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Announcements, Assignments, and Reminders

@ Homework 2, due Nov 2nd, 11:59pm on our assignment dropbox
(https://canvas.uw.edu/courses/1397085/assignments).

e Final problem on HW2 should now be first problem on HW3 (will be
out soon).

@ Reminder, all lectures are being recorded and posted to youtube. To
get the links, see our announcements
(https://canvas.uw.edu/courses/1397085/announcements).

o Office hours, Wed & Thur, 10:00pm at our class zoom link.
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Logistics

Class Road Map - EE563

@ L1(9/30): Motivation, Applications, @ L11(11/4):
Debnitions, Properties @ L12(11/9):

@ L2(10/5): Sumsconcave(modular), uses ¢ LP(11/11): Veterans Day, Holiday
_(diversity/costs, feature selection), o L13(11/16):

° r?t?:[r(;];t)lénl\lltzsocrey More Debpnitions o L14(11/18):
Graph aﬁd Con%b‘inatorial Exampleé, o L15(11/23):

@ L4(10/12): Graph & Combinatorial o L16(11/25):
Examples, Matrix Rank, Properties, Other @ L17(11/30):
Defs, Independence o L18(12/2):

@ L5(10/14): Properties, Defs of @ L19(12/7):
Submodularity, Independence @ L20(12/9): maximization.

L6(10/19): Matroids, Matroid Examples,
Matroid Rank,

L7(10/21): Matroid Rank, More on
Partition Matroid, Laminar Matroids,
System of Distinct Reps, Transversals
L8(10/26): Transversal Matroid, Matroid
and representation, Dual Matroid
L9(10/28): Other Matroid Properties,
Combinatorial Geometries, Matroid and
Greedy, Polyhedra, Matroid Polytopes
L10(11/2) Matroid Polytopes, Matroids

Polymatraids, Polymatroids _

Last day of instruction, Fri. Dec 11th. Finals Week: Dec 12-18, 2020

()
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The greedy algorithm

@ In combinatorial optimization, the greedy algorithm is often useful as a
heuristic that can work quite well in practice.

The goal is to choose a good subset of items, and the fundamental
tenet of the greedy algorithm is to choose next whatever currently
looks best, without the possibility of later recall or backtracking.

Sometimes, this gives the optimal solution (we saw in Lecture 5 three
greedy algorithms that can find the maximum weight spanning tree,
namely Kruskal, Jarnik/Prim/Dijkstra, and Bortvka's Algorithms).

Greedy is good since it can be made to run very fast, e.g., O(nlogn).

Often, however, greedy is heuristic (it might work well in practice, but
worst-case performance can be unboundedly poor).

We will next see that the greedy algorithm working optimally is a
defining property of a matroid, and is also a defining property of a
polymatroid function.
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Matroid and the greedy algorithm

o Let (E, 7Z) be an independence system, and we are given a non-negative
modular weight function w: E — R,.

Algorithm 1: The Matroid Greedy Algorithm

1 SetX «+0;

2 while 3v e E\ X s.t. X U{v} € Z do

3 | veargmax{w(v):veE\X, X U{v} €Z};
4 LX — X U{v};

@ Same as sorting items by decreasing weight w, and then choosing items
in that order that retain independence.

Theorem 10.2.4

Let (E, Z) be an independence system. Then the d&r Z) is a matroidif
and only iffor each weight functiow € R, AlgorithmZ#above leads to 3
setl € Z of maximum weightw(l). A
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Summary of Important (for us) Matroid Definitions

Given an independence system, matroids are defined equivalently by any of
the following:

o All maximally independent sets have the same size.

@ A normalized monotone non-decreasing submodular integral rank
function with unit increments.

@ The greedy algorithm achieves the maximum weight independent set
for all-weight functions.

WA
Vou- #£547
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Convex Polytope - key representation theorem

@ A polytope can be defined in a number of ways, two of which include

Theorem 10.2.6

A subsetP C R” is a polytope if!f it can be described in either of the
following (equivalent) ways:

o P is the convex hull of a finite set of points.

e If it is a bounded intersection of halfspaces, that is there exits matrix A and
vector b such that

P = {x:Ax <b} (10.9)

@ This result follows directly from results proven by Fourier, Motzkin,
Farkas, and Caratheodory. O
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Linear Programming duality forms

There are many ways to construct the dual. For example,

max {cTx|x > 0,Ax < b} =min {yThy > 0,yTA > cT}
max {c'x|x > 0,Ax = b} =min {yTbyTA > cT}
min {c"x|x > 0,Ax > b} =max {yThy > 0,yTA <cT}
min {c"x|Ax > b} = max {yTbly > 0,yTA = cT}
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Independence Polyhedra

@ For each | € Z of a matroid M = (E, Z), we can form the incidence
vector 1 € {0,1}” € [0,1]F C R”.

Ay
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Independence Polyhedra

@ For each | € Z of a matroid M = (E, Z), we can form the incidence
vector 11 € {0,1}”  [0,1]F c R¥.

o Taking the convex hull, we get the independent set polytope, that is

I:)ind. set — CONV {U {11}} - [O, l]E (10'1)

1€l
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Independence Polyhedra

@ For each | € Z of a matroid M = (E, Z), we can form the incidence
vector 11 € {0,1}”  [0,1]F c R¥.
o Taking the convex hull, we get the independent set polytope, that is

Pind. set = CONV {U {11}} c[o,1}” (10.1)
ez

@ Now take the rank function r of M, and define the following
polyhedron:

P2 {xeR”:x>0x(A)<r(A),VA CE} (10.2)

Examples of P, are forthcoming.
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Independence Polyhedra

@ For each | € Z of a matroid M = (E, Z), we can form the incidence
vector 11 € {0,1}”  [0,1]F c R¥.

o Taking the convex hull, we get the independent set polytope, that is

Pind. set = CONV {U {11}} c[o,1}” (10.1)
IeT
@ Now take the rank function r of M, and define the following
polyhedron:
PF 2 {xeRF:x>0x(A) <r(A),vA CE} (10.2)

Examples of P, are forthcoming.

@ Now, take any X € Pjq. set, then we will show that that x € P, (or
Pind. set € P,7). We show this after a few examples of P,".
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Matroid Polytopes

Matroid Polyhedron in 2D

Pr={xeRF:x>0,x(A) <r(A),YACE} (10.3)

@ Consider this in two dimensions. We have equations of the form:

|gl=2- X1 >0and x>0 (10.4)
x1 <r({vi}) € {0, 1} (10.5)

X2 <r({va}) € {0,1} (10.6)

o Xt xe <r({va,ve}) € {0,1,2} (10.7)
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Matroid Polytopes
(ERARRRARRRRRRNRRRRRRAN]

Matroid Polyhedron in 2D

Pr={xeRF:x>0,x(A) <r(A),YACE} (10.3)

@ Consider this in two dimensions. We have equations of the form:

X1 >0and x>0 (10.4)
x1 <r({vi}) € {0, 1} (10.5)
X2 <r({va}) € {0,1} (10.6)
X1+ X2 <r({vi,v2}) € {0,1,2} (10.7)

@ Because r is submodular, we have

r(fvih) + r({va}) = r({vi,va}) + 1(0) (10.8)

so since r({vi,Vva}) <r({vi}) + r({va}), the last inequality is either
superfluous (r (v, v2) = r(vi) + r(va), “inactive”) or “active.”
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X1+ X2 =r({vi,V2}) =




Matroid Polyhedron in 2D

r({vi, v2}) =0

X
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Mat

X1+ Xo = I’({Vl, Vz}) = 2

Pt




I\/Iatr0|d Polyhedron in 2D

And, if v2isaloop .. "

X, S

r({vi, v2}) =1




Matroid Polytopes
(RERRRRARRRRRRNRRRRRRAN]

Matroid Polyhedron in 2D

X2 X2
X2 r(v2)= r(v2)=1
1+ %! r({vi,vo}) =1

Xy + Xt r({vy,vo}) =2

r({vi,v2}) =0

Xy rvi)=1 X1 rv1)=1"1
And, if v2 is a loop ...
X " :
2 Xo " r({va}) R ommeees
r({vi,va}) =1 't’ ,'é
r(v2)=0 L 7’6,.[, _____
| r(vl)=1"1 X5 | 0 ENEA

i'v
NS

X" r({v})
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Matroid Polytopes

Matroid Polyhedron

10N
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Matroid Polytopes
(RRRR ERARRRRRRNRRRRRRAN]

Matroid Polyhedron in 3D

Pr={xeRF:x>0x(A) <r(A),YACE} (10.9)

o Consider three dimensions, E = {1, 2, 3}. Get equations of the form:

X1 >0and Xo >0and x3 >0 (10.10
X1 <r({v1}) (10.11
X2 < r({va2}) (10.12
X3 < r({vs}) (10.13
X1+ Xo < r({vy,Va}) (10.14
X2+ X3 < r({ve,V3}) (10.15
X1+ X3 <r({vi,vs}) (10.16
X1+ X+ X3 < r({vy,Va,V3}) (10.17

)
)
)
)
)
)
)
)
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Matroid Polytopes
(RRARA NRRRRRRRNRRRRRRAN]

Matroid Polyhedron in 3D

o Consider the simple cycle matroid on a graph consisting of a 3-cycle,
G =(V,E) with matroid M = (E,Z) where | € 7 is a forest.

€z 2e.ae)

.tk @) =)
v rini (i £) =2

o\—o )
(3 . (Tl (V") =

>

2 Ze
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Matroid Polytopes
(RRARA NRRRRRRRNRRRRRRAN]

Matroid Polyhedron in 3D

o Consider the simple cycle matroid on a graph consisting of a 3-cycle,
G =(V,E) with matroid M = (E,Z) where | € 7 is a forest.

@ So any set of either one or two edges is independent, and has rank
equal to cardinality.
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pes
111 [RERARRANRERRR!

Matroid Polyhedron in 3D

o Consider the simple cycle matroid on a graph consisting of a 3-cycle,
G =(V,E) with matroid M = (E,Z) where | € 7 is a forest.

