Lee, Sidford, and Wong, gave pseudo-poly algorithms for SFM
that run in O(n?log nMEO + n?1og®® nM) time nad
O(n3log? nEQ + n* log®® n) time respectively.

@ In 2017, in Chakrabarty, Lee, Sidford, and Wong “Subquadratic
Submodular Function Minimization”, this was improved. |l.e., for
real-valued submodular functions, it runs in O(n%3EQ/3) giving an
e-additive approximate solution.

EES563/Spring 2020/Submodularity - Lecture 20 - Dec 9th, 2020 F65/68 (pg.222/228)



SFM
[RRRL N

Other algorithms for approximate and/or pseudo-polync

@ In 2015, Lee, Sidford, and Wong, gave pseudo-poly algorithms for SFM
that run in O(n?log nMEO + n?1og®® nM) time nad
O(n3log? nEQ + n* log®® n) time respectively.

@ In 2017, in Chakrabarty, Lee, Sidford, and Wong “Subquadratic
Submodular Function Minimization”, this was improved. l.e., for
real-valued submodular functions, it runs in O(n%3EQ/%) giving an
e-additive approximate solution.

@ In 2020, Axelrod, Liu, and Sidford “Near-optimal Approximate Discrete
and Continuous Submodular Function Minimization” give a randomized
algorithm that for a submodular function in the range [—1, 1] runs in
O(n/€?) for an e-additive approximation to SFM. This can also be used
to approximately minimize smooth DR-submodular (and not necessarily
convex) functions.
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Other algorithms for approximate and/or pseudo-polync

@ In 2015, Lee, Sidford, and Wong, gave pseudo-poly algorithms for SFM
that run in O(n?log nMEO + n?1og®® nM) time nad
O(n3log? nEQ + n* log®® n) time respectively.

@ In 2017, in Chakrabarty, Lee, Sidford, and Wong “Subquadratic
Submodular Function Minimization”, this was improved. l.e., for
real-valued submodular functions, it runs in O(n%3EQ/%) giving an
e-additive approximate solution.

@ In 2020, Axelrod, Liu, and Sidford “Near-optimal Approximate Discrete
and Continuous Submodular Function Minimization” give a randomized
algorithm that for a submodular function in the range [—1,1] runs in
O(n/€?) for an e-additive approximation to SFM. This can also be used
to approximately minimize smooth DR-submodular (and not necessarily
convex) functions.

@ In 2020, Balkanski and Singer, “A Lower Bound for Parallel Submodular
Minimization”, give “adaptivity lower bounds” (see the paper for what

0 e _Darglle QI DX O)
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Other algorithms for approximate and/or pseudo-polync

@ In 2015, Lee, Sidford, and Wong, gave pseudo-poly algorithms for SFM
that run in O(n?log nMEO + n?1og®® nM) time nad
O(n3log? nEQ + n* log®® n) time respectively.

@ In 2017, in Chakrabarty, Lee, Sidford, and Wong “Subquadratic
Submodular Function Minimization”, this was improved. l.e., for
real-valued submodular functions, it runs in O(n%3EQ/%) giving an
e-additive approximate solution.

@ In 2020, Axelrod, Liu, and Sidford “Near-optimal Approximate Discrete
and Continuous Submodular Function Minimization” give a randomized
algorithm that for a submodular function in the range [—1,1] runs in
O(n/€?) for an e-additive approximation to SFM. This can also be used
to approximately minimize smooth DR-submodular (and not necessarily
convex) functions.

@ In 2020, Balkanski and Singer, “A Lower Bound for Parallel Submodular
Minimization”, give “adaptivity lower bounds” (see the paper for what
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SFM Summary

modified from S. Iwata's slides
General Submodular Function Minimization

‘ Wolfe (1976)/von Hohenbalken (1975) r/’ ‘ Fujishige (1980/1991) — ‘ Bach (2012”3)‘

minimum norm point
algorithm

gen. convex methods

Edmonds (1965/1970)
‘ Grotschel, Lovasz, Schrijver (1981, 1988)

Ellipsoid Method ‘ Bixby,Cunningham, Topkis (1984)‘

O(n5y log M) Cunningham (1985)
O(n'y logn) O’y +n®)
‘ Iwata, Fleischer, Fujishige (2000) ‘ Schrijver (2000) ‘

Fleischer, lwata (2000)
Iwata (2002)

Fully Combinatorial

Iwata (2003) ‘ Orlin (2007) ‘
o((n*y +n )logM) O(n5y+n6)

Iwata, Orlin (2009)

e [Bilmes
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Recent SFM Strongly Polynomial Summary

Table taken from Haotian Jiang's 2020 paper

\ Authors Year Oracle Complexity | Remarks
Grétschel, Lovész, Schrijver [GLS81, GLS88] | 1981,88| O(n®) [McC05] first strongly
Schrijver [Schoq] 2000 0O(n8) first comb. strongly
Iwata, Fleischer, Fujishige [IFFO1] 2000 O(n’log(n)) first comb. strongly
Fleischer, Iwata [FI03] 2000 O(n’)
Iwata [Iwa03] 2002 | O(n®log(n))
Vygen [Vyg03] 2003 | O(n’)
Orlin [Orl09] 2007 o(n°)
Iwata, Orlin [1009] 2009 0O(n’log(n))
Lee, Sidford, Wong [LSW15] 2015 0(n3log%(n)) _cabiegats strongly
Lee, Sidford, Wong [LSW15] 2015 o(n? log(n)) exponential time
Dadush, Végh, Zambelli [DVZ18] 2018 Q;(Dilogz(n)) close to best
Haotain Jiang 2020 o(nd) currently best Ay >
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Submodularity

This is only the beginning. Submodularity is still gaining in popularity in
machine learning and data science, it has both a rich and long past and a
promising future.
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