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Rest of class

@ Homework 4 posted, due Thursday Dec 17th, 2020, 11:55pm.
o Final project paper proposal, was due Sunday Dec 6th, 11:59pm.

o Final project 4-page paper and presentation slides, due Sunday Dec
13th, 11:59pm.

o Final project presentation, Monday Dec 14th, starting at 10:30am.

e Final project: Read and present a recent (past 5 years) paper on
submodular/supermodular optimization. Paper should have both a
theoretical and practical component. What is due: (1) 4-page paper
summary, and (2) 10 minute presentation about the paper, will be
giving presentations on Monday 12/14/2020. You must choose your
paper before the 14th (this will be HW5), and you must turn in your
slides and 4-page paper (this will be HW6).

@ Recall, grades will be based on a combination of a final project (40%)
and the four homeworks (60%).
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Most violated inequality problem in matroid polytope case

o Consider
Pr={zeR":2>0,2(4) <ry(A),VAC E} (19.19)

@ Suppose we have any = € R£ such that = ¢ PF.

@ Hence, there must be a set of W C 2V, each member of which
corresponds to a violated inequality, i.e., equations of the form
xz(A) > ry(A) for A e W.

@ The most violated inequality when z is considered w.r.t. P." corresponds
to the set A that maximizes x(A) — rps(A), i.e., the most violated
inequality is valuated as:

max {x(A) —ry(A) : A e W} =max{z(4) —rmy(A): ACE}  (19.20)

@ Since x is modular and z(E' \ A) = 2(E) — x(A), we can express this via a
min as in;:

min{ry(A) +z(E\A): AC E} (19.21)
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Most violated inequality /polymatroid membership/SFl\/I

@ The most violated inequality when z is considered w.r.t. P}
corresponds to the set A that maximizes z(A) — f(A), i.e., the most
violated inequality is valuated as:

max{z(A) — f(A): A e W} =max{z(A) — f(A): ACE} (19.19)

@ Since x is modular and z(E \ A) = 2(E) — x(A), we can express this
via a min as in;:

min{f(A) +z(E\ A): AC E} (19.20)

@ More importantly, min {f(4) + z(E'\ A) : A C E} is a form of
submodular function minimization, namely
min {f(A) — 2(A) : A C E} for a submodular f and z € R,
consisting of a difference of polymatroid and modular function (so
f — x is no longer necessarily monotone, nor positive).

e We will ultimately answer how general this form of SFM is.
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Most violated inequality /polymatroid membership/SFM

o Consider
Pf={zc R¥ 2> 0,2(A) < f(A),VAC E} (19.19)

@ Suppose we have any = € Rf such that x ¢ PJT, most violated
inequality is based on set A that solves min {f(A) — z(A) : AC E} or
min {f(A)+z(E\A): AC E}

@ Hence, there must be a set of W C 2V, each member of which

corresponds to a violated inequality, i.e., equations of the form
z(A) > ry(A) for AeW.
oX

p 2 p 2 P 2
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W= {{1}, {1, 2}} W= {{2},{1,2}} w={{1,2}}
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Review
(NN RRRRNT

Fundamental circuits in matroids

Lemma 19.2.9
Let I € Z(M), and e € E, then I U {e} contains at most one circuit in M.

Proof.

@ Suppose, to the contrary, that there are two distinct circuits Cq, Cs
such that (C; U Cy) C I U {e}.

@ Then e € C; N Cy, and by (C2), there is a circuit C3 of M s.t.
C3 C (ClLJC'g)\{e}gI

@ This contradicts the independence of 1.

In general, let C'(I,e) be the unique circuit associated with I U {e}
(commonly called the fundamental circuit in M w.r.t. I and e).
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Matroids: The Fundamental Circuit

@ Define C(I,e) be the unique circuit associated with I U {e} (the
fundamental circuit in M w.r.t. I and e, if it exists).

o If e e span(I) \ I, then C(I,e) is well defined (I + e creates one
circuit).

e If ec I, then I 4+ e = I doesn't create a circuit. In such cases, C(1,e)
is not really defined.

@ In such cases, we define C(I,e) = {e}, and we will soon see why.

o If e ¢ span([) (i.e., when I + e is independent), then we set
C(I,e)=10.
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The sat function = Polymatroid Closure

@ In a matroid, closure (span) of a set A are all items that A spans (eq.
that depend on A).

@ We wish to generalize closure to polymatroids.
e Consider x € Py for polymatroid function f.

@ Again, recall, tight sets are closed under union and intersection, and
therefore form a distributive lattice.

@ That is, we saw in Lecture 11 that for any A, B € D(z), we have that
AUB € D(z) and AN B € D(x), which can constitute a join and
meet.

@ Recall, for a given « € Py, we have defined this tight family as
Dx)={A: ACE,z(A) = f(A)} (19.20)
and

sat(z) € | J{4: A € D(x)} (19.21)
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Minimizers of a Submodular Function form a lattice

Theorem 19.2.10

For arbitrary submodular f, the minimizers are closed under union and
intersection. That is, let M = argminycp f(X) be the set of minimizers of
f. Let ABe M. Then AUB e M and ANB e M.

Proof.

Since A and B are minimizers, we have f(A) = f(B) < f(AN B) and
f(4) = f(B) < [(AUB). )

By submodularity, we have . I (> ‘éﬂ

f(A)+ f(B) > f(AUB) + f(AN B) (19.22)

Hence, we must have f(A) = f(B) = f(AUB) = f(AN B). O

Thus, the minimizers of a submodular function form a lattice, and there is a
maximal and a minimal minimizer of every submodular function.
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The sat function = Polymatroid Closure

@ Matroid closure is generalized by the unique maximal element in D(x),
also called the polymatroid closure or sat (saturation function).

@ For some = € Py, we have defined:

cl(z) € sat(z) €| J{A: A € D(x)} (19.22)
=JfA:AC B2(4) = f(A)} (19.23)
={e:ec EVNa>0,z+al. ¢ Py} (19.24)

@ Hence, sat(z) is the maximal (zero-valued) minimizer of the

submodular function f,(A) £ f(A) — z(A).

e Eq. (?7) says that sat consists of elements of E for point « that are Py
saturated (any additional positive movement, in that dimension, leaves
Py). We'll revisit this in a few slides.

o First, we see how sat generalizes matroid closure.
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The sat function = Polymatroid Closure

Lemma 19.2.10 (Matroid sat : RE — 2 is the same as closure.)

For I € Z, we have sat(17) = span([) (19.26)
e For 1;(I) =|I| =7r(I),so I € D(17) and I C sat(1;). Also,
I C span([).
o Consider some b € span([) \ I.

Then I U {b} € D(1;) since 1;(IU{b}) = |I| = r(I U {b}) = r(I).
Thus, b € sat(1y).
Therefore, sat(17) 2 span([]) .
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Saturation Capacity

The max is achieved when
a = ¢(x;e) ©f hin {f(A) —z(A),VA D {e}} (19.43)

¢(x;e) is known as the saturation capacity associated with = € Py and
€.

Thus we have for z € P,

é(zre) & min {f(A) — z(A),YA > e} (19.44)
=max{a:a R,z +al. € Ps} (19.45)

We immediately see that for e € E \ sat(z), we have that é(z;e) > 0.
Also, we have that: e € sat(z) < ¢é(x;e) = 0.
Note that any a with 0 < a < ¢é(x;e) we have x + al, € Py.

We also see that computing é(z;e) is a form of submodular function
minimization.
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@ Tight sets can be restricted to contain a particular element.
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Dependence Function

o Tight sets can be restricted to contain a particular element.
e Given z € Py, and e € sat(x), define
D(z,e) ={A:ec ACE,z(A) = f(A)} (19.1)
=D(x)N{A: AC E c€ A} (19.2)
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Fund. Circuit/Dep
[ANARNRNANAR!

Dependence Function

o Tight sets can be restricted to contain a particular element.
e Given x € Py, and e € sat(x), define

D(z,e) ={A:ec ACE,x(A) = f(4)} (19.1)
=Dx)N{A: ACFE,ec A} (19.2

@ Thus, D(x,e) C D(x), and D(z,e) is a sublattice of D(x).

/ ?;{JZ»{%’“ flet

con ,}-M/L».r

{abcdet

{abcd} {abgel {abd.e} {acde}l {b.Cd.e}
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Dependence Function

o Tight sets can be restricted to contain a particular element.
e Given x € Py, and e € sat(x), define

D(z,e) ={A:ec ACE,x(A) = f(4)} (19.1)
=Dx)N{A: ACFE,ec A} (19.2)

@ Thus, D(x,e) C D(x), and D(z,e) is a sublattice of D(x).
@ Therefore, we can define a unique minimal element of D(z, ¢) denoted
as follows:

N{A:e€c ACE, z(A) = f(A)} ifeecsat(x)

0 else

dep(z,e) = {
(19.3)
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Dependence Function

o Tight sets can be restricted to contain a particular element.
e Given x € Py, and e € sat(x), define

D(z,e) ={A:ec ACE,x(A) = f(4)} (19.1)
=Dx)N{A: ACFE,ec A} (19.2)

Thus, D(z,e) C D(x), and D(x,e) is a sublattice of D(x).