@ So any set of either one or two edges is independent, and has rank
equal to cardinality.

@ The set of three edges is dependent, and has rank 2.
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Matroid Polyhedron in 3D

Two view of P," associated with a matroid 1= = I)

=({e1, e, 63}, {0, {e1}, {&}, {&3}, {e1, &}, {e1, &3}, {&2, &3} 1),
U\

o
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Matroid Polytopes
(RRARRNL ERRRRRNRRRRRRAN]

Matroid Polyhedron in 3D

P, associated with the “free” matroid in 3D.
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Matroid Polytopes
(RRARRNL ERRRRRNRRRRRRAN]

Matroid Polyhedron in 3D

P+ associated with the “free” matroid in 3D. #= (& z)
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Matroid Polytopes
(RRARRRRLNRRRRNRRRRRRAN]

Review

Oue o%

@ The next two slides are from the previous lecture.
4"‘( ot (S fro o Ciy ca-lie.
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Independence Polyhedra

@ For each | € Z of a matroid M = (E, Z), we can form the incidence
vector 11 € {0,1}”  [0,1]F c R¥.

o Taking the convex hull, we get the independent set polytope, that is

Pind. set = CONV {U {11}} c[o,1}” (10.1)
IeT
@ Now take the rank function r of M, and define the following
polyhedron:
PF 2 {xeRF:x>0x(A) <r(A),vA CE} (10.2)

Examples of P, are forthcoming.

@ Now, take any X € Pjq. set, then we will show that that x € P, (or
Pind. set € P,7). We show this after a few examples of P,’.
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Vector, modular, incidence

@ Recall, any vector X € RE can be seen as a normalized modular
function, as for any A C E, we have

X(A)= ) Xa (10.11)

acA

e Given an A C E, define the incidence vector 14 € {0,1}” on the unit
hypercube as follows:

1, % {xe{O,l}E:xizl iff | eA} (10.12)
equivalently,
A,
Iple)=, Z ~6) w [1 ifjecA
14() = . (10.13)
£ ,A’} 0 Ifj EA
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Lemma 10.3.1 (Pjng. set € P,7)
o Ifx € I:)ind. sets then

x= Y 11y, (10.18)
A

for some appropriate vectdr = (! 1,!5,...,!,).

N o= W 4 F 0

4
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Matroid Polytopes
[(RRARRRARRNR ARRRRRRRRAN]

1Dind. set g Pr+

Lemma 10.3.1 (Pind. set C +
o If X € Pjhq set, then

x= Y 11y, (10.18)
A

for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
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1Dind. set g Pr+

Lemma 10.3.1 (Pjng. set € P,7)
o Ifx € I:)ind. sets then

x= Y 11y, (10.18)
A

for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
e Now, for anyA C E,

X(A)= xT1x= Y 11,714 (10.19)
T
ii ’ j:/;, B j_j;ﬂ/:" [6)
j[\" :Lj;'/t/r [9)
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1Dind. set g Pr+

Lemma 10.3.1 (Pjng. set € P,7)
o Ifx € I:)ind. sets then

x= Y 11y, (10.18)
A

for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
e Now, for anyA C E,

X(A)= xT1x= Y 11,714 (10.19)
<N, . :
< Z : max 15,(E) (10.20)
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1Dind. set g Pr+

Lemma 10.3.1 (Pjng. set € P,7)

o If X € Pjpg ser, then
x= Y 11y, (10.18)
for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
e Now, for anyA C E,
X(A)= xT1x= Y 11,714 (10.19)
< l; . .
< Z max, 15,(E) (10.20)
= j:I?gAaj(r?) = n}rg AN (10.21)
15 )
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1Dind. set g Pr+

Lemma 10.3.1 (Pjng. set € P,7)

o If X € Pjpy. set, then
x= Y 11y, (10.18)
for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
e Now, for anyA C E,
X(A)= xT1x= Y 11,714 (10.19)
< l; . .
< Z max, 17,(E) (10.20)
= ]r:r}?éA 1,(E) = n}rg IANT]| (10.21)
=r(A) (10.22)
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1Dind. set g Pr+

Lemma 10.3.1 (Pjng. set € P,7)

o If X € Pjpg ser, then
x= Y 11y, (10.18)
for some appropriate vectdr = (! 1,!5,...,!,).
o Clearly, for such, x > 0.
e Now, for anyA C E,
X(A)= xT1x= Y 11,714 (10.19)
< 1 . .
< Z s max 1;,(E) (10.20)
= ]r:r}?éA 1,(E) = n}rg IANT]| (10.21)
= r(A) (10.22)
e Thus,x € P,f and henceP;,y s C P,'.
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Matroid Polytopes
[(RRARRRARRANE NNRRRRRRAN]

Containment: Matroid Independence Polyhedron

@ Thus, we have that:

Pind. set = conv {Urez{17}}
CPF={xeR¥:x>0x(A) <r(A),VACE} (10.23)
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Matroid Polytopes
[(RRARRRARRANE NNRRRRRRAN]

Containment: Matroid Independence Polyhedron

@ Thus, we have that:

Pind. set = CONV {Urez{1s}}
CPF={xeR¥:x>0x(A)<r(A),VACE} (10.23)

e Therefore, since {17 :1 € Z} C conv{U;c7 {17} } = Pind. st C P,
we have that

max{w(l): 1 € Z} < max{w™x : X € Pjnq. set} (10.24)

max {wTx :x € P,"} (10.25)

IA A

| E/
5
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Containment: Matroid Independence Polyhedron

@ Thus, we have that:

Pind. set = CONV {Urez{1s}}
CPF={xeR¥:x>0x(A)<r(A),VACE} (10.23)

o Therefore, since {17 :1 € Z} C conv{U;c7 {17} } = Pind. st C P,
we have that

max{w(l): 1 € Z} < max{w™X : X € Pjnq. set} (10.24)

<
<max{w'x :x € P} (10.25)

@ In fact, the two polyhedra P, st and P," are identical (and thus both
are polytopes). We'll show this in the next few theorems.
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Maximum weight independent set via greedy weighted rank

Theorem 10.3.2

LetM = (V,Z) be a matroid, with rank functionr, then for any weight
functionw & RK, there exists a chain of set$; c U, C---Cc U, CV
such that

& (v) = max{w(l)|l eZ}= En:! o (U;) (10.26)
=1

where! ; > 0 satisfy

w= > 11y, (10.27)
=1
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Matroid Polytopes
(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

o Firstly, note that for any such w € R”, we have
W= (:l/,, Vi -9 ""1«;) .
W1 1 i
Wo 0 0
= (wy —ws) + (Wa — ws) +
W, 0 0
1 1
1 1
vt (W = Wy) | [+ (W) | (10.28)
1 1
0 1
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Matroid Polytopes
[(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

o Firstly, note that for any such w € R”, we have
W1 1 i
Wo 0 0
= (wy —ws) + (Wa — ws) +
A s :
W, 20 0 2 0
1 1
1 1
vt Womr = W) |+ (wy) | (10.28)
1 1
0 1
o If we can take W in non-increasing order (Wy > Wsg > -+ > W,,), then
each coefficient of the vectors is non-negative (except possibly the last
one, Wp,).
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Matroid Polytopes
[(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

o Again assuming W € R®“w.|.0.g. order elements of V non-increasing
by w so (v1,Va, ..., V,) such that w(vy) > w(vy) > - > w(Vy,)
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Matroid Polytopes
(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

Proof.

@ Again assuming W € RY w.l.o.g. order elements of V non-increasing
by W so (Vi,Va,...,Vy,) such that w(vy) > w(vs) > -+ > w(v,)
o Define the sets U; based on this order as follows, fori =0,...,n
def
Uz' = {Vl,Vg,...,Vi} (1029)
Note that Uy = ) and 1
l n
X
0 1
0 0 1
1y, = Ay, = 0 |,...,15,= |0 , etc
0 0 0 o(n—")x
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Matroid Polytopes
(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

@ Again assuming W € RY w.l.o.g. order elements of V non-increasing

by W so (Vi,Va,...,Vy,) such that w(vy) > w(vs) > -+ > w(v,)
o Define the sets U; based on this order as follows, fori =0,...,n
def
Uz' = {Vl,Vg,...,Vi} (1029)

@ Define the set | as those elements where the rank increases, i.e.:

L5 v iUy > 1 (U1} (10.30)

Hence, given an i with v; € 1, r(U;) = r(U;—1).
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Matroid Polytopes
(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

@ Again assuming W € RY w.l.o.g. order elements of V non-increasing

by W so (Vi,Va,...,V,) such that w(vy) > w(vs) > - > w(Vv,)
o Define the sets U; based on this order as follows, fori =0,...,n
def
Uz' = {Vl,VQ,...,Vi} (1029)

@ Define the set | as those elements where the rank increases, i.e.:

L5 v iUy > r (U1} (10.30)

Hence, given an i with v; € 1, r(U;) = r(U;—1).

@ Therefore, | is the output of the greedy algorithm for
max {W(| )|| S I}. since items v; are ordered decreasing by w(v;), and we only
choose the ones that increase the rank, which means they don't violate
independence.
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Matroid Polytopes
(RRARRRARRRRRNE ARRRRRAN]

Maximum weight independent set via weighted rank

@ Again assuming W € RY w.l.o.g. order elements of V non-increasing

by W so (Vi,Va,...,Vy,) such that w(vy) > w(vs) > -+ > w(v,)
o Define the sets U; based on this order as follows, fori =0,...,n
def
Uz' = {Vl,Vg,...,Vi} (1029)

@ Define the set | as those elements where the rank increases, i.e.:

L5 v iUy > 1 (U1} (10.30)

Hence, given an i with v; € 1, r(U;) = r(U;—1).

Therefore, | is the output of the greedy algorithm for

max{w(l)|l € Z}.

@ And therefore, | is a maximum weight independent set (can even be a
base, actually).
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows

oL, = W(Vi)*W(Vi+1) fori=1,...,n—1 (1031)
L = w(vy) (10.32)
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows
0<!; ¥wv,) —w(v) fori=1,...,n—1 (10.31)
L L w(v,) (10.32)
@ And the weight of the independent set w(l ) is given by
wi)= S wv) =
vel
(10.34)

F23/62 (pg.51/205)
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows

de

0<!; ¥wv,) —w(v) fori=1,...,n—1 (10.31)

& (10.32)

L S w(v,)
@ And the weight of the independent set w(l ) is given by

w()= Y ww) = S ww) (r(U) - r(Up_y) (1033)
W

vel i=1
&¢0,15
! (10.34)
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows
0<!; ¥wv,) —w(v) fori=1,...,n—1 (10.31)
I, et W(Vn) (10.32)

@ And the weight of the independent set w(l ) is given by
w(l) =) w(v)= > w(v)(r(U) —r(Ui—1)) (10.33)

vel =1
- n—1 Sl ) =D
= W) (Up) + > (W(Vs) — W(Viy1))r(Us) (10.34)
i=1
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows
0<1; ¥ wvy) —w(vig) fori=1,...,n—1 (10.31)
. gal W(Vn) (10.32)
@ And the weight of the independent set w(l ) is given by
w(l) =) w(v)= > w(v)(r(U) —r(Ui—1)) (10.33)
vel =1
n—1 n
= W(V)r (Up) + D (W(Vs) =W(Vig1))r(Us) = > 1ar(U;) (10.34)
i=1 i=1
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Maximum weight independent set via weighted rank

@ Now, we define ! ; as follows

0<!; ¥wv,) —w(v) fori=1,...,n—1 (10.31)

& (10.32)

L, S w(v,)

@ And the weight of the independent set w(l ) is given by

w(l) =) w(v)= > w(v)(r(U) —r(Ui—1)) (10.33)
vel i=1
n—1 n
= W) (Up) + D (W(Vs) —=W(vig1))r(Us) = > 1ar(U;) (10.34)
i=1 =1
@ Since we ordered vy, Vs, ... non-increasing by w, for all i, and since

WeRf,wehave!iZO

F23/62 (pg.55/205)
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Linear Program LP

Consider the linear programming primal problem

maximize WTX
subject to X, >0 (vevV) (10.35)
x(U) <r(U) (VU CV)
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Linear Program LP

Consider the linear programming primal problem

maximize WTX
subject to X, >0 (vevV) (10.35)
x(U) <r(U) (VU CV)

And its convex dual (note y € R%", yys is a scalar element within this
exponentially big vector):

minimize > r;y Yol (U),
subject to yy >0 (YU C V) (10.36)

Y vcvYulu >w
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Linear Program LP

Consider the linear programming primal problem

maximize WTX
subject to X, >0 (vevV) (10.35)
x(U) <r(U) (VU CV)

And its convex dual (note y € R%", yys is a scalar element within this
exponentially big vector):

minimize > r;y Yol (U),
subject to yy >0 (YU C V) (10.36)

Y vcvYulu >w

Thanks to strong duality, the solutions to these are equal to each other.
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Linear Program LP

@ Consider the linear programming primal problem

maximize WTX
st. X, >0 (veV) (10.37)
x(U) <r(U) (VU CV)
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Linear Program LP

@ Consider the linear programming primal problem

maximize WTX
st. X, >0 (veV) (10.37)
x(U) <r(U) (VU CV)

@ This is identical to the problem
maxwTx such that x € P," (10.38)

where, again, P," = {x e R¥ 1 x > 0,x(A) <r(A),vA CE}.
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Linear Program LP

@ Consider the linear programming primal problem

maximize WTX
st. X, >0 (veV) (10.37)
x(U) <r(U) (VU CV)

@ This is identical to the problem
maxwTx such that x € P," (10.38)

where, again, P," = {x e R¥ 1 x > 0,x(A) <r(A),vA CE}.
@ Therefore, since Pjng. set € P,T, the above problem can only have a
larger solution. l.e.,

MaxWTX s.t. X € Ping set < Maxw'x s.t. x € P, (10.39)
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Polytope equivalence

@ Hence, we have the following relations:

max{w(l): 1 € Z} < max{wTX : X € Pind. set} (10.40)
<max{w™x:x € P} (10.41)
i =min { S yor(U) 1 WULyr >0, Y yrly > w
Ucv Ucv
N o (10.42)
- i i) v 7
vev
Y
Fv
St —aT =
Zz gLt =¥
vev
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Polytope equivalence

@ Hence, we have the following relations:
max{w(l): 1 € Z} < max{wTX : X € Pind. set} (10.40)
<max{w™x:x € P} (10.41)
Estn=min { S yor(U):vU,yr 20> yuly > w
Ucv Ucv

@ Theorem 10.3.2 states that (10.42)

max{w(l): |l € Z} = i! ir(U;) (10.43)
=1

for the chain of U;'s and ! ; > 0 that satisfies w = """ ;| ! ;1y, (i.e., the
r.h.s. of Eq. 10.43 is feasible w.r.t. the dual LP).
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Matroid Polytopes
[(RRARRRARRRRRRNRNE RRRAN]

Polytope equivalence

@ Hence, we have the following relations:
max{w(l): 1 € Z} < max{wTX : X € Pind. set} (10.40)
<max{w'x :x € P} (10.41)

i =min { S yor(U) 1 WULyr >0, Y yrly > w

Ucv Ucv
@ Theorem 10.3.2 states that = yhh\/ék/@;) d jé’:t_s (10.42)

max{w(l): | e Z} = i! ir(U;) (10.43)

i=1
for the chain of U;'s and ! ; > 0 that satisfies w = """ ;| ! ;1y, (i.e., the
r.h.s. of Eq 10 43 is fea5|b|e w.r.t. the dual LP).
@ Therefore, \N% have max{w(l) : | € I} < #min b clie Lo

B7ABR max{w(l): 1 € T} = Z! i1 (U) > #min (10.44)

i=1

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F26/62 (pg.64/205)



Matroid Polytopes
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Polytope equivalence

@ Hence, we have the following relations:
max{w(l): 1 € Z} < max{wTX : X € Pind. set} (10.40)
<max{w™x:x € P} (10.41)

= Hmin =min Y ypr(U) VU yp > 03 ) yoly > w
Ucv Ucv

(10.42)
@ Therefore, all the inequalities above are equalities.

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F26/62 (pg.65/205)



Matroid Polytopes
[(RRARRRARRRRRRNRNE RRRRN]

Polytope equivalence

@ Hence, we have the following relations:
max{w(l): 1 € Z} = max {WTX : X € Pind. set} (10.40)
=max {w'x :x € P,"} (10.41)

L' 4t in = min D> yurU) VU yr >0, ) yuly > w
Ucv Ucv
(10.42)
@ Therefore, all the inequalities above are equalities.
@ And since w € Rf is an arbitrary direction into the positive orthant, we see
that qu_ = I:)ind. set
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Matroid Polytopes
[(RRARRRARRRRRRNRNE RRRRN]

Polytope equivalence

@ Hence, we have the following relations:
max{w(l): 1 € Z} = max {WTX : X € Pind. set} (10.40)
=max {w'x :x € P,"} (10.41)

i =min { S yor(U) 1 WULyr >0, Y yrly > w
Ucv Ucv
(10.42)
@ Therefore, all the inequalities above are equalities.

@ And since w € Rf is an arbitrary direction into the positive orthant, we see
that qu_ = I:)ind. set

@ That is, we have just proven:

Theorem 10.3.3

P =

T

Pind. set (10.45)
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Matroid Polytopes
[(RRARRRARRRRRRNRNR] RN

Polytope Equivalence (Summarizing the above)

@ For each | € 7 of a matroid M = (E, Z), we can form the incidence
vector 1;.
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Matroid Polytopes
[(RRARRRARRRRRRNRNR] RN

Polytope Equivalence (Summarizing the above)

@ For each | € 7 of a matroid M = (E, Z), we can form the incidence
vector 1;.

@ Taking the convex hull, we get the independent set polytope, that is

Pind. set = €Onv {Urez{17}} (10.46)
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Polytope Equivalence (Summarizing the above)

@ For each | € 7 of a matroid M = (E, Z), we can form the incidence
vector 1;.
@ Taking the convex hull, we get the independent set polytope, that is

Pind. set = €onv {Urez{1}} (10.46)

@ Now take the rank function r of M, and define the following polytope:

P,f= {xeRF:x >0,x(A) <r(A),vA CE} (10.47)

F27/62 (pg.70/205)
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Polytope Equivalence (Summarizing the above)

@ For each | € 7 of a matroid M = (E, Z), we can form the incidence
vector 1;.
@ Taking the convex hull, we get the independent set polytope, that is

Pind. set = €onv {Urez{1}} (10.46)

@ Now take the rank function r of M, and define the following polytope:

Pr={xeR”:x>0x(A) <r(A),VACE} (10.47)

Theorem 10.3.4

P+ = Pind. set (10'48)

T
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Greedy solves a linear programming problem

@ So we can describe the independence polytope of a matroid using the
set of inequalities (an exponential number of them).
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(RRARRRARRNRRRNRNRR] RRN]

Greedy solves a linear programming problem

@ So we can describe the independence polytope of a matroid using the
set of inequalities (an exponential number of them).

@ In fact, considering equations starting at Eq 10.40, the LP problem
with exponential number of constraints max {wTx : x € P, } is
identical to the maximum weight independent set problem in a matroid,
and since greedy solves the latter problem exactly, we have also proven:

Prof. Jeff Bilmes EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F28/62 (pg.73/205)



Matroid Polytopes
(RRARRRARRNRRRNRNRR] RRN]

Greedy solves a linear programming problem

@ So we can describe the independence polytope of a matroid using the
set of inequalities (an exponential number of them).