@ Therefore, we can define a unique minimal element of D(z, ¢) denoted
as follows:
dep(z,e) = {ﬂ{A e € ACE xz(A) = f(A)} hcl ¢ € sat(z)
else

(19.3)

l.e., dep(x, e) is the minimal element in D(z) that contains e (the

.. . .. The  pects /. el 37 A
minimal z-tight set containing e). 7 ¥ e
ini r-tig ining e) L Comfatn,  fiylhess.
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Fund. Circuit/Dep
(L RRRRERRNAN!

dep and sat in a lattice

Given some x € Py,

@ The picture on the
right summarizes
the relationships
between the lattices
and sublattices.

o Note, dep(z,e) 2
dep(z) =
N{A:z(A) = f(A)}
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Fund. Circuit/Dep
(L RRRRERRNAN!

dep and sat in a lattice

e Given some x € Py,

@ The picture on the
right summarizes
the relationships
between the lattices
and sublattices.

o Note, dep(z,e) 2
dep(z) =
N{A:z(A) = f(A)}.

o In fact,
sat(x, e) = sat(z).
Why?

dep(x, e)
=dry(x, )
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Fund. Circuit/Dep
(L RRRRERRNAN!

dep and sat in a lattice

e Given some z € P,

@ The picture on the

i i Jo 314
right summarizes tlt‘/y“””’ whete = |/
the relationships
between the lattices @bTd  fab%el  fabde)  facde)  (bgdel

and sublattices.
e Note, dep(z,e) D

dep(x) =
N{A:z(4) = f(A)}. L 1 = _ J
o In fact,
sat(x, e) = sat(z). 1] " as sl
? 6’1") \ a <
Why? 4 " } 0/'>/5‘/" e A L
e Example lattice on'5 -~ . [ ] ]Z<ﬁ’><2 s e
elements. 00 o) \é) /
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Fund. Circuit/Dep
(KL RRRERANAN!

dep and sat in a lattice

° Given x € Py, recaII distributive lattice of tight sets

(z) = {A:2(4) = f(A)}
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dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) = {A: 2(4) = f(A)}

o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice. -
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dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(x) = {A:x(4) = f(A)}

o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.

o Consider the “0" element of D(z), i.e., dry(x) & N{A:AeD(z)}

—_ e

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F16/54 (pg.24/154)



dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) = {A: 2(4) = f(A)}
o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.
def

o Consider the “0" element of D(z), i.e., dry(x) = ({A: A € D(x)}
@ We can see dry(x) as the elements that are necessary for tightness.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F16/54 (pg.25/154)



dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) ={A:z(A) = f(A)}
o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.
o Consider the “0" element of D(z), i.e., dry(x) dof N{A:AeD(x)}
@ We can see dry(x) as the elements that are necessary for tightness.
@ That is, we can equivalently define dry(x) as

9& dry(z) = {¢': 2(A) < f(A),YAF '} (19.4)
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»
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dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) ={A:z(A) = f(A)}
o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.
o Consider the “0" element of D(z), i.e., dry(x) dof N{A:AeD(x)}
@ We can see dry(x) as the elements that are necessary for tightness.
e That is, we can equivalently define dry(z) as

dry(z) = {e': 2(A) < f(A),VAF €'} (19.4)

@ This can be read as, for any ¢’ € dry(z), any set that does not contain
e’ is not tight for = (any set A that is missing any element of dry(z) is
not tight).

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F16/54 (pg.27/154)



»
(RLRRRRARANN]

dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) = {A: 2(4) = f(A)}
o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.
def

o Consider the “0" element of D(z), i.e., dry(x) = ({A: A € D(x)}
@ We can see dry(x) as the elements that are necessary for tightness.
e That is, we can equivalently define dry(z) as

dry(z) = {e': 2(A) < f(A),VAF €'} (19.4)

@ This can be read as, for any ¢’ € dry(z), any set that does not contain
¢’ is not tight for = (any set A that is missing any element of dry(x) is
not tight).

@ Perhaps, then, a better name for dry is aight(z), for the necessary for
tightness (but we'll actually use neither name).
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dep and sat in a lattice

o Given x € Py, recall distributive lattice of tight sets
D(z) ={A:z(A) = f(A)}
o We had that sat(z) =J{A: A € D(x)} is the “1" element of this
lattice.
o Consider the “0" element of D(z), i.e., dry(x) dof N{A:AeD(x)}
@ We can see dry(x) as the elements that are necessary for tightness.
e That is, we can equivalently define dry(z) as

dry(z) = {e': 2(A) < f(A),VAF €'} (19.4)

@ This can be read as, for any ¢’ € dry(z), any set that does not contain
¢’ is not tight for = (any set A that is missing any element of dry(x) is
not tight).

@ Perhaps, then, a better name for dry is ntight(x), for the necessary for
tightness (but we'll actually use neither name).

@ Note that dry need not be the empty set. Exercise: give example.
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e-containing dep and sat

e Now, given z € Py, and e € sat(x), recall distributive sub-lattice of
e-containing tight sets D(z,e) = {A:e € A, x(A) = f(A)}

@ We can define the “1" element of this sub-lattice as
sat(z,e) & (J{A: A e D(z,e)}.

@ Analogously, we can define the “0" element of this sub-lattice as
dry(z,e) o N{A:AeD(z,e)}= oty (e )

@ We can see dry(x,e) as the elements that are necessary for
e-containing tightness, with e € sat(x).

e That is, we can view dry(z, e) as

&/f_’iﬁ??dry(x e)={e:x f(A),VAZ e ec A} (19.5)

@ This can be read as, for any ¢’ € dry(x, e), any e-containing set that
does not contain ¢ is not tight for 2. Could call it ntight(z, e),
necessary elements for e-containing tightness.

e But actually, dry(z,e) = dep(z, e), so we have derived another
expression for dep(z, e) in Eq. (19.5).
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Fund. Circuit/Dep
(RNRR RRRANAN!

Dependence Function and Fundamental Matroid Circuit

e Now, let (F,Z) = (E,r) be a matroid, and let I € 7 giving 17 € P,.
We have sat(17) = span(I) = closure([).
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Dependence Function and Fundamental Matroid Circuit

e Now, let (E,Z) = (E,r) be a matroid, and let I € Z giving 1; € P,.
We have sat(17) = span(I) = closure([).
@ Suppose e € sat(1y) \ I, then consider an A 35 e with [T N A| =r(A).
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Dependence Function and Fundamental Matroid Circuit

e Now, let (E,Z) = (E,r) be a matroid, and let I € Z giving 1; € P,.
We have sat(17) = span(I) = closure([).

@ Suppose e € sat(17) \ I, then consider an A > e with [I N A| =r(A).
@ Then I'N A serves as a base for A (i.e., I N A spans A) and any such A
contains a circuit (i.e., we can add e € A\ I to I N A w/o increasing

rank).

F18/54 (pg.33/154)
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Dependence Function and Fundamental Matroid Circuit

e Now, let (E,Z) = (E,r) be a matroid, and let I € Z giving 1; € P,.
We have sat(17) = span(I) = closure([).

@ Suppose e € sat(17) \ I, then consider an A > e with [I N A| =r(A).

@ Then I'N A serves as a base for A (i.e., I N A spans A) and any such A

contains a circuit (i.e., we can add e € A\ I to I N A w/o increasing
rank).

@ Given e € sat(17) \ I, and consider dep(1y,e), with
dep(l,e)=({A:e€ AC E,1;(A) =r(A)} (19.6)
=({A:e€c ACE,[INA|=r(A)} (19.7)
=({A:e€ ACE,r(A) - [INA| =0} (19.8)
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Dependence Function and Fundamental Matroid Circuit

e Now, let (E,Z) = (E,r) be a matroid, and let I € Z giving 1; € P,.
We have sat(17) = span(I) = closure([).

Suppose e € sat(17) \ I, then consider an A > e with [I N A| =r(A).
Then I N A serves as a base for A (i.e., I N A spans A) and any such A

contains a circuit (i.e., we can add e € A\ I to I N A w/o increasing
rank).

@ Given e € sat(17) \ /, and consider dep(17, €), with
dep(l,e) =[{A:e€ AC E,1;(A) =r(A)} (19.6)
=({A:e€c ACE,[INA|=r(A)} (19.7)

=({A:e€ ACE,r(A) - [INA| =0} (19.8)

By SFM lattice, 3 a unique minimal A > e with |I N A| = r(A).
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Dependence Function and Fundamental Matroid Circuit

e Now, let (E,Z) = (E,r) be a matroid, and let I € Z giving 1; € P,.
We have sat(17) = span(I) = closure([).

Suppose e € sat(17) \ I, then consider an A > e with [I N A| =r(A).
Then I N A serves as a base for A (i.e., I N A spans A) and any such A

contains a circuit (i.e., we can add e € A\ I to I N A w/o increasing
rank).