@ In fact, considering equations starting at Eq 10.40, the LP problem
with exponential number of constraints max {wTx : x € P, } is
identical to the maximum weight independent set problem in a matroid,
and since greedy solves the latter problem exactly, we have also proven:

Theorem 10.3.5

The LP problemmax {wTx : x € P,F'} can be solved exactly using the
greedy algorithm.
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(RRARRRARRNRRRNRNRR] RRN]

Greedy solves a linear programming problem

@ So we can describe the independence polytope of a matroid using the
set of inequalities (an exponential number of them).

@ In fact, considering equations starting at Eq 10.40, the LP problem
with exponential number of constraints max {wTx : x € P, } is
identical to the maximum weight independent set problem in a matroid,
and since greedy solves the latter problem exactly, we have also proven:

Theorem 10.3.5

The LP problemmax {wTx : x € P,F'} can be solved exactly using the
greedy algorithm.

Note that this LP problem has an exponential number of constraints
(since P, is described as the intersection of an exponential number of
half spaces).
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(RRARRRARRNRRRNRNRR] RRN]

Greedy solves a linear programming problem

@ So we can describe the independence polytope of a matroid using the
set of inequalities (an exponential number of them).

@ In fact, considering equations starting at Eq 10.40, the LP problem
with exponential number of constraints max {wTx : x € P, } is
identical to the maximum weight independent set problem in a matroid,
and since greedy solves the latter problem exactly, we have also proven:

Theorem 10.3.5

The LP problemmax {wTx : x € P,F'} can be solved exactly using the
greedy algorithm.

Note that this LP problem has an exponential number of constraints
(since P,t is described as the intersection of an exponential number of
half spaces).

@ This means that if LP problems have certain structure, they can be
solved much easier than immediately implied by the equations.
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Base Polytope Equivalence

@ Consider convex hull of indicator vectors just of the bases of a matroid,
rather than all of the independent sets.
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Base Polytope Equivalence

@ Consider convex hull of indicator vectors just of the bases of a matroid,
rather than all of the independent sets.

@ Consider a polytope defined by the following constraints:

x>0 (10.49)
X(A) < r(A) VA CV (10.50)
x(V) = r(V) (10.51)
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Base Polytope Equivalence

@ Consider convex hull of indicator vectors just of the bases of a matroid,
rather than all of the independent sets.

o Consider a polytope defined by the following constraints:

x>0 (10.49)
X(A) <r(A) VA CV (10.50)
x(V)=r(V) (10.51)

@ Note the third requirement, x(V) = r(V).
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Base Polytope Equivalence

@ Consider convex hull of indicator vectors just of the bases of a matroid,
rather than all of the independent sets.

o Consider a polytope defined by the following constraints:

x>0 (10.49)
X(A) <r(A) VA CV (10.50)
x(V)=r(V) (10.51)

@ Note the third requirement, x(V) = r(V).

@ By essentially the same argument as above (Exercise:), we can shown
that the convex hull of the incidence vectors of the bases of a matroid
is a polytope that can be described by Eq. 10.49- 10.51 above.
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Base Polytope Equivalence

@ Consider convex hull of indicator vectors just of the bases of a matroid,
rather than all of the independent sets.

o Consider a polytope defined by the following constraints:

x>0 (10.49)
X(A) <r(A) VA CV (10.50)
x(V)=r(V) (10.51)

@ Note the third requirement, x(V) = r(V).

@ By essentially the same argument as above (Exercise:), we can shown
that the convex hull of the incidence vectors of the bases of a matroid
is a polytope that can be described by Eq. 10.49- 10.51 above.

@ What does this look like? The base polytope.
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Spanning set polytope

@ Recall, a set A is spanning in a matroid M = (E, Z) if r(A) = r(E).
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Matroid Polytopes
(RRARRRARRRRRRNRNRRRRA NI

Spanning set polytope

@ Recall, a set A is spanning in a matroid M = (E, Z) if r(A) = r(E).
@ Consider convex hull of incidence vectors of spanning sets of a matroid
M, and call this Pspanning(M ).
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(RRARRRARRRRRRNRNRRRRA NI

Spanning set polytope

@ Recall, a set A is spanning in a matroid M = (E, Z) if r(A) = r(E).
@ Consider convex hull of incidence vectors of spanning sets of a matroid
M, and call this Pspanning(M ).

Theorem 10.3.6
The spanning set polytope is determined by the following equations:

0<x., <1 forec E (10.52)
X(A) >r(E) —r(E \A) forACE (10.53)
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(RRARRRARRRRRRNRNRRRRA NI

Spanning set polytope

@ Recall, a set A is spanning in a matroid M = (E, Z) if r(A) = r(E).
@ Consider convex hull of incidence vectors of spanning sets of a matroid
M, and call this Pspanning(M ).

Theorem 10.3.6
The spanning set polytope is determined by the following equations:

0<x., <1 forec E (10.52)
X(A) >r(E) —r(E \A) forACE (10.53)
r(v2)=1

@ Example of spanning set
polytope in 2D. x1+x2=r({,v2}) =1
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(RRARRRARRRRRRARNRRARRY |

Spanning set polytope

@ Recall that any A is spanning in M iff E \ A is independent in M * (the
dual matroid).
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Matroid Polytopes
(RRARRRARRRRRRARNRRARRY |

Spanning set polytope

Proof.

@ Recall that any A is spanning in M iff E \ A is independent in M * (the
dual matroid).

e For any x € R¥, we have that

X € Pspanning(M) < 1—X € Pjpg. set(M *) (1054)

as we show next ...
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(RRARRRARRRRRRARNRRARRY |

Spanning set polytope

... proof continued.

@ This follows since if X € Pgpanning(M ), we can represent X as a convex
combination:

X= ) lily, (10.55)

where A; is spanning in M .
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Matroid Polytopes
(RRARRRARRRRRRARNRRARRY |

Spanning set polytope

... proof continued.

@ This follows since if X € Pgpanning(M ), we can represent X as a convex
combination:

X= ) lily, (10.55)

where A; is spanning in M .

@ Consider

1—-X=1g—Xx= 1E—Z!i1Ai = Z!i]‘E\Ai’ (1056)
A 7

which follows since .1 ;1= 1g, so 1 — X is a convex combination of
independent sets in M * and so 1 — X € Pjq. set(M ™).
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Spanning set polytope

... proof continued.

@ which means, from the definition of Pj,q st(M *), that

1-x>0 (10.57)
14— X(A) = |A| = X(A) < ry(A) for ACE (10.58)

And we know the dual rank function is

ra(A) = |Al+ ry(E\A) —ry(E) (10.59)
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Spanning set polytope

... proof continued.

@ which means, from the definition of Pj,q st(M *), that

1-x>0 (10.57)
14— X(A) = |A| = X(A) < ry(A) for ACE (10.58)

And we know the dual rank function is

ra(A) = |Al+ ry(E\A) —ry(E) (10.59)

@ giving
X(A) >ry(E) —ry(E\A) forall ACE (10.60)
L]
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Matroids

where are we going with this?

@ We've been discussing results about matroids (independence polytope,
etc.).
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Matroids — Polymatroids

Matroids

where are we going with this?

@ We've been discussing results about matroids (independence polytope,
etc.).

@ By now, it is clear that matroid rank functions are special cases of
submodular functions. We ultimately will be reviewing submodular
function minimization procedures, but in some cases it it worth showing
a result for a general submodular function first.
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Matroids — Polymatroids

Matroids

where are we going with this?

@ We've been discussing results about matroids (independence polytope,
etc.).

@ By now, it is clear that matroid rank functions are special cases of
submodular functions. We ultimately will be reviewing submodular
function minimization procedures, but in some cases it it worth showing
a result for a general submodular function first.

@ Henceforth, we will skip between submodular functions and matroids,

each lecture talking less about matroids specifically and taking more
about submodular functions more generally ...
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Matroids — Polymatroids

Maximal points in a set

@ Regarding sets, a subset X of S is a maximal subset of S possessing a
given property B if X possesses property 33-and no set properly
containing X (i.e., any X' D X with X"\ X CMZ2%) possesses ‘P.

S
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Matroids — Polymatroids
(LERRRRRRRRRRRNARRRRN

Maximal points in a set

@ Regarding sets, a subset X of S is a maximal subset of S possessing a
given property B if X possesses property 13 and no set properly
containing X (i.e., any X’ D X with X"\ X CV \ X)) possesses ‘.

e Given any compact (essentially closed & bounded) set P C R¥, we say
that a vector X is maximal within P if it is the case that for any $ > 0,
and for all directions e € E, we have that

X+ $l, £EP (10.61)

F33/62 (pg.96/205)
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Maximal points in a set

@ Regarding sets, a subset X of S is a maximal subset of S possessing a
given property B if X possesses property 13 and no set properly
containing X (i.e., any X’ D X with X"\ X CV \ X)) possesses ‘.

e Given any compact (essentially closed & bounded) set P C R¥, we say
that a vector x is maximal within P if it is the case that $>0,
and for all directions e € E, we have that

X+ $l. £EP .61)

@ Examples of maximal regions (in red)

N OO
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Maximal points in a set

@ Regarding sets, a subset X of S is a maximal subset of S possessing a
given property B if X possesses property 13 and no set properly
containing X (i.e., any X’ D X with X"\ X CV \ X)) possesses ‘.

e Given any compact (essentially closed & bounded) set P C R¥, we say
that a vector X is maximal within P if it is the case that for any $ > 0,
and for all directions e € E, we have that 2,

x+$l, £P (10.61)

,€L

] 6
</

e Examples of non-maximal regions (in green)

N OOYY
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Review from Lecture 6

@ The next slide comes from Lecture 6.
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Matroids — Polymatroids

Matroids, independent sets, and bases

@ Independent sets: Given a matroid M = (E, Z), a subset A CE is
called independent if A € Z and otherwise A is called dependent.

@ A base of U C E: For U C E, a subset B C U is called a base of U if
B is inclusionwise maximally independent subset of U. Thatis, B € Z
and thereisnoZ € Z withB ¢ Z C U.

@ A base of a matroid: If U = E, then a “base of E" is just called a base
of the matroid M (this corresponds to a basis in a linear space, or a
spanning forest in a graph, or a spanning tree in a connected graph).
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o o E
P-basis of z given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < x (meaning y(e) < z(e) for all e € E).

S uL(/l | of

71
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Matroids — Polymatroids

P-basis of = given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < z (meaning y(e) < z(e) for all e € E).

Definition 10.4.2 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of z.
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Matroids — Polymatroids

P-basis of = given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < z (meaning y(e) < z(e) for all e € E).

Definition 10.4.2 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of z.

Here, by y being “maximal”, we mean that there exists no z > y (more
precisely, no z > y + €l for some e € E and € > 0) having the properties of
y (the properties of y being: in P, and a subvector of x).
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o o E
P-basis of z given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < z (meaning y(e) < z(e) for all e € E).

Definition 10.4.2 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of z.

Here, by y being “maximal”, we mean that there exists no z > y (more
precisely, no z > y + €1, for some e € E and € > 0) having the properties of
y (the properties of y being: in P, and a subvector of x).

In still other words: ¥ is a P-basis of x if:
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o o E
P-basis of z given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < z (meaning y(e) < z(e) for all e € E).

Definition 10.4.2 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of z.

Here, by y being “maximal”, we mean that there exists no z > y (more
precisely, no z > y + €1, for some e € E and € > 0) having the properties of
y (the properties of y being: in P, and a subvector of x).
In still other words: y is a P-basis of x if:

© y <z (y is a subvector of z); and
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o o E
P-basis of z given compact set P C RY

Definition 10.4.1 (subvector)
y is a subvector of z if y < x (meaning y(e) < z(e) for all e € E).

Definition 10.4.2 (P-basis)

Given a compact set P C Rf for any z € R¥, a subvector y of z is called
a P-basis of z if y maximal in P.

In other words, y is a P-basis of z if y is a maximal P-contained subvector
of x.

Here, by y being “maximal”, we mean that there exists no z > y (more
precisely, no z > y + €1, for some e € E and € > 0) having the properties of
y (the properties of y being: in P, and a subvector of x).
In still other words: y is a P-basis of z if:
© y <z (y is a subvector of z); and
@ yc Pandy+el, ¢ P forall e € E where y(e) < z(e) and Ve > 0 (y
is maximal P-contained).
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A, T €T} = max |ANI| (10.62)
€
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

@ vector rank: Given a compact set P C Rf, define a form of “vector rank”

relagive to P: Given an z € RE:

rank(z) = max (y(F) :y < z,y € P) = max (x ANy)(E) (10.63)
ye

where y < z is componentwise inequality (y; < z;,Vi), and where
(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F37/62 (pg.108/205)



A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

@ vector rank: Given a compact set P C R, define a form of “vector rank’
relative to P: Given an x € RE:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)

where y < z is componentwise inequality (y; < z;,Vi), and where

(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).
@ Sometimes use rankp(z) to make P explicit.
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

@ vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an x € RE:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)

where y < z is componentwise inequality (y; < z;,Vi), and where
(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).

@ Sometimes use rankp(z) to make P explicit.

o If B, is the set of P-bases of z, than rank(z) = maxycp, y(£).
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

@ vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an x € RE:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)

where y < z is componentwise inequality (y; < z;,Vi), and where
(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).
@ Sometimes use rankp(z) to make P explicit.
o If B, is the set of P-bases of z, than rank(z) = maxycp, y(£).
o If x € P, then rank(z) = z(FE) (x is its own unique self P-basis).
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A vector form of rank
Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an x € RE:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)

where y < z is componentwise inequality (y; < z;,Vi), and where
(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).

Sometimes use rankp(z) to make P explicit.

If B, is the set of P-bases of x, than rank(z) = maxycp, y(E).
If x € P, then rank(xz) = z(E) (x is its own unique self P-basis).
If Zmin € argmin,cp 2(F), and 2 < zmin what then?
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A vector form of rank

Recall the definition of rank from a matroid M = (E, 7).
rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an x € R¥:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)
where y < z is componentwise inequality (y; < z;,Vi), and where
(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).
Sometimes use rankp(z) to make P explicit.
If B, is the set of P-bases of x, than rank(z) = maxycp, y(E).
If x € P, then rank(xz) = z(E) (x is its own unique self P-basis).
If Zmin € argmin,cp 2(F), and £ < &min what then? Then rank(x) is
either x(E) (if £ = Xmin) or otherwise rank(z) = —oco.
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A vector form of rank

@ Recall the definition of rank from a matroid M = (E, 7).

rank(A) =max{|I|: I C A I €T} = max |ANI| (10.62)
€

vector rank: Given a compact set P C ]Rf, define a form of “vector rank”
relative to P: Given an x € RE:

rank(z) = max (y(EF) :y < z,y € P) = max (x ANy)(E) (10.63)

where y < z is componentwise inequality (y; < z;,Vi), and where

(z Ay) € RE has (z A y)(i) = min(z(i), y(4)).

Sometimes use rankp(z) to make P explicit.

If B, is the set of P-bases of x, than rank(z) = maxycp, y(E).

If x € P, then rank(xz) = z(E) (x is its own unique self P-basis).

If Zmin € argmin,cp 2(F), and £ < &min what then? Then rank(x) is
either z(E) (if = xmin) or otherwise rank(z) = —oo.

In general, might be hard to compute and/or have ill-defined properties.
Next, we look at an object that restrains and cultivates this form of rank.
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¥ Polymatroids
[NERRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every x € Rf, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)
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¥ Polymatroids
[NRRRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

o Condition 3 restated: That is for any two distinct maximal vectors
yt,y? € P, with y! <2 & 3% < z, with y' # y?, we must have
y! (E) = y*(E).
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¥ Polymatroids
[NRRRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

o Condition 3 restated: That is for any two distinct maximal vectors
yt,y? € P, with y' <z & 3% < z, with y' # y?, we must have
y'(E) = y*(E).

e Condition 3 restated (again): For every vector x € R¥, every maximal

independent (i.e., € P) subvector y of = has the same component sum
y(E) = rank(z).
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¥ Polymatroids
[NRRRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

o Condition 3 restated: That is for any two distinct maximal vectors
yt,y? € P, with y' <z & 3% < z, with y' # y?, we must have
y'(E) = y*(E).

e Condition 3 restated (again): For every vector x € R¥, every maximal
independent (i.e., € P) subvector y of = has the same component sum
y(E) = rank(z).

e Condition 3 restated (yet again): All P-bases of = have the same
component sum.
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¥ Polymatroids
[NRRRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

@ Vectors within P (i.e., any y € P) are called independent, and any
vector outside of P is called dependent.
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¥ Polymatroids
[NRRRRRARRNARY]

Polymatroidal polyhedron (or a “polymatroid”)

Definition 10.4.3 (polymatroid)

A polymatroid is a compact set P C ]Rf satisfying
Q@0cP
Q If y <z € P then y € P (called down monotone).

© For every z € R¥, any maximal vector y € P with y < z (i.e., any
P-basis of x), has the same component sum y(E)

@ Vectors within P (i.e., any y € P) are called independent, and any
vector outside of P is called dependent.

@ Since all P-bases of 2 have the same component sum, if 3, is the set
of P-bases of z, than rank(z) = y(E) for any y € B,.
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Matroid and Polymatroid: S|de by—S|de

A Matroid is:

A Polymatroid is:
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Matroids — Polymatroids

Matroid and Polymatroid: side-by-side

A Matroid is:
Q a set system (E,7)

A Polymatroid is:
© a compact set P C Rf
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Matroid and Polymatroid: side-by-side

A Matroid is:
Q a set system (E,7)
@ empty-set containing ) € Z

A Polymatroid is:
© a compact set P C R¥Y
© zero containing, 0 € P
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Matroids — Polymatroids

Matroid and Polymatroid: side-by-side

A Matroid is:
Q a set system (E,7)
@ empty-set containing ) € 7
© downclosed, D CI'C T eI =1 €.

A Polymatroid is:
© a compact set P C R¥Y
© zero containing, 0 € P
© down monotone, 0 <y<xeP=ycP
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Matroids —> Polymatroids

Matroid and Polymatroid: side-by-side

A Matroid is:

©00O0

a set system (E,7)
empty-set containing ) € 7
downclosed, D CI'C eI =1€T.

any maximal set I in Z, bounded by another set A, has the same
matroid rank (any maximal independent subset I C A has same size

171)-

A Polymatroid is:

o
Q
o
o

a compact set P C R¥
zero containing, 0 € P
down monotone, 0 <y<xeP=ycP

any maximal vector y in P, bounded by another vector x, has the same
vector rank (any maximal independent subvector y < x has same sum

y(E)).
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Matroids — Polymatroids

Polymatroidal polyhedron (or a “polymatroid”)

£,
O&S\a X
‘s"é/(Q s
'y Doss:bley
Y1 y]

Left: 3 multiple maximal y < z Right: 3 only one maximal y < z,

@ Polymatroid condition here: ¥ maximal y € P, with y < x (which here
means y; < x1 and y2 < x2), we just have y(E) = y; + y2 = const.
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> Polymatroids
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Polymatroidal polyhedron (or a “polymatroid”)

£,
O&S\a X
‘s"é/(Q s
'y Doss:bley
Y1 y]

Left: 3 multiple maximal y < z Right: 3 only one maximal y < z,
@ Polymatroid condition here: ¥V maximal y € P, with y < x (which here
means y; < 21 and yo < x9), we just have y(E) = y; + y2 = const.
@ On the left, we see there are multiple possible maximal y € P such that
y < x. Each such y must have the same value y(F).

F40/62 (pg.127,/205)
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Polymatroidal polyhedron (or a “polymatroid”)

£,
O&S\a X
‘s"é/(Q s
'y Doss:bley
Y1 y]

Left: 3 multiple maximal y < z Right: 3 only one maximal y < z,

@ Polymatroid condition here: ¥V maximal y € P, with y < x (which here
means y; < x1 and y2 < x2), we just have y(E) = y; + y2 = const.