@ Given e € sat(17) \ /, and consider dep(17, €), with
dep(l,e) =[{A:e€ AC E,1;(A) =r(A)} (19.6)
=({A:e€c ACE,[INA|=r(A)} (19.7)

=({A:e€ ACE,r(A) - [INA| =0} (19.8)

By SFM lattice, 3 a unique minimal A > e with |I N A| = r(A).

Thus, dep(17,e) must be a circuit since if it included more than a
circuit, it would not be minimal in this sense.
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Dependence Function and Fundamental Matroid Circuit

@ Therefore, when e € sat(17) \ I, then dep(17,e) = C(1,e) where
C(I,e) is the unique circuit contained in I + e in a matroid (the
fundamental circuit of e and I that we encountered before).
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Dependence Function and Fundamental Matroid Circuit

@ Therefore, when e € sat(1;) \ I, then dep(1;,e) = C(I,e) where
C(I,e) is the unique circuit contained in I 4 e in a matroid (the
fundamental circuit of e and I that we encountered before).

e Now, if e € sat(17) NI with I € Z, we said that C'(I, e) was undefined
(since no circuit is created in this case) and so we defined it as

C(I,e) ={e}

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020
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Dependence Function and Fundamental Matroid Circuit

@ Therefore, when e € sat(1;) \ I, then dep(1;,e) = C(I,e) where
C(I,e) is the unique circuit contained in I 4 e in a matroid (the
fundamental circuit of e and I that we encountered before).

e Now, if e € sat(17) NI with I € Z, we said that C'(I, e) was undefined
(since no circuit is created in this case) and so we defined it as
C(I,e) = {e}

@ This explains why: for such an e, we have dep(17,¢e) = {e} since all
such sets A 3 e with [T N A| = r(A) contain e, but in this case no
cycle is created, i.e., [[NA| > |IN{e}| =r(e) = 1.
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endence Function and Fundamental Matroid Circuit

Therefore, when e € sat(1;) \ I, then dep(1;,e) = C(I,e) where
C(I,e) is the unique circuit contained in I 4 e in a matroid (the
fundamental circuit of e and I that we encountered before).

Now, if e € sat(17) NI with I € Z, we said that C(/, e) was undefined
(since no circuit is created in this case) and so we defined it as

C(I,e) = {e}

This explains why: for such an e, we have dep(17,¢e) = {e} since all
such sets A 3 e with |[I N A| = r(A) contain e, but in this case no
cycle is created, i.e., [[NA| > |IN{e}| =r(e) = 1. Al”‘;:‘;?,f[::',/_
We are thus free to take subsets of I as A, all of which must contain e,
but all of which have rank equal to size, and min size is 1.
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Dependence Function and Fundamental Matroid Circuit

@ Therefore, when e € sat(1;) \ I, then dep(1;,e) = C(I,e) where
C(I,e) is the unique circuit contained in I 4 e in a matroid (the
fundamental circuit of e and I that we encountered before).

e Now, if e € sat(17) NI with I € Z, we said that C'(I, e) was undefined
(since no circuit is created in this case) and so we defined it as
C(I,e) = {e}

@ This explains why: for such an e, we have dep(17,¢e) = {e} since all
such sets A 3 e with |[I N A| = r(A) contain e, but in this case no
cycle is created, i.e., [[NA| > |IN{e}| =r(e) = 1.

@ We are thus free to take subsets of I as A, all of which must contain e,
but all of which have rank equal to size, and min size is 1.

@ Also note: in general for x € Py and e € sat(x), we have dep(z,e) is
tight by definition (i.e., z(dep(z,e)) = f(dep(z,e))), the minimum
e-constaining x-tight set.
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Summary of sat, and dep

e For z € Py, sat(z) (span, closure) is the maximal saturated (z-tight) set
wrt z. lLe, sat(z) ={e:e € E,Va > 0,2 +al. ¢ Pr}. Thatis,

cl(x) & sat(z) 2 | J{A: A € D(x)} (19.9)
=J{A: AC B 2(4) = f(A)} (19.10)
={e:ec ENa> 0,2+ al. ¢ Py} (19.11)

e For e € sat(x), we have dep(x,e) C sat(x) (fundamental circuit) is the
minimal (common) saturated (z-tight) set w.r.t. = containing e. l.e.,

dep(x,e) = {Q{Ait?EAQE,x(A) = f(A)} ieflseee sat(z)
={¢':3a>0, st.z+a(lc — 1) € Py} (19.12)

Note, for « € Py, if  + «(1e — 1o) € Py, then z + /(1. — 1) € Py for
any 0 < o/ < a.
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Dependence Function and exchange

@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.
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Fund. Circuit/Dep
[RNRRRRLANAN!

Dependence Function and exchange
@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition

restriction property.
@ Analogously, for e € sat(z), any « + al. ¢ P for a > 0. Thisis a
vector increase restriction property.

F21/54 (pg.44/154)
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Dependence Function and exchange

@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.

@ Analogously, for e € sat(z), any « + al, ¢ Py for a > 0. Thisis a
vector increase restriction property.

@ Recall, we have C(I,e) \ e’ € Z for ¢’ € C(1,e). l.e.,, C(I,e) consists
of elements that when removed recover independence.
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Fund. Circuit/Dep

Dependence Function and exchange

@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.

@ Analogously, for e € sat(z), any « + al, ¢ Py for a > 0. Thisis a
vector increase restriction property.

@ Recall, we have C(I,e)\ ¢ € Z for e’ € C(I,e). le., C(I,e) consists
of elements that when removed recover independence.

@ In other words, given an e € span([) \ I, we have that

C’(I,e):{aeE:IJre—a,EI}CI (19.13)
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Fund. Circuit/Dep
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Dependence Function and exchange

@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.

@ Analogously, for e € sat(z), any « + al, ¢ Py for a > 0. Thisis a
vector increase restriction property.

@ Recall, we have C(I,e)\ ¢ € Z for e’ € C(I,e). le., C(I,e) consists
of elements that when removed recover independence.

@ In other words, given an e € span([/) \ I, we have that
C(l,e)={a€E:I+e—acT} (19.13)

@ l.e., an addition of e to I stays within Z only if we simultaneously
remove one of the elements of C'(7,e).
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Fund. Circuit/Dep
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Dependence Function and exchange
@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.
@ Analogously, for e € sat(z), any « + al, ¢ Py for a > 0. Thisis a
vector increase restriction property.
@ Recall, we have C(I,e)\ ¢ € Z for e’ € C(I,e). le., C(I,e) consists
of elements that when removed recover independence.

@ In other words, given an e € span([/) \ I, we have that
C(l,e)={a€E:I+e—acT} (19.13)

@ l.e., an addition of e to I stays within Z only if we simultaneously
remove one of the elements of C(1,¢).

@ But, analogous to the circuit case, is there an exchange property for
dep(z, e) in the form of vector movement restriction?
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Fund. Circuit/Dep
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Dependence Function and exchange

@ For e € span(I) \ I, we have that I +e ¢ Z. This is a set addition
restriction property.

@ Analogously, for e € sat(z), any « + al, ¢ Py for a > 0. Thisis a
vector increase restriction property.

@ Recall, we have C(I,e)\ ¢ € Z for e’ € C(I,e). le., C(I,e) consists
of elements that when removed recover independence.

@ In other words, given an e € span([/) \ I, we have that
C(l,e)={a€E:I+e—acT} (19.13)

@ l.e., an addition of e to I stays within Z only if we simultaneously
remove one of the elements of C(1,¢).

e But, analogous to the circuit case, is there an exchange property for
dep(z, e) in the form of vector movement restriction?

@ We might expect the vector dep(z, e) property to take the form:
a positive move in the e-direction stays within P} only if we
simultaneously take a negative move in one of the dep(x, e) directions.
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Dependence Function and exchange in 2D

@ dep(x,e) is set of neg. directions we must move if we want to move in pos.
e direction, starting at = and staying within Py.
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Fund. Circuit/Dep
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Dependence Function and exchange in 2D

dep(z, e) is set of neg. directions we must move if we want to move in pos.
e direction, starting at x and staying within P.