@ On the left, we see there are multiple possible maximal y € P such that
y < x. Each such y must have the same value y(F).

@ On the right, there is only one maximal y € P. Since there is only one,
the condition on the same value of y(E), Vy is vacuous.

F40/62 (pg.128/205)
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Matroids — Polymatroids

Polymatroidal polyhedron (or a “polymatroid”)

POSsibleiv

Y1
3 only one maximal y < z.

e If x € P already, then x is its own P-basis, i.e., it is a self P-basis.
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Matroids — Polymatroids

Polymatroidal polyhedron (or a “polymatroid”)

POSsibleiv

Y1
3 only one maximal y < z.
e If x € P already, then x is its own P-basis, i.e., it is a self P-basis.

@ In a matroid, a base of A is the maximally contained independent set.
If A is already independent, then A is a self-base of A (as we saw in
previous Lectures)
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Matroids —> P N
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Polymatroid as well?

Y) Yo
'\P « ‘\PX
»o%%

%
£

y] y]

Left and right: 3 multiple maximal y < x as indicated.

@ On the left, we see there are multiple possible maximal such y € P that
are y < x. Each such y must have the same value y(E), but since the
equation for the curve is y? +y2 = const. # y; + y2, we see this is
not a polymatroid.
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Matroids —> P N
[RRRRRNRE [RRRAN

Polymatroid as well? no

Y) Yo
'\P « ‘\PX
»o%%

%
£

y] y]

Left and right: 3 multiple maximal y < x as indicated.

@ On the left, we see there are multiple possible maximal such y € P that
are y < x. Each such y must have the same value y(E), but since the
equation for the curve is y? +y2 = const. # y; + y2, we see this is
not a polymatroid.

@ On the right, we have a similar situation, just the set of potential

values that must have the y(F) condition changes, but the values of
course are still not constant.
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Matroids — Polymatroids

Other examples: Polymatroid or not?
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Some possible polymatroid forms in 2D

dependent
vectors

%
%
dependent f\’ » 1@(‘ o%

P %
independent vectors % %, N og,/)
vectors e 0, N “

0. %,

T %, 5
%

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

@ On the left: full dependence between v; and v
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Matroids — Polymatroids

Some possible polymatroid forms in 2D

dependent
vectors

%
%
dependent f\’ » 1@(‘ o%

P %
independent vectors % %, N og,/)
vectors e 0, N “

0. %,

T %, 5
%

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

@ On the left: full dependence between v; and v

@ Next: full independence between v and vs
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Matroids — Polymatroids

Some possible polymatroid forms in 2D

dependent
vectors

%
%
dependent f\’ » 1@(‘ o%

P %
independent vectors % %, N og,/)
vectors e 0, N “

0. %,

T %, 5
%

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

@ On the left: full dependence between v; and v
@ Next: full independence between v and vs
© Next: partial independence between v1 and v9
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Matroids — Polymatroids

Some possible polymatroid forms in 2D

dependent
vectors

dependent
independent vectors
vectors

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

@ On the left: full dependence between v; and v
@ Next: full independence between v and vs
© Next: partial independence between v; and vs

@ Right two: other forms of partial independence between v1 and vg
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Some possible polymatroid forms in 2D

dependent
vectors

dependent
independent vectors
vectors

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

@ On the left: full dependence between v; and v

@ Next: full independence between v and vs

© Next: partial independence between v; and vs

@ Right two: other forms of partial independence between v1 and v9
- The P-bases (or single P-base in the middle case) are as indicated.
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Matroids — Polymatroids

Some possible polymatroid forms in 2D

dependent
vectors

dependent
independent vectors
vectors

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

On the left: full dependence between v; and v
Next: full independence between v1 and v

Next: partial independence between v1 and v

©00O0

Right two: other forms of partial independence between v1 and v
- The P-bases (or single P-base in the middle case) are as indicated.

- Independent vectors are those within or on the boundary of the
polytope. Dependent vectors are exterior to the polytope.
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Matroids — Polymatroids

Some possible polymatroid forms in 2D

dependent
vectors

dependent
independent vectors
vectors

It appears that we have five possible forms of polymatroid in 2D, when
neither of the elements {vy, vy} are self-dependent.

On the left: full dependence between v; and v
Next: full independence between v1 and v

Next: partial independence between v1 and v

©00O0

Right two: other forms of partial independence between v1 and v
- The P-bases (or single P-base in the middle case) are as indicated.

- Independent vectors are those within or on the boundary of the
polytope. Dependent vectors are exterior to the polytope.

- The set of P-bases for a polytope is called the base polytope.
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Matroids — Polymatroids
(RRRRRRARN] [ARRRERN]

Polymatroidal polyhedron (or a “polymatroid”)

o Note that if 2 contains any zeros (i.e., suppose that x € RY has E'\ §
s.t. z(E'\ S) =0, so S indicates the non-zero elements, or
S = supp(z)), then this also forces y(E \ S) = 0, so that
y(E) = y(S). This is true either for x € P or = ¢ P.
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Matroids — Polymatroids

Polymatroidal polyhedron (or a “polymatroid”)

o Note that if 2 contains any zeros (i.e., suppose that x € RY has E'\ §
s.t. z(E'\ S) =0, so S indicates the non-zero elements, or
S = supp(z)), then this also forces y(E \ S) = 0, so that
y(E) = y(S). This is true either for x € P or = ¢ P.

@ Therefore, in this case, it is the non-zero elements of x, corresponding
to elements S (i.e., the support supp(z) of z), determine the common
component sum.
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Matroids — Polymatroids
(RRRRRRARN] [ARRRERN]

Polymatroidal polyhedron (or a “polymatroid”)

o Note that if 2 contains any zeros (i.e., suppose that x € RY has E'\ §
s.t. z(E'\ S) =0, so S indicates the non-zero elements, or
S = supp(z)), then this also forces y(E \ S) = 0, so that
y(E) = y(S). This is true either for x € P or = ¢ P.

@ Therefore, in this case, it is the non-zero elements of x, corresponding
to elements S (i.e., the support supp(z) of z), determine the common
component sum.

@ For the case of either z ¢ P or right at the boundary of P, we might
give a “name” to this component sum, lets say f(S) for any given set S
of non-zero elements of z. We could name rank(11g) £ () for €
small enough. What kind of function might f be?

Y5 P

X

Y1

Possib/ejv — f(-l)
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Matroids — Polymatroids

Polymatroid function and its polyhedron.

Definition 10.4.4

A polymatroid function is a real-valued function f defined on subsets of E
which is normalized, non-decreasing, and submodular. That is we have

@ f(0) = 0 (normalized)
Q@ f(A) < f(B) for any A C B C E (monotone non-decreasing)
Q@ f(AUB)+ f(ANB) < f(A) + f(B) for any A, B C E (submodular)

We can define the polyhedron P;r associated with a polymatroid function as
follows

P ={yeRY:y(A) < f(A) forall AC E} (10.64)
={yeRP:y>0,y(A) < f(A) forall AC E} (10.65)
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Associated polyhedron with a polymatroid function

Pf={zeR"”:2>0,2(4) < f(A),VAC E} (10.66)

@ Consider this in three dimensions. We have equations of the form:

x1>0and z9 >0 and x3 >0 (10.67)
x1 < f({vi}) (10.68)

x2 < f({va}) (10.69)

x3 < f({vs}) (10.70)

x1 + x2 < f({v1,v2}) (10.71)

xo + 23 < f({va,v3}) (10.72)

1+ 23 < f({v1,v3}) (10.73)

x1 + 2+ x3 < f({v1,v2,v3}) (10.74)
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Associated polyhedron with a polymatroid function

o Consider the asymmetric graph cut function on the simple chain graph
vy —vg —w3. Thatis, f(S)=1[{(v,s) € E(G) :v € V,s € S}| is count
of any edges within S or between S and V'\ S, so that
0(S) = f(S)+ f(V\S)— f(V) is the standard graph cut.
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

o Consider the asymmetric graph cut function on the simple chain graph
vy —vg —w3. Thatis, f(S)=1[{(v,s) € E(G) :v € V,s € S}| is count
of any edges within S or between S and V'\ S, so that
0(S) = f(S)+ f(V\S)— f(V) is the standard graph cut.

o Observe: P]T (at two views):
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

o Consider the asymmetric graph cut function on the simple chain graph
vy —vg —w3. Thatis, f(S)=1[{(v,s) € E(G) :v € V,s € S}| is count
of any edges within S or between S and V'\ S, so that
0(S) = f(S)+ f(V\S)— f(V) is the standard graph cut.

o Observe: P]T (at two views):

@ which axis is which?
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Associated polyhedron with a polymatroid function

e Consider: f(0) =0, f({vr1}) = 1.5, f({v2}) =2, f({v1,v2}) = 2.5,
f({vg}) = 3, f({vg,vl}) = 35, f({vg,vg}) = 4, f({’()g,’()g,’vl}) = 43
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

e Consider: f(0) =0, f({vr1}) = 1.5, f({v2}) =2, f({v1,v2}) = 2.5,
f{ws}) =3, f{vs,v1}) = 3.5, f({vs,va}) =4, f({vs,va,v1}) = 4.3,

@ Observe: P]T (at two views):
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

e Consider: f(0) =0, f({vr1}) = 1.5, f({v2}) =2, f({v1,v2}) = 2.5,
f{ws}) =3, f{vs,v1}) = 3.5, f({vs,va}) =4, f({vs,va,v1}) = 4.3,

@ Observe: P]T (at two views):

@ which axis is which?
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Matroids — Polymatroids

Associated polyhedron with a polymatroid function

e Consider modular function w: V. — Ry as w = (1,1.5,2)7, and then
the submodular function f(S) = /w(S5).
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

e Consider modular function w: V. — Ry as w = (1,1.5,2)7, and then
the submodular function f(S) = \/w(S5).

o Observe: P/ (at two views):
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Matroids —> Polymatroids

Associated polyhedron with a polymatroid function

e Consider modular function w: V. — Ry as w = (1,1.5,2)7, and then
the submodular function f(S) = \/w(S5).