@ Viewable in 2D, we have for A, B C E, AN B = {):

A z. § A 2
-@a) (e)-(a)
B
Left: e € B and ANdep(xz,e) = Right: A C dep(z,e). We can't

(), and we can't move further in  move further in the (e) direction,
(e) direction, and moving in any  but we can move further in (e) di-
negative a € A direction doesn’'t  rection by moving in some negative
change that. No dependence be- a € A direction. Dependence be-
tween (e) and any element in A. tween (e) and elements in A.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F22/54 (pg.51/154)




Fund. Circuit/Dep
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Dependence Function and exchange in 3D
@ We can move neither in the (e) nor the (a) direction, but we can move in
the (e) direction if we simultaneously move in the -(a) direction.
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Fund. Circuit/Dep
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Dependence Function and exchange in 3D
@ We can move neither in the (e) nor the (a) direction, but we can move in
the (e) direction if we simultaneously move in the -(a) direction.

o In 3D, we have:
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@ We can move neither in the (e) nor the (a) direction, but we can move in
the (e) direction if we simultaneously move in the -(a) direction.

o In 3D, we have: %

@ le, for e € sat(x), a € sat(x), a € dep(z,e), e ¢ dep(zx,a),
W b L ¢ & t/t/(k'e.,h)
rddes(h,c)
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@ We can move neither in the (e) nor the (a) direction, but we can move in
the (e) direction if we simultaneously move in the -(a) direction.

o In 3D, we have:

o le, for e € sat(x), a € sat(z), a € dep(z,e), e ¢ dep(z,a), and
dep(z,e) ={a:a€ E,Ja>0: 2+ a(lc — 1,) € Py} (19.14)
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@ We can move neither in the (e) nor the (a) direction, but we can move in
the (e) direction if we simultaneously move in the -(a) direction.

o In 3D, we have:

o le, for e € sat(x), a € sat(z), a € dep(z,e), e ¢ dep(z,a), and
dep(z,e) ={a:a€ E,3a>0: 2+ a(lc — 1,) € Py} (19.14)

@ We next show this formally . ..
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dep and exchange derived

» The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable a:

dep(z, e) = ntight(z,e) = (19.15)
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:z f(A),VAZ € ec A} (19.16)
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:x (A),VAF €, ec A} (19.16)
= {¢ .Ela>0, st.a< f(A)—x(A),VAZF € ec A} (19.17)
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:x (A),VAF €, ec A} (19.16)
= {¢ .E|a>0, s.t.agf( ) —z(A),VAZF € e A} (19.17)
={:3a >0, st. al.(4) < f(A) —z(A),VAF ' ec A} (19.18)

paiy
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(zx,e) = ntight(z,e) = ( )
={c:2(A) < f(A),VAZ ' ec A} ( )
={¢:3a>0, st.a< f(A)—2(A),VAZ ec A} (19.17)
={¢:3a >0, st. al.(4) < f(A) —z(A),VAF ' ec A} ( )

={¢:3a >0, st. a(1(A) —14(A)) < f(A) —z(A),VAZ ' e c A}
(19.19)
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:x (A),VAF €, ec A} (19.16)
= {¢ .E|a>0, s.t.agf( ) —z(A),VAZF € e A} (19.17)
={¢:3a >0, st. al.(4) < f(A) —z(A),VAF ' ec A} (19.18)

={¢:3a >0, st. a(1l(A) — 14(A)) < f(A) —z(A),VAF e € A}
(19.19)

={¢':3a >0, st. z(A) + a(1(A) — 1 (A)) < f(A),VA F ', e € A}
(19.20)
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:x (A),VAF €, ec A} (19.16)
= {¢ .E|a>0, s.t.agf( ) —z(A),VAZF € e A} (19.17)
={¢:3a >0, st. al.(4) < f(A) —z(A),VAF ' ec A} (19.18)

={¢:3a >0, st. a(1l(A) — 14(A)) < f(A) —z(A),VAF e € A}
(19.19)

={¢':3a >0, st. z(A) + a(1(A) — 1 (A)) < f(A),VA F ', e € A}
(19.20)

> Now, 1.(A4) — 1. (A) = 0 if either {e,e’} C A, or {e,e'} N A=0.
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dep and exchange derived

»> The derivation for dep(z, e), x € Py, involves turning a strict inequality into
a non-strict one with a strict explicit slack variable «:

dep(z,e) = ntight(az e) = (19.15)
={c:x (A),VAF €, ec A} (19.16)
= {¢ .E|a>0, s.t.agf( ) —z(A),VAZF € e A} (19.17)
={¢:3a >0, st. al.(4) < f(A) —z(A),VAF ' ec A} (19.18)

={¢:3a >0, st. a(1l(A) — 14(A)) < f(A) —z(A),VAF e € A}
(19.10)
={¢':3a >0, st. z(A) + a(1(A) — 1 (A)) < f(A),VA F ', e € A}
(19.20)
> Now, 1.(A) — 1(A) =0 if either {e,e'} C A, or {e,e'} N A =0.
» Also, if ¢/ € Abute¢ A, then
z(A) + a(1c(A) — 1 (A)) = 2(A) — a < f(A) since z € Py and a > 0.
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dep and exchange derived

@ thus, we get the same in the above if we remove the constraint
AF e ee A, thatis we get

dep(z,e) = {€ : Ja > 0, s.t. z(A) + a(1c(A) — 1 (A4)) < f(A),VA}
(19.21)
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dep and exchange derived

@ thus, we get the same in the above if we remove the constraint
AFe,ee A, thatis we get

dep(z,e) = {€ : Ja > 0, s.t. z(A) + a(1c(A) — 1 (A4)) < f(A),VA}
(19.21)

@ This is then identical to

dep(z,e) = {€/ : Ja >0, st. z+ a(l. — 1) € Ps} (19.22)
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dep and exchange derived

@ thus, we get the same in the above if we remove the constraint
AFe,ee A, thatis we get

dep(z,e) = {€ : Ja > 0, s.t. z(A) + a(1c(A) — 1 (A4)) < f(A),VA}
(19.21)

@ This is then identical to
dep(zx,e) = {e’ :Jda >0, st.x+a(le—1g) € Pf} (19.22)
e Compare with original, the minimal element of D(z, ), with e € sat(x):

N{A:e€c ACE ,z(A) = f(A)} ifecsat(x)

0 else

dep(z,e) = {
(19.23)
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Submodular Function Minimization (SFM)

@ We now have the tools to discuss unconstrained SFM.
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Submodular Function Minimization (SFM)

—

@ We now have the tools to discuss unconstrained SFM.

@ We saw that SFM can be used to solve most violated inequality
problems for a given x € Py and, in general, SFM can solve the
question “Is © € P;" by seeing if « violates any inequality (if the most
violated one is negative, solution to SFM, then z € Pf). That is, given
x € RV, compute either:

min(£(4) —2(4)), or min(f(A)+a(V\4).  (19.24)
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Submodular Function Minimization (SFM)

@ We now have the tools to discuss unconstrained SFM.

@ We saw that SFM can be used to solve most violated inequality
problems for a given x € Py and, in general, SFM can solve the
question “Is © € P;" by seeing if « violates any inequality (if the most
violated one is negative, solution to SFM, then z € Pf). That is, given
x € RV, compute either:

min(f(4) — o(A)), o min(f(A)+a(V\4).  (19.24)

@ Unconstrained SFM, min4cy f(A) solves many other problems as well
in combinatorial optimization, machine learning, and other fields. It
generally produces sets that are homogeneous in some way as measured

by f.
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SFM application in ML: Low complexity data subsets.

e Find large (or preferable) and low-complexity subsets of datasets Lin &

Bilmes, “An Application of the Submodular Principal Partition to Training Data
Subset Selection”, NeurlPS workshops 2011
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SFM application in ML: Low complexity data subsets.

e Find large (or preferable) and low-complexity subsets of datasets Lin &
Bilmes, “An Application of the Submodular Principal Partition to Training Data
Subset Selection”, NeurlPS workshops 2011

Given bipartite graph G = v

(V,U,E), nodes V, U and edges U

E, where V is a set of data objects, © E

U is a set of possible properties of @
o €ach data object (e.g., objects in (%)

images, or words in documents).

Neighbor function T'(X) C U

are the objects in X C V and

F(I'(X)) _is_submodular for sub-
odular f: W, Ry.

Sk ert £ C.z—) = | '?']
p(ree) = 10t
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SFM application in ML: Low complexity data subsets.

e Find large (or preferable) and low-complexity subsets of datasets Lin &
Bilmes, “An Application of the Submodular Principal Partition to Training Data
Subset Selection”, NeurlPS workshops 2011

Given bipartite graph G = v

(V,U,E), nodes V, U and edges U

E, where V is a set of data objects, © E

U is a set of possible properties of 0
o €ach data object (e.g., objects in (%)

images, or words in documents).
Neighbor function I'(X) C U
are the objects in X C V and
f(T(X)) is submodular for sub-
modular f: 2V = R, .

@ Given modular w : 2V — R scores for objects v € V. Then
h(X)=w(V\X)+ f(I'(X)) is submodular, the minimization (SFM)
of which produces are desiable (w(X) big, large if w(X) = | X]|) subset
that is low complexity relative to f(I'(X)). NFror)) = v(x)=44
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1

Ellipsoid algorithm, and polynomial time SFM

@ For a long time, it was not known if general purpose submodular function
minimization was possible in polynomial time.
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SFM
1

Ellipsoid algorithm, and polynomial time SFM

o For a long time, it was not known if general purpose submodular function
minimization was possible in polynomial time.

@ This was answered in the early 1980s via the help of Edmonds’s greedy
algorithm from 1970.
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SFM
1

Ellipsoid algorithm, and polynomial time SFM

o For a long time, it was not known if general purpose submodular function
minimization was possible in polynomial time.
@ This was answered in the early 1980s via the help of Edmonds's greedy

algorithm from 1970. Let C' C R" be a non-empty convex compact set.
———
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SFM
1

Ellipsoid algorithm, and polynomial time SFM

o For a long time, it was not known if general purpose submodular function
minimization was possible in polynomial time.

@ This was answered in the early 1980s via the help of Edmonds's greedy
algorithm from 1970. Let C C RY be a non-empty convex compact set.

Definition 19.4.1 ((strong) optimization problem)

Given ¢ € RV, find a vector x € C' that maximizes ¢Tz on C. l.e., solve

max c'z (19.25)
zeC
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SFM
1

Ellipsoid algorithm, and polynomial time SFM

o For a long time, it was not known if general purpose submodular function
minimization was possible in polynomial time.

@ This was answered in the early 1980s via the help of Edmonds's greedy
algorithm from 1970. Let C C RY be a non-empty convex compact set.

Definition 19.4.1 ((strong) optimization problem)

Given ¢ € RV, find a vector x € C' that maximizes ¢Tz on C. l.e., solve

max c'z (19.25)
zeC

Definition 19.4.2 ((strong) separation problem)

Given a vector y € RY, decide if y € C, and if not, find a hyperplane that
separates y from C. l.e., find vector ¢ € RV such that:

?—

c'y > maxc'z
zeC
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SFM
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:

Theorem 19.4.3 (Grotschel, Lovasz, and Schrijver, 1981)

Let C be set of convex sets. Then there is a polynomial-time algorithm to
solve the separation problem for the members of C iff there is a
polynomial-time algorithm to solve the optimization problem for the
members of C.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F29/54 (pg.80/154)



SFM
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:

Theorem 19.4.3 (Grotschel, Lovasz, and Schrijver, 1981)

Let C be set of convex sets. Then there is a polynomial-time algorithm to
solve the separation problem for the members of C iff there is a
polynomial-time algorithm to solve the optimization problem for the
members of C.

o We saw already that the Edmonds greedy algorithm solves the strong
optimization problem for polymatroidal polytopes, e.g., max,ep, cTz.
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:

Theorem 19.4.3 (Grotschel, Lovasz, and Schrijver, 1981)

Let C be set of convex sets. Then there is a polynomial-time algorithm to
solve the separation problem for the members of C iff there is a
polynomial-time algorithm to solve the optimization problem for the
members of C.

o We saw already that the Edmonds greedy algorithm solves the strong
optimization problem for polymatroidal polytopes, e.g., max,ep, cTz.

@ The ellipsoid algorithm first bounds a polytope P with an ellipsoid, and
then creates a sequence of elipsoids of exponentially decreasing volume
which are used to address a P membership problem.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F29/54 (pg.82/154)



SFM
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:

Theorem 19.4.3 (Grotschel, Lovasz, and Schrijver, 1981)

Let C be set of convex sets. Then there is a polynomial-time algorithm to
solve the separation problem for the members of C iff there is a
polynomial-time algorithm to solve the optimization problem for the
members of C.

o We saw already that the Edmonds greedy algorithm solves the strong
optimization problem for polymatroidal polytopes, e.g., max,ep, cTz.

@ The ellipsoid algorithm first bounds a polytope P with an ellipsoid, and
then creates a sequence of elipsoids of exponentially decreasing volume
which are used to address a P membership problem.

@ This is sufficient to show that we can solve SFM in polynomial time! See
the book: Grotschel, Lovasz, and Schrijver, “Geometric Algorithms and
Combinatorial Optimization” for details.
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Ellipsoid algorithm, and polynomial time SFM

@ We have the following important theorem:

Theorem 19.4.3 (Grotschel, Lovasz, and Schrijver, 1981)

Let C be set of convex sets. Then there is a polynomial-time algorithm to
solve the separation problem for the members of C iff there is a
polynomial-time algorithm to solve the optimization problem for the
members of C.

o We saw already that the Edmonds greedy algorithm solves the strong
optimization problem for polymatroidal polytopes, e.g., max,ep, cTz.

@ The ellipsoid algorithm first bounds a polytope P with an ellipsoid, and
then creates a sequence of elipsoids of exponentially decreasing volume
which are used to address a P membership problem.

@ This is sufficient to show that we can solve SFM in polynomial time! See
the book: Grotschel, Lovasz, and Schrijver, “Geometric Algorithms and
Combinatorial Optimization” for details.

@ Unfortunately, it does not lead to a practical algorithm.
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SFM via L.E. primal
[ ARRRRRNN

Lovasz extension, convex minimization, and SFM

@ SFM is also related to the convexity of the Lovasz extension, the ease
of minimizing convex functions.
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SFM via L.E. primal
[ ARRRRRNN

Lovasz extension, convex minimization, and SFM

@ SFM is also related to the convexity of the Lovasz extension, the ease
of minimizing convex functions.

e We can recover f from f via f(A) = f(lA). We can also minimize f
since it is convex.
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SFM via L.E. primal
[ ARRRRRNN

Lovasz extension, convex minimization, and SFM

@ SFM is also related to the convexity of the Lovasz extension, the ease
of minimizing convex functions.

o We can recover f from f via f(A) = f(14). We can also minimize f
since it is convex.

@ We will now show that we can get discrete solutions to the minimization
of f from the continuous solution to the minimization of f.
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SFM via L.E. primal
(LERRRNAN]

Review from lecture 17

@ The next slide comes from lecture 17.
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SFM via L.E. primal
(RLERRNAN]

One slide review of convex closure/L.E./Cl

o convex closure f(z) = Minyean (z) Es~pl[f(S)], where where A™(x) =
{p ERY : Y gcyps=1,ps = O0VS CV, & Y gy psls = 90}

“ " . ; o . v/
Edmonds” extension f(w) = max(wz : € By) ’2"‘_{4 >

o Lovasz extension fig(w) =Y i, Aif(E;), with A; such that
for(w ) maXUGH[m] wTc?, My, set of m! permutations of [m],
o € I, a permutation, ¢ vector with ¢f = f(E,,) — f(Eqy,_,),
E,, ={€s,:€09, - 160}

Choquet integral C'¢(w) = > (we, — we,,, ) f(E;)

_ [ Fa)da, (o) = {f({w > a}) if a >0

fw>a}) - f(B) fa<0

All the same when f is submodular. We'll use f(w) for the Lovasz
extension.
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Minimizing fvs. minimizing f

In fact, we have:

Theorem 19.5.1

Let f be submodular andf be its Lovasz extension. Then
min {f(A)|A C E} = minwe{o,l}E flw) = min,eo1)7 fw).

F33/54 (pg.90/154)
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Minimizing fvs. minimizing f

In fact, we have:
Theorem 19.5.1

Let f be submodular andf be its Lovasz extension. Then
min {f(A)|A C E} = minwe{o,l}E flw) = MiN,eo,1]7 fw).

e First, since f(14) = f(A),YA C V, we clearly have
min {f(A)|[ACV} = IIlil’lwe{OJ}E flw) > min,,co,1)# f(w).

F33/54 (pg.91/154)

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020



Minimizing fvs. minimizing f

In fact, we have:

Theorem 19.5.1

Let f be submodular andf be its Lovasz extension. Then
min {f(A)|A C E} = minwe{o,l}E flw) = MiN,eo,1]7 fw).

Proof.
o First, since f(14) = f(A),VA C V, we clearly have
min {f(A)/4 €V} = min, o 15 /() > ming o e ).
@ Next, consider any w € [0, 1]¥, sort elements E = {e1,..., ey} as
w(er) > w(ez) > - > w(ey), define E; = {e1,...,e;}, and define
Am = w(ep,) and N; = w(e;) — w(e;yr) fori € {1,...,m —1}.
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Minimizing fvs. minimizing f

In fact, we have:

Theorem 19.5.1

Let f be submodular andf be its Lovasz extension. Then
min {f(A)|A C E} = minwe{o,l}E flw) = MiN,eo,1]7 fw).

Proof.
o First, since f(14) = f(A),VA C V, we clearly have
min {f(A)JACV} = min,, g 132 fw) > min,, 412 f(w).
o Next, consider any w € [0,1]%, sort elements E = {e1,...,en} as
w(er) > w(ez) > - > w(ey), define E; = {eq,...,e;}, and define
Am = w(ep,) and N; = w(e;) — w(e;yq) fori € {1,...,m —1}.
@ Then, as we have seen, w = ", \j1g, and \; > 0.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F33/54 (pg.93/154)




Minimizing fvs. minimizing f

In fact, we have:

Theorem 19.5.1

Let f be submodular andf be its Lovasz extension. Then
min {f(A)|A C E} = minwe{o,l}E flw) = MiN,eo,1]7 fw).

Proof.
o First, since f(14) = f(A),VAC V., we clearly have
min {f(A)|A €V} =min, 32 f(w) 2 mingep e f(w).

o Next, consider any w € [0,1]%, sort elements E = {e1,...,en} as
w(er) > w(ez) > - > w(ey), define E; = {eq,...,e;}, and define
Am = w(ep,) and N; = w(e;) — w(e;yq) fori € {1,...,m —1}.