o Observe: P/ (at two views):

1 1

@ which axis is which?
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¥ Polymatroids

e Consider function on integers: g(0) =0, g(1) = 3, ¢g(2) =4, and
g(3) = 5.5.
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Associated polytope with a non-submodular function

e Consider function on integers: ¢g(0) =0, g(1) = 3, g(2) =4, and
g(3) =5.5. Is f(S) = g(|S|) submodular?
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Matroids — Polymatroids

Associated polytope with a non-submodular function

e Consider function on integers: g(0) =0, g(1) = 3, ¢g(2) =4, and
9(3) =5.5. Is f(S) = g(|S]) submodular? f(S) = g(|S]) is not
submodular since f({ei,e3}) + f({e1,e2}) =4+ 4 =8 but
f({e1,e2,e3}) + f({e1}) =55+ 3 =8.5.
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Matroids — Polymatroids

Associated polytope with a non-submodular function

e Consider function on integers: g(0) =0, g(1) = 3, ¢g(2) =4, and
9(3) =5.5. Is f(S) = g(|S]) submodular? f(S) = g(|S]) is not
submodular since f({ei,e3}) + f({e1,e2}) =4+4 =8 but
f({e1,e2,e3}) + f({e1}) = 5.5 + 3 = 8.5. Alternatively, consider
concavity violation, 1 =g(1+1) —g(1) < g(2+1) —g(2) = 1.5.
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Associated polytope with a non-submodular function

e Consider function on integers: g(0) =0, g(1) = 3, ¢g(2) =4, and
9(3) =5.5. Is f(S) = g(|S]) submodular? f(S) = g(|S]) is not
submodular since f({e1,e3}) + f({e1,e2}) =4+ 4 =8 but
f({e1,e2,e3}) + f({e1}) = 5.5 + 3 = 8.5. Alternatively, consider
concavity violation, 1 = g(1+1) —g(1) < g(2+1) —g(2) = 1.5.

@ Observe: P+ (at two views), maximal independent subvectors not
constant rank hence not a polymatroid.
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A polymatroid vs. a polymatroid function’s polyhedron

@ Summarizing the above, we have:
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Matroids — Polymatroids

A polymatroid vs. a polymatroid function’s polyhedron

@ Summarizing the above, we have:

e Given a polymatroid function f , its associated polytope is given as

Pl ={yeR}:y(A) < f(A) forall AC E} (10.75)
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Matroids — Polymatroids
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A polymatroid vs. a polymatroid function’s polyhedron

@ Summarizing the above, we have:

e Given a polymatroid function f , its associated polytope is given as
Pl ={yeR}:y(A) < f(A) forall AC E} (10.75)
e We also have the definition of a polymatroidal polytope P (compact

subset, zero containing, down-monotone, and V& any maximal
independent subvector y < = has same component sum y(E)).
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A polymatroid vs. a polymatroid function’s polyhedron

@ Summarizing the above, we have:

e Given a polymatroid function f , its associated polytope is given as
P ={yeRY :y(4) < f(A) forall AC E} (10.75)

e We also have the definition of a polymatroidal polytope P (compact
subset, zero containing, down-monotone, and Vx any maximal
independent subvector y < = has same component sum y(E)).

@ Is there any relationship between these two polytopes?
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Matroids — Polymatroids
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A polymatroid vs. a polymatroid function’s polyhedron

@ Summarizing the above, we have:
e Given a polymatroid function f , its associated polytope is given as

Pl ={yeR}:y(A) < f(A) forall AC E} (10.75)

e We also have the definition of a polymatroidal polytope P (compact
subset, zero containing, down-monotone, and Vx any maximal
independent subvector y < = has same component sum y(E)).

@ Is there any relationship between these two polytopes?
@ In the next theorem, we show that any PJT—basis has the same
component sum, when f is a polymatroid function, and Pf+ satisfies

the other properties so that P}' is a polymatroid.

F52/62 (pg.164/205)
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A polymatroid function's polyhedron is a polymatroid.

Theorem 10.5.1

Let f be a polymatroid function defined on subsets of E. For any x € RY,
and any P]T-basis y* € RE of x, the component sum of y* is

y*(E) = rank(z) = max (y(E) Ly <y € P]T)
=min (z(4)+ f(E\A): ACE) (10.76)

As a consequence, P]T is a polymatroid, since r.h.s. is constant w.r.t. y*.
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A polymatroid function's polyhedron is a polymatroid.

Theorem 10.5.1

Let f be a polymatroid function defined on subsets of E. For any x € RY,
and any P]T-basis y* € RE of x, the component sum of y* is

y*(E) = rank(z) = max (y(E) ry<uz,y € P]T)
=min (z(A)+ f(E\A): ACE) (10.76)

As a consequence, P]T is a polymatroid, since r.h.s. is constant w.r.t. y*.

Taking '\ B = supp(z) (so elements B are all zeros in z), and for b ¢ B
we make x(b) is big enough, the r.h.s. min has solution A* = B. We recover
submodular function from the polymatroid polyhedron via the following:

rank <i1E\B> = f(F'\ B) = max {y(E \B):ye€ PJT} (10.77)
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A polymatroid function's polyhedron is a polymatroid.

Theorem 10.5.1

Let f be a polymatroid function defined on subsets of E. For any x € RY,
and any P]T-basis y* € RE of x, the component sum of y* is

y*(E) = rank(z) = max (y(E) ry<uz,y € P]T)
=min (z(A)+ f(E\A): ACE) (10.76)

As a consequence, P]T is a polymatroid, since r.h.s. is constant w.r.t. y*.

Taking '\ B = supp(z) (so elements B are all zeros in z), and for b ¢ B
we make x(b) is big enough, the r.h.s. min has solution A* = B. We recover
submodular function from the polymatroid polyhedron via the following:

rank <i1E\B> = f(F'\ B) = max {y(E \B):ye€ PJT} (10.77)

In fact, we will ultimately see a number of important consequences of this
theorem (other than just that P} is a polymatroid)
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A polymatroid function's polyhedron is a polymatroid.

@ Clearly 0 € PJj’ since f is non-negative.

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F54/62 (pg.168/205)



Polymatroids
[LERRANANN

A polymatroid function's polyhedron is a polymatroid.

o Clearly 0 € PJr since f is non-negative.

@ Also, for any y € P+ then any x < y is also such that = € P+ So, P+
is down-monotone.
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Polymatroids

A polymatroid function's polyhedron is a polymatroid.

o Clearly 0 € PJT since f is non-negative.

@ Also, for any y € P;r then any x < ¥ is also such that z € P}“. So, P}“
is down-monotone.

e Now suppose that we are given an 2 € RY, and maximal y* € P]f with

y* <z (i.e,y®isa Pf,*—basis of ).
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Polymatroids

A polymatroid function's polyhedron is a polymatroid.

Proof.

o Clearly 0 € PJT since f is non-negative.

@ Also, for any y € P;r then any x < ¥ is also such that z € P}“. So, P}“
is down-monotone.

o Now suppose that we are given an z € R¥, and maximal y* € PJZF with
y* <z (i.e,y®isa Pf—basis of ).

@ Goal is to show that any such y* has y*(E) = const, dependent only
on z and also f (which defines the polytope) but not dependent on y*,
the particular P;r—basis.
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A polymatroid function's polyhedron is a polymatroid.

o Clearly 0 € PJT since f is non-negative.

@ Also, for any y € PJT then any x < ¥ is also such that z € P}“. So, P}“
is down-monotone.

o Now suppose that we are given an z € R¥, and maximal y* € P]ZF with
y* <z (i.e,y®isa Pf—basis of ).
@ Goal is to show that any such y* has y*(E) = const, dependent only

on z and also f (which defines the polytope) but not dependent on y*,
the particular P;r—basis.

@ Doing so will thus establish that P;r is a polymatroid.
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ First trivial case: could have y* = x, which happens if
z(A) < f(A),YACE (ie, x € PJ}" strictly). In such case,

min (z(A) + f(E\A): ACE) (10.78)
=2(E)+min(f(E\A) —x(E\A): ACE) (10.79)
=z(E)+ min (f(A) —z(A): ACE) (10.80)
= z(F) (10.81)
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o First trivial case: could have y* = x, which happens if
2(A) < f(A),YACE (i.e, x € P} strictly). In such case,

min (z(A) + f(E\A): ACE) (10.78)
=z(E)+min(f(E\A) —xz(E\A): ACE) (10.79)
=z(E) 4+ min (f(A) —z(A): ACE) (10.80)
— 2(E) (10.81)

@ When z € P}r, y = x is clearly the solution to
max (y(E) ry<a,ye€ P;) so this is tight, and rank(z) = z(E).
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Polymatroids

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o First trivial case: could have y* = x, which happens if
2(A) < f(A),YACE (i.e, x € P} strictly). In such case,

min (z(A) + f(E\A): ACE) (10.78)
=z(E)+min(f(E\A) —xz(E\A): ACE) (10.79)
=z(E) 4+ min (f(A) —z(A): ACE) (10.80)
— 2(E) (10.81)

@ When x € ij, y = x is clearly the solution to
max (y(E) ry<uwmy€ Pf+> so this is tight, and rank(z) = z(E).

@ This is a value dependent only on z, a self basis, unique P)T—base.
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ 2nd trivial case: z(A) > f(A),YVACEFE (ie,x ¢ P;r every direction),
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A polymatroid function's polyhedron is a polymatroid.

@ 2nd trivial case: z(A) > f(A),YAC FE (i.e., z ¢ P]T every direction),
° Then for any order (a1, as,...) of the elements and
A; = (a1, a9,...,a;), we have z(a;) > f(a;) > f(ai|Ai_1), the second
inequality by submodularity.
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A polymatroid function's polyhedron is a polymatroid.