@ Then, as we have seen, w = ", \j1g, and \; > 0.

@ Also, Y.\ = w(er) < 1.
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Minimizing fvs. minimizing f

...cont. proof of Thm. 19.5.1.
e Note that since f(0) =0, min{f(A)|A C E} <O0.
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SFM via L.E. primal
(RERLERAN]

Minimizing fvs. minimizing f

...cont. proof of Thm. 19.5.1.

o Note that since f(0) =0, min{f(A)|A C E} <0.
@ Then we have for all w € [0,1]%,

fw)= [ f{w = al)da= " Nf(E) {2
J0 i=1

> ;/\i min f(4) . (19.28)

> min /(4) 4.2;,3,- 2/ (19.29)
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SFM via L.E. primal
(RERLERAN]

Minimizing fvs. minimizing f

...cont. proof of Thm. 19.5.1.

@ Note that since f()) =0, min{f(A)|A C EF} <0.
@ Then we have for all w € [0,1]%,

1 m
flw) = / F{w > adda = 3 Nf(E) (19.27)
0 i=1
> Amin £(4) (19.28)
=1 =
> min £(4) (19.20)

@ Thus, min {f(A)[A C E} = min,¢jo 1y f(w).
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SFM vi primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|A C V}.

o [6df ek
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SFM vi primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)[AC V}.
@ Previous theorem states that f(w*) = f(A").
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SFM vi al
\HHI\H

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

@ Let A\ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

f(w* Z)\f f(A*) =min {f(A)JAC E}  (19.30)
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Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

@ Let A\ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 N F(E)) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E?), Vi,
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SFM via L.E. primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

o Let A\’ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 NF(E]) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E}),Vi, and that f(A*) <0,
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SFM via L.E. primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

o Let A\’ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 N F(E)) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E),Vi, and that f(A*) <0, and >, \; < 1.
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SFM via L.E. primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

@ Let A\ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 N F(E)) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E),Vi, and that f(A*) <0, and >, \; < 1.
@ Thus, since w* € [0,1]¥, each 0 < Af <1, we have for all i such that
A7 >0,
f(ET) = f(AY) (19.31)

meaning such E are also minimizers of f, and >, A\; = 1.
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SFM via L.E. primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

@ Let A\ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 N F(E)) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E),Vi, and that f(A*) <0, and >, \; < 1.
e Thus, since w* € [0,1]F, each 0 < Af <1, we have for all i such that
AF >0,
f(EY) = f(AY) (19.31)
meaning such E are also minimizers of f, and >, A\; = 1.
@ Note that the negative of f(A*) is crucial here (see next slides).
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SFM via L.E. primal
(RERRLNAN]

Other minimizers based on min off
o Let w* € argmin { f(w)|w € [0,1]F ¢ and let
A* € argmin {f(A)|[ACV}.
@ Previous theorem states that f(w*) = f(A4").

o Let A\’ be the Lovasz extension weights and E be the chain of sets
associated with optimal w*. From previous theorem, we have

Jw') =3 N F(E)) = [(A7) = min {f(A)[AC B} (19.30)

and that f(A*) < f(E),Vi, and that f(A*) <0, and >, \; < 1.
L'Mo Thus, since w* € [0,1]¥, each 0 < AF <1, we have for all i such that
Sl AT >0,

)
7 f(B]) = f(A%) (19.31)

meaning such E are also minimizers of f, and Zi: 1.
@ Note that the negative of f(A*) is crucial here (see next slides).
e By the L.E. properties, w* = ). A1, we have that w* is in the
convex hull of incidence vectors of minimizers of f.
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SFM via L.E. primal
(RERARR NN

A bit more on level sets being minimizers

[ is normalized f(()) = 0, so minimizer is < 0.

We know that f(Ef) > f(A*) for all 4, and f(A*) =>". NMif(E}).
If f(A*) =0, then we must have f(E}) = 0 for any i such that
Ai > 0. Otherwise, assume f(A*) < 0.

Suppose there exists an i such that f(E}) > f(A*).

Then we have
FA) = SONFED > SINFA) = FA YN (1932)

and since f(A*) < 0, this means that >, A; > 1 which is a
contradiction.

Hence, must have f(E}) = f(A*) for all i@ica#s Ay 2 O
Hence, > . \; = 1 since f(A*) =", Nif(AY).
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SFM via L.E. primal
(RERRRNA N

Yet another way to see Equation 19.31

e We know f(A*) < 0. Consider two cases in Equation 19.31.

e Case 1: f(A*) =0. Then for any ¢ with \; > 0 we must have
f(E;) =0 as well for all i since f(A*) < f(E)).

o Case 2 is where f(A*) < 0. In this second case, we have

0> f(4%) Z)‘f ZAJ(A*) (19.33)
H ZM" (A") + (1= NF(A") = f(A")  (19.34)

where A = 3", \; and (1 — \) > 0 and where (a) follows since
f(A*) <0

@ Hence, all inequalities must be equalities, which means that we must
have that A = 1.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F37/54 (pg.108/154)



f-rounding the L.E. minimum

We can also view the above as a form of rounding a continuous convex
relaxation to the problem.

Definition 19.5.2 (6-rounding)

Given vector @ € [0, 1]7, choose 0 € (0, 1) and define a set corresponding to
elements above 0, i.e.,

Xog={i:2(i) >0} = {2 >0} (19.35)

Lemma 19.5.3 (Fujishige-2005)

Given a continuous minimizer x* € argmin,cj 1jn f(x), the discrete
minimizers are exactly the maximal chain of sets ) C Xy, .. Xy
obtained by -rounding x*, for ; € (0,1).

o 2:/‘”} oF CE 4 L2 e w CW(/—W,’/&y/

k
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Min-Norm Point: Definition

o Consider the optimization:

minimize l|2||3 (19.36a)

subject to x € By (19.36b)

where By is the base polytope of submodular f, and
|z||13 = > cp z(e)? is the squared 2-norm. Let z* be the optimal
solution.
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Min-Norm Point: Definition

o Consider the optimization:

minimize l|2||3 (19.36a)
subject to x € By (19.36b)

where By is the base polytope of submodular f, and

|z|13 = > e z(e)? is the squared 2-norm. Let z* be the optimal
solution.

@ Note, z* is the unique optimal solution since we have a strictly convex
objective over a set of convex constraints.

Prof. Jeff Bilmes
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Min-Norm Point: Definition

o Consider the optimization:

minimize l|2||3 (19.36a)
subject to x € By (19.36b)

where By is the base polytope of submodular f, and

|z|13 = > e z(e)? is the squared 2-norm. Let z* be the optimal
solution.

@ Note, z* is the unique optimal solution since we have a strictly convex
objective over a set of convex constraints.

@ 2" is called the minimum norm point of the base polytope.

Prof. Jeff Bilmes
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Min-Norm Point: Examples
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o Consider submodular (b»f‘

. . V .
function f: 2" — R with w— sy
n = |V| =4, and for T
X C V, concave g,
4?1? 243j

073

|X ‘ 4132 3241

FX) =g(IX) =) (n—i+1) // /

, 413
=1

x| -1

zx(n_i) \ |

By , o

@ Then By is a 3D polytope, H
and in this particular case ‘ /
gives us a permutahedron A

with 24 distinct extreme
points, on the right (from
wikipedia).
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Min-Norm Point and Submodular Function Minimization

e Given optimal solution z* to [min ||z||3 s.t. « € ByJ, and consider:

y* =2" A0 = (min(z"(e),0)|e € E), (19.37)
A_ ={e:2%(e) < 0}, Ay ={e:z"(e) <0}. (19.38)
W W\_/
ns /'/"/‘9 ) np:;/\k?”-:;
?4’ Nt"\'-lfl":;/ Lo
/’l M\ —# v ran o) 0T
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SFM via Min-Norm Point
(NN ]

Min-Norm Point and Submodular Function Minimization

e Given optimal solution z* to [min ||z||3 s.t. € By], and consider:

y* =2" A0 = (min(z*(e),0)|e € E), (19.37)
A_={e:z%(e) < 0}, Ao ={e:z"(e) <0}. (19.38)
@ Thus, we immediately have that:
A_C A (19.39)
and that
P(A) =a"(Ag) =y (A) =y"(Ao).  (19.40)
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SFM via Min-Norm Point

Min-Norm Point and Submodular Function Minimization

e Given optimal solution z* to [min ||z||3 s.t. € By], and consider:

y* =2" A0 = (min(z*(e),0)|e € E), (19.37)
A_={e:z%(e) < 0}, Ao ={e:z"(e) <0}. (19.38)
@ Thus, we immediately have that:
A_C Ap (19.39)
and that
#*(A) = a"(Ag) = y*(A_) = " (Ao). (19.40)

@ These quantities will solve the SFM problem: we will see that
f(AZ) = f(Ap) = mingcy f(A) and that A_ is the unique minimal
minimizer and Ag is the unique maximal minimizer.