@ 2nd trivial case: z(A) > f(A),YAC FE (i.e., z ¢ P]T every direction),
@ Then for any order (aj,as,...) of the elements and
A; = (al,aQ, . .. ,CLZ‘), we have :v(al) > f(al) > f(ai|Ai,1), the second
inequality by submodularity. This gives
min (z(A) + f(E\A): ACE) (10.82)
=z(E) 4+ min (f(4A) —z(A): ACE) (10.83)

= z(E) 4+ min <Z fla;|4i=1) — Zx(ai) tAC E) (10.84)

)

— 2(E) +min | 3 (f(a,i|Ai,1) - :r(a,i)) LACE| (10.85)

Q
alf!
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Polymatroids

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Assume neither trivial case. Because y* € PJT, we have that
y*(A) < f(A) forall AC E.
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Assume neither trivial case. Because y* € P]ZF, we have that
y*(A) < f(A) for all AC E.

@ We show that the constant is given by
y*(E) = min (z(A) + f(E\ A): ACE) (10.87)
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Assume neither trivial case. Because y* € P]ZF, we have that
y*(A) < f(A) for all AC E.

@ We show that the constant is given by

y*(E) =min (z(A) + f(E\A): ACE) (10.87)

e For any PJT—basis y® of x, and any A C E, we have weak relationship:
y*(E) = y*(4) + y*(E \ 4) (10.88)
<z(A)+ f(E\ A). (10.89)

This follows since y* < x and since y* € Plf
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Polymatroids
[RERLERANN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Assume neither trivial case. Because y* € P]T, we have that
y*(A) < f(A) for all AC E.
@ We show that the constant is given by

y*(E) =min (z(A) + f(E\A): ACE) (10.87)

e For any P]T-basis y® of x, and any A C E, we have weak relationship:
y"(E) = y"(A) + y* (B \ 4) (10.88)
<z(A)+ f(E\A). (10.89)

This follows since y* < x and since y* € Plf

@ This ensures
max (2/(E) ry<z,ye€ P;r) < min (z(A)+ f(E\A): ACFE) (10.90)
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Polymatroids
[RERLERANN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Assume neither trivial case. Because y* € P]T, we have that
y*(A) < f(A) for all AC E.

@ We show that the constant is given by

y*(E) =min (z(A) + f(E\A): ACE) (10.87)

e For any P]T-basis y® of x, and any A C E, we have weak relationship:
y"(E) = y"(A) + y* (B \ 4) (10.88)
<z(A)+ f(E\A). (10.89)

This follows since y* < x and since y* € Plf

@ This ensures
max (y(E) Ly <a,y € P;) < min (z(A) + f(E\ A) : AC E) (10.90)

@ Given an A where equality in Eqn. (10.89) holds, above min result follows.
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy e P;r, call a set B C F tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B) + f(C)
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B) + f(C) =y(B) +y(C) (10.91)
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Polymatroids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B) + f(C) = y(B) +y(C) (10.91)
—y(BNC)+y(BUCO) (10.92)
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Polymatroids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B) + f(C) =y(B) +y(C) (10.91)
=y(BNC)+y(BUCO) (10.92)
<f(BNC)+ f(BUC) (10.93)
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Poly: ids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B) + f(C) = y(B) +y(C) (10.91)
=y(BN C) +y(BUC) (10.92)
<f(BNC)+ f(BUQO) (10.93)
< f(B) f(C) (10.94)
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Polymatroids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B)+ f(C) =y(B) +y(C) (10.91)
=y(BNC)+y(BUC) (10.92)
< f(BNC)+ f(BUC) (10.93)
< f(B) + f(C) (10.94)

which requires equality everywhere above.
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Poly ids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B)+ f(C) =y(B) +y(C) (10.91)
=y(BNC)+y(BUC) (10.92)
< f(BNC)+ f(BUC) (10.93)
< f(B) + f(C) (10.94)

which requires equality everywhere above.

@ Because y(A) < f(A),VA, this means y(BNC) = f(BNC) and
y(BUC) = f(BUC(C), so both also are tight.

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F58/62 (pg.190/205)



Poly ids
[RERRL NN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

@ Foranyy € P]T, call a set B C FE tight if y(B) = f(B). The union
(and intersection) of tight sets B, C is again tight, since

f(B)+ f(C) =y(B) +y(C) (10.91)
=y(BNC)+y(BUC) (10.92)
< f(BNC)+ f(BUC) (10.93)
< f(B) + f(C) (10.94)

which requires equality everywhere above.

@ Because y(A) < f(A),VA, this means y(BNC) = f(BNC) and
y(BUC) = f(BUC), so both also are tight.

@ Fory e P+ it will be ultimately useful to define this lattice family of
tight sets: D(y) = {A: AC E, y(A) = f(A)}.
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) % J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) & J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).

e Consider again a PJT—basis y”* (so maximal).
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) & J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).

o Consider again a P]T—basis y* (so maximal).

e Given a e € F, either y*(e) is cut off due to z (so y*(e) = z(e)) or e is
saturated by f, meaning it is an element of some tight set and
e € sat(y”) (since if e € T € D(y"), then e € sat(y”)).
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A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) & J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).

o Consider again a P]T—basis y* (so maximal).

o Given a e € E, either y*(e) is cut off due to x (so y*(e) = x(e)) or e is
saturated by f, meaning it is an element of some tight set and
e € sat(y”) (since if e € T € D(y"), then e € sat(y”)).

o Let £\ A =sat(y”) be the union of all such tight sets (which is also
tight, so y*(E \ A) = f(E\ A)).
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Polymatroids

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) & J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).
o Consider again a P]T—basis y* (so maximal).

o Given a e € E, either y*(e) is cut off due to x (so y*(e) = x(e)) or e is
saturated by f, meaning it is an element of some tight set and
e € sat(y”) (since if e € T € D(y"), then e € sat(y”)).

o Let £\ A =sat(y”) be the union of all such tight sets (which is also
tight, so y*(E \ A) = f(E\ A)).

@ Hence, we have

y*(B) = y*(A) +y*(E\ A) = 2(A) + f(E\ 4) (10.95)
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Polymatroids
[RERRRRRAN

A polymatroid function's polyhedron is a polymatroid.

... proof continued.

o Also, we define sat(y) & J{T : T € D(y)}, so y(sat(y)) = f(sat(y)).

o Consider again a P]T—basis y* (so maximal).

o Given a e € E, either y*(e) is cut off due to x (so y*(e) = x(e)) or e is
saturated by f, meaning it is an element of some tight set and
e € sat(y”) (since if e € T € D(y"), then e € sat(y”)).

o Let £\ A =sat(y”) be the union of all such tight sets (which is also
tight, so y*(E \ A) = f(E\ A)).

@ Hence, we have
yo(E) = y"(A) + y*(E\ A) = a(4) + f(E\ )  (10.95)

@ So we identified the A to be the elements that are non-tight, and
achieved the min, as desired. [
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Polymatroids

A polymatroid is a polymatroid function’s polytope

@ So, when f is a polymatroid function, P/,+ is a polymatroid.
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Polymatroids

A polymatroid is a polymatroid function’s polytope

@ So, when f is a polymatroid function, P;r is a polymatroid.

@ Is it the case that, conversely, for any polymatroid P, there is an
associated polymatroidal function f such that P = P]T?
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A polymatroid is a polymatroid function’s polytope

@ So, when f is a polymatroid function, Pf+ is a polymatroid.

@ Is it the case that, conversely, for any polymatroid P, there is an
associated polymatroidal function f such that P = P]T?

Theorem 10.5.2

For any polymatroid P (compact subset of R, zero containing, down-monotone, and
Va € RY any maximal independent subvector y < x has same component sum

y(E) = rank(z)), there is a polymatroid function f : 2 — R (normalized,
monotone non-decreasing, submodular) such that P = ij_ where

P]?L ={zeR” :2>0,2(4) < f(A),YAC E}.
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Tight sets D(y) are closed, and max tight set sat(y)
Recall the definition of the set of tight sets at y € Pf+:

D(y) £ {A: AC B, y(4) = f(4)) (10.96)

Theorem 10.5.3

For any y € P}, with f a polymatroid function, then D(y) is closed under
union and intersection.
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Tight sets D(y) are closed, and max tight set sat(y)
Recall the definition of the set of tight sets at y € Pf+:

D(y) £ {A: AC B, y(4) = f(4)) (10.96)

Theorem 10.5.3

For any y € P}, with f a polymatroid function, then D(y) is closed under
union and intersection.

We have already proven this as part of Theorem 10.5.1 O

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F61/62 (pg.202/205)



Tight sets D(y) are closed, and max tight set sat(y)
Recall the definition of the set of tight sets at y € Pf+:

D(y) £ {A: AC B, y(4) = f(4)) (10.96)

Theorem 10.5.3

For any y € P}, with f a polymatroid function, then D(y) is closed under
union and intersection.

We have already proven this as part of Theorem 10.5.1 O

Also recall the definition of sat(y), the maximal set of tight elements
relative to y € ]Rf.

sat(y) € (J{T: T € D(y)} (10.97)

EES563/Spring 2020/Submodularity - Lecture 10 - Nov 2nd, 2020 F61/62 (pg.203/205)



Join V and meet A for z,y € RY

e Foruz,y € Rf, define vectors x Ay € Rf and x Vy € Rf such that, for all
ec F

(xz Vy)(e) = max(z(e),y(e)) (10.98)
(& A y)(e) = mina(e), y(e)) (10.99)

Hence,

A >
i = rieq !
and similarly

TAy = (min (x(el), y(el)) , min (:17(62), y(@)), e mln
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Join V and meet A for z,y € RY

e Foruz,y € Rf, define vectors x Ay € Rf and xVy € Rf such that, for all
eckE

(x Vy)(e) = max(z(e),y(e)) (10.98)
(x Ay)(e) = min(z(e),y(e)) (10.99)

Hence,

and similarly

rVy2 (max(x(el), y(el)) , max(w(eg), y(eg)), .. ,max(x(en), y(en))>
(en) y(en>)>

TAy = (min(m(el), y(el)) ,min (93(62), y(@)) ey min(av

@ From this, we can define things like an lattices, and other constructs.
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