EES563/Spring 2020/Submodularity - Lecture 19 - Dec 7th, 2020 F42/54 (pg.117/154)



SFM via Min-Norm Point

Min-Norm Point and Submodular Function Minimization

e Given optimal solution z* to [min ||z||3 s.t. € By], and consider:

y* =2" A0 = (min(z*(e),0)|e € E), (19.37)
A_={e:z%(e) < 0}, Ao ={e:z"(e) <0}. (19.38)
@ Thus, we immediately have that:
A_C Ap (19.39)
and that
#*(A) = a"(Ag) = y*(A_) = " (Ao). (19.40)

@ These quantities will solve the SFM problem: we will see that
f(AZ) = f(Ap) = mingcy f(A) and that A_ is the unique minimal
minimizer and Ag is the unique maximal minimizer.

@ The proof is nice since it uses recently developed tools (e.g., dep, sat).
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SFM via Min-Norm Point

Min-Norm Point and Submodular Function Minimization

e Given optimal solution z* to [min ||z||3 s.t. € By], and consider:

y* =2" A0 = (min(z*(e),0)|e € E), (19.37)
A_={e:z%(e) < 0}, Ao ={e:z"(e) <0}. (19.38)
@ Thus, we immediately have that:
A_C Ap (19.39)
and that
#*(A) = a"(Ag) = y*(A_) = " (Ao). (19.40)

@ These quantities will solve the SFM problem: we will see that
f(AZ) = f(Ap) = mingcy f(A) and that A_ is the unique minimal
minimizer and Ag is the unique maximal minimizer.

@ The proof is nice since it uses recently developed tools (e.g., dep, sat).

o We'll also show both the Fujishige-Wolfe algorithm and the
Frank-Wolfe algorithm (which are quite different from each other) can
find the min-norm point relatively efficiently.
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Review & Support for Min-Norm
[ NERRRRNARN

Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.
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Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,

z(e1) = f({er}), z(e2) = f({e1,e2}) — f({e1}), and so on).
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Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,

z(e1) = f({er}), z(e2) = f({e1,e2}) — f({e1}), and so on).

@ From past lectures, we now know that:
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Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,
z(e1) = f({e1}), z(e2) = f({er, e2}) — f({ex}), and so on).

@ From past lectures, we now know that:
(1) z € Py
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Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,
z(e1) = f({e1}), z(e2) = f({er, e2}) — f({ex}), and so on).

@ From past lectures, we now know that:
(1) z € Py
(2) x is an extreme point in Py
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Base Polytope B Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

o Consider any order of E and generate a vector = by this order (i.e.,
z(e1) = f({e1}), z(e2) = f({e1, e2}) — f({e1}), and so on).
@ From past lectures, we now know that:
(1) x € Pf
(2) « is an extreme point in Py
(3) Since x is generated using an ordering of all of F, we have that

z(E) = f(E).
(8 )= "1l(E) ¥
e, =
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Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,
z(e1) = f({e1}), z(e2) = f({e1, e2}) — f({e1}), and so on).
@ From past lectures, we now know that:
(1) x € Pf
(2) x is an extreme point in Py
(3) Since x is generated using an ordering of all of F, we have that
2(E) = f(E).
e Thus = € By, and By is never empty.
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Review & Support for Min-Norm
[ NERRRRNARN

Base Polytope B; Existence

@ Given polymatroid function f, the base polytope
By ={z eR¥ :2(A) < f(A)VACE, and z(E) = f(E)} always
exists.

e Consider any order of E and generate a vector = by this order (i.e.,
z(e1) = f({e1}), z(e2) = f({e1, e2}) — f({e1}), and so on).
@ From past lectures, we now know that:
(1) x € Pf
(2) x is an extreme point in Py
(3) Since x is generated using an ordering of all of F, we have that
2(E) = f(E).
e Thus = € By, and By is never empty.

@ Moreover, in this case, x is a vertex of By since it is extremal.
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Review & Support for Min-Norm
(R ARRRNENNY]

Base Polytope By Dominance
o Now, for any A C E, we can generate a particular pointin By
2/\

S oxx)=A£(A).
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Review & Support for Min-Norm
(R ARRRNENNY]

Base Polytope B; Dominance
o Now, for any A C E, we can generate a particular point in By
@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E

, and
where E; = (e1,ea,...,€;) , so that we have Ey, = A with k = |A].
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Review & Support for Min-Norm

Base Polytope B; Dominance

o Now, for any A C E, we can generate a particular point in By

@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E
where E; = (e1,e2,...,¢€;) , so that we have E, = A with k = |A|.

o Note there are kl(n — k)! < n! such orderings.

, and

F44/54 (pg.130/154)
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Review & Support for Min-Norm
(R ARRRNENNY]

Base Polytope B; Dominance
o Now, for any A C E, we can generate a particular point in By
@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E

, and
where E; = (e1,ea,...,€;) , so that we have Ey, = A with k = |A].

o Note there are kl(n — k)! < n! such orderings.

o Generate x via greedy using this order, Vi, z(e;) = f(e;|Ei—1).
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Review & Support for Min-Norm

Base Polytope B; Dominance
o Now, for any A C E, we can generate a particular point in By
@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E

, and
where E; = (e1,e2,...,¢€;) , so that we have E, = A with k = |A|.

o Note there are kl(n — k)! < n! such orderings.

o Generate x via greedy using this order, Vi, z(e;) = f(e;|Ei—1).

@ We have generated a point (a vertex) = in By such that 2(A4) = f(A).

Shra > (&)= TF(E) V4
oA E/, = A,
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Base Polytope B; Dominance
o Now, for any A C E, we can generate a particular point in By
@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E

, and
where E; = (e1,e2,...,¢€;) , so that we have E, = A with k = |A|.

o Note there are kl(n — k)! < n! such orderings.

o Generate x via greedy using this order, Vi, z(e;) = f(e;|Ei—1).

@ We have generated a point (a vertex) = in By such that 2(A4) = f(A).

@ Thus, for any A, we have

Brn{z e RF 1 z(A) = f(A)} #0 (19.41)
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Base Polytope By Dominance
o Now, for any A C E, we can generate a particular point in By
@ That is, choose the ordering of E = (e1,e3,...,¢,) where n = |E

, and
where E; = (e1,ea,...,€;) , so that we have Ey, = A with k = |A].

o Note there are kl(n — k)! < n! such orderings.
o Generate x via greedy using this order, Vi, z(e;) = f(e;|Ei—1).
@ We have generated a point (a vertex) = in By such that 2(A4) = f(A).
@ Thus, for any A, we have
Brn{z e RF 1 z(A) = f(A)} #0 (19.41)
In  words, By inter- »"""”ﬂ"
sects all “multi-axis
® congruent” hyperplanes

within RE of the form
{:v €ERF :x(A) = f(A)}
forall AC E.
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B dominates P
o In fact, every & € Py is dominated by x <y € By.
Theorem 19.7.1

If x € Py and T is tight for v (meaning x(T) = f(T')), then there exists
y € By withx <y and y(e) = x(e) forec T.

Proof.
@ We construct the y algorithmically: initially set y < z.
e y € Py, T is tight for y so y(T') = f(T).
@ Recall saturation capacity: for y € Py, ¢(y;e) =
min {f(A4) — y(A)|VA 3 e} =max{a:a € R,y +al, € Py}
@ Consider following algorithm:

17T T ;
2 foree E\T do
3 Lyey+6(y;e)1€ T« T U {e}; é(y;e)
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Review & Support for Min-Norm
[RNE RRNRNNY

B dominates P

... proof of Thm. 19.7.1 cont.
@ Each step maintains feasibility: consider one step adding e to 7" — for
e ¢ T', feasibility requires y(T" +e) = y(T") + y(e) < f(T" +¢€), or
yle) < f(T"+e) —y(T') = yle) + f(T' + ) —y(T" +e).
o Weset y(e) « y(e) +¢é(y;e) <yle)+ f(T"+e) —y(T'+e). Hence, after
each step, y € Py and ¢(y;e) > 0. (also, consider r.h. version of ¢(y; e)).
@ Also, only y(e) for e ¢ T' changed, final y has y(e) = z(e) fore € T.
o Let S, > e be a set that achieves ¢(y;e) = f(Se) — y(Se).
e At iteration e, let y/(e) (resp. y(e)) be new (resp. old) entry for e, then
y'(Se) = y(Se \ {e}) +¥'(e) (19.42)
= y(Se \ {e}) + [y(e) + f(Se) — y(Se)] = F(Se)

So, Se is tight for ¢/. It remains tight in further iterations since y doesn't
decrease and it stays within Py.

@ Also, E=TU UGQT Se is also tight, meaning the final y has y € By.
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Review & Support for Min-Norm
[RERE ANRRRY

Review from Lecture 12

The following slide repeats Theorem 13.4.2 from lecture 12 and is one of the
most important theorems in submodular theory.
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Review & Support for Min-Norm
[RERRE NRNNE

A polymatroid function's polyhedron is a polymatroid.

Theorem 19.7.1

Let f be a submodular function defined on subsets of E. For any = € RF,
we have:

rank(z) = max (y(F) : y < x,y € Py) =min (z(A) + f(E\A): ACE)
(19.1)

Essentially the same theorem as Theorem ??, but note Py rather than PJT.
Taking z = 0 we get:

Corollary 19.7.2

Let f be a submodular function defined on subsets of E. We have:

rank(0) = max (y(E) :y <0,y € Pf) =min (f(4): ACE) (19.2)
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Review & Support for Min-Norm
[RNRRNY RRRY

Modified max-min theorem

@ Min-max theorem (Thm 13.4.2) restated for x = 0.
max {y(E)|y € P,y <0} =min{f(X)|X CV} (19.43)

Pe- Vyecfe 7202
G (B) Zmiqg £U7 =,

:7 l/‘o/]-. 7&(*) r/),_éy
=0-
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Review & Support for Min-Non
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Modified max-min theorem

e Min-max theorem (Thm 13.4.2) restated for x = 0.
max {y(E)|y € Py,y <0} = min{f(X)[X C V} (19.43)

Theorem 19.7.2 (Edmonds-1970)

min {f(X)|X C E} = max {z™ (E)|z € By} (19.44)
where = (e) = min{z(e),0} fore € E.
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Review & Support for Min-Norm
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Modified max-min theorem

e Min-max theorem (Thm 13.4.2) restated for x = 0.
max {y(E)|y € Py,y <0} = min{f(X)[X C V} (19.43)

Theorem 19.7.2 (Edmonds-1970)

min {f(X)|X C E} = max {z™ (E)|z € By} (19.44)
where = (e) = min{z(e),0} fore € E.

Proof via the Lovasz ext

N
( |

min {f(X)|X C E} = wél[ll)i7lll]E flw) = wé%)i,lll]E glgrézgf(w%f (19.45)

= min maxwTz (19.46)
we(0,1]F z€By

= max min w'z (19.47)
z€Bf we(0,1]F

= ~(E 19.48
max 2™ () (19.48)
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Review & Support for Min-Nors
[RNRRENE RNT

Alternate proof of modified max-min theorem

We start directly from Theorem 13.4.2.
max (y(£) 1y <0,y € Pf) =min(f(4): ACE) (19.52)
Given y € R¥, define y~ € R¥ with y~(e) = min {y(e),0} fore € E.

max (y(E) : y <0,y € Py) =max (y (E):y <0,y € Py)  (19.53)
(y (E):y € Py) (19.54)
=max (y (E) : y € By) (19.55)

= Inax

The first equality follows since y < 0. The second equality (together with
the first) shown on following slide. The third equality follows since for any
x € Py there exists a y € By with <y (follows from Theorem 19.7.1).
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Review & Support for Min-Norm
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.Lh.s. OPT and y; be r.h.s. OPT.
o Consider I.h.s. OPT y7 in r.h.s. evaluation and suppose it is worse
(lower) than r.h.s. OPT:

> min(yi(e), z(e)) < Y min(y3(e), z(e)) (19.58)

eck eckE
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Review & Support for Min-Norm
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.h.s. OPT and y3 be r.h.s. OPT.
o Consider I.h.s. OPT y7 in r.h.s. evaluation and suppose it is worse
(lower) than r.h.s. OPT:
> min(y;(e), z(e)) < Y min(yj(e), 2(e)) (19.58)
eck eckE
@ But the vector g} with entries g7 (e) = min(y;(e),z(e)) has
yi(e) < xz(e) and g € P since y5 € P, yi <3, and P is down-closed.
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Review & Support for Min-Norm
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.h.s. OPT and y3 be r.h.s. OPT.
o Consider I.h.s. OPT y7 in r.h.s. evaluation and suppose it is worse
(lower) than r.h.s. OPT:
S min(yi(e), a(e)) < 3 min(y3(e), 2(e)) (19.58)
ecl eck
@ But the vector g} with entries g7 (e) = min(y;(e),z(e)) has
yi(e) < xz(e) and g € P since y5 € P, yi <3, and P is down-closed.
@ Thus, g7 is Lh.s. feasible but a better |.h.s. evaluation, a contradiction
of the optimality of yj for |.h.s.
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Review & Support for Min-Norm
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.h.s. OPT and y3 be r.h.s. OPT.
@ Similarly, consider r.h.s. OPT 3 in l.h.s. evaluation and suppose it is
worse (lower) than I.h.s. OPT

Y ysle) <Y wile) (19.58)

eckE eckE
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Review & Support for Min-Norm
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.h.s. OPT and y3 be r.h.s. OPT.
@ Similarly, consider r.h.s. OPT 3 in l.h.s. evaluation and suppose it is
worse (lower) than I.h.s. OPT
Y ysle) <Y wile) (19.58)
eeE eceE
@ But the vector g5 with entries g5 (e) = yj(e) has 5 € P and since

ys(e) < x(e) for all e, we have

dousle) <D wile) =) w3(e) =Y min(gs(e),z(e)) (19.59)

ecF eclF ecF ecF
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

c€E max Z min(y(e),z(e)) (19.57a)
st.y<uz (19.56b) e€E
yeP (19.56c) st yer (19.57b)

@ Solutions identical cost. Let y} be l.h.s. OPT and y3 be r.h.s. OPT.
@ Similarly, consider r.h.s. OPT 3 in l.h.s. evaluation and suppose it is
worse (lower) than I.h.s. OPT
Y ysle) <Y wile) (19.58)
eeE eceE
@ But the vector g5 with entries g5 (e) = yj(e) has 5 € P and since

ys(e) < x(e) for all e, we have
S use) < Yuile) = Yo w3e) = 3 min(g3(e). #(e))  (19.59)

ecE ecE ecE ecE
@ Thus, we have r.h.s. feasible vector y; strictly better than r.h.s. OPT

contradicting the optimality of 5.
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

e€E max Z min(y(e), z(e)) (19.57a)
st.y<w (19.56b) ecE
yer (19.56c) St-yer (19.57b)

@ Solutions identical cost. Let yj be I.Lh.s. OPT and y3 be r.h.s. OPT.

@ Thus, Lh.s. and r.h.s. have identically valued solutions.
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Alternate proof of modified max-min theorem

Consider the following two problems for down-closed polyhedron P:

max Zy(e) (19.56a)

e€E max Z min(y(e), z(e)) (19.57a)
st.y<w (19.56b) ecE
yer (19.56c) St-yer (19.57b)

@ Solutions identical cost. Let yj be I.Lh.s. OPT and y3 be r.h.s. OPT.
@ Thus, Lh.s. and r.h.s. have identically valued solutions.

@ Hence, from previous slide, taking x = 0, max (y(F) : y <0,y € Py) =
max (y~ (E) :y € Pf) =max(y (F) :y € By)
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min {wTx : x € By}

@ Recall that the greedy algorithm solves, for w € RE
max {w'z|r € Py} = max{w'z|z € By} (19.58)

since for all x € Py, there exists y > = with y € By.
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min {wTx : x € By}

@ Recall that the greedy algorithm solves, for w € ]Rf
max {w'z|r € Py} = max{w'z|x € By} (19.58)

since for all x € Py, there exists y > = with y € By.

@ For arbitrary w € R, we saw in Lecture 16 that the greedy algorithm
will also solve:

max {w'z|r € By} (19.59)
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min {wTx : x € By}

@ Recall that the greedy algorithm solves, for w € ]Rf
max {w'z|r € Py} = max{w'z|x € By} (19.58)

since for all x € Py, there exists y > = with y € By.
o For arbitrary w € R¥, we saw in Lecture 16 that the greedy algorithm
will also solve:

max {w'z|z € By} (19.59)

@ Also, since w € R¥ is arbitrary, and since

min {w'z|z € By} = —max {—w'z|r € By} (19.60)
the greedy algorithm using ordering (e1, ea, ..., €,,) such that
w(er) <w(ez) < - <wlem) (19.61)

will solve I.h.s. of Equation (19.60).
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Greedy solves max {wTx|x € B;} for arbitrary w € R

Let f(A) be arbitrary submodular function, and f(A4) = f'(A) — m(A)
where f' is polymatroidal, and w € RF.
max {w'z|r € By} = max{wTz|z(A) < f(A) VA, z(E) = f(E)
= max {wTz|z(A) < f'(A) — m(A) VA, z(E) = f'(E) — m(E)}
= max {wTz|z(A) + m(A) < f/(A) VA z(E) + m(E) = f'(
= max{w'z + wTm|
z(A) + m(A) < f/(A) VA, z(E)+ m(E) = f(E)} —w™m
=max {wTyly € By} —w'm

—

=wly* —wim =wT(y* —m)

where y =  + m, so that z* = y* — m.

So y* uses greedy algorithm with positive orthant By/. To show, we use
Theorem 77 in Lecture 11, but we don't require y > 0, and don’t stop when
w goes negative to ensure y* € By, Then when we subtract off m from y*,
we get solution to the original problem.
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