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Logistics
L}

Announcements

@ Reading assignments, posted to our canvas announcements page
(https://canvas.uw.edu/courses/914697/announcements):
intro.pdf, ugms.pdf on undirected graphical models, and
tree_inference.pdf on trees.

@ Homework 1 is out, due Tuesday (10/21) at 11:45pm, electronically

via our assignment dropbox
(https://canvas.uw.edu/courses/914697/assignments).
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Class Road Map - EE512a

@ L1 (9/29): Introduction, Families, o L11 (11/3):
Semantics @ L12 (11/5):
@ L2 (T10/1): MRFs, elimination, Inference @ 13 (11/10):
on frees o L14 (11/12):
@ L3 (10/6): Tree inference, message e L15 (11/17):
passing, more general queries, non-tree) o L6 (11/19):
@ L4 (10/8): Non-trees, perfect elimination,
triangulated graphs ® L17 (11/24):
@ L5 (10/13): triangulated graphs, k-trees, o L18 (11/26):
the triangulation process/heuristics @ L19 (12/1):
@ L6 (10/15): multiple queries, @ 120 (12/3):
decomposable models, junction trees @ Final Presentations: (12/10):

@ L7 (10/20): junction trees, intersection
graphs, inference on junction trees

@ L8 (10/22): o

@ L9 (10/27):

L10 (10/29):
Finals Week: Dec 8th-12th, 2014.
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Decomposition of G and Decomposable graphs

Repeat of both definitions, but on one page.

Definition 7.2.3 (Decomposition of G)

A decomposition of a graph G = (V, E) (if it exists) is a partition
(A, B,C) of V such that:
o (' separates A from B in G.

o C'is a clique.
if A and B are both non-empty, then the decomposition is called proper.

Definition 7.2.4

A graph G = (V, E) is decomposable if either: 1) G is a clique, or 2) G
possesses a proper decomposition (A, B, C) s.t. both subgraphs
G[AUC] and G[B U C] are decomposable.

Note part 2. It says possesses. Bottom of tree might affect top.
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Review

Decomposable & numerator/denominator factorization

@ Internal nodes in tree are complete graphs that
are also separators.

@ Decomposable models factor in a useful way.

e With G decomposable, any p € F(G, M) can PN
be written as a numerator/denominator of form: /\ /\
p(A,B,C,D,E,F,G,H,I,J K) I\
_ p(A,C,D,F)p(B,C,D,E,F,G,H,I,J K)
B p(C,D, F)
_ p(A,C, D, F) (p(B,C,G,H)p(C,D,E,F,H,I, J,K))
~ p(C,D,F) p(C. H)

p(A,C, D, F)p(B,G, H)p(C, B, H)p(I, E, J)p(E, I, D)p(C, K, H)p(D, K, I)p(D, K, F, C)
B p(C, D, F)p(C, H)p(B, H)p(D, Ip(E, I)p(C, K)p(D, K)
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Decomposable models

@ When d(S) > 2, separator marginal use more than once in the
denominator

@ The general form of the factorization becomes:

[eeecfo(zo)
@ [Tsesq)p(zs) &)1 (7.2)

where d(S) is theNshattering coefficient of separator S.

@ Any decomposable model can be written this way

@ 4-cycle is not decomposable. Two independence properties that can't
be used simultaneously.

p(@1, 39, 23, 74) = p(x1, 2, x4)p(21, 3, T4) _ p(x1, 22, 23)p(T2, 3, T4)
p(z1,74) p(x2,23)

(7.3)
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Decomposable models

Proposition 7.2.3

All of the maxcliques in a graph lie on the leaf nodes of the binary
decomposition tree

For a decomposable model, the base case (leaf node) is a clique,
otherwise it would not be decomposable. If a leaf was not a maxclique
(and only a clique), then that means it is contained in a maxclique, and
got split by a separator corresponding to that leaf’s parent, but this is

impossible since a maxcliques have no separator. O

Proposition 7.2.4

The (nec. unique) set of all minimal separators of graph are included in the
non-leaf nodes of the binary decomposition tree. d(S) — 1 is the number
of times the minimal separator S appears as a given non-leaf node.
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Triangulated = decomposable

A given graph G = (V| E) is triangulated iff it is decomposable.

First, recall from Lemma 4.5.6 that a graph is triangulated iff it is
decomposable. To prove the current theorem, we will first show (by
induction) that decomposability implies that the graph is triangulated).
Next, for the converse, we'll show (also by induction on n = |V]) that
every minimal separator complete in GG implies decomposable.
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Tree decomposition (definition)

Definition 7.2.3 (tree decomposition)

Given a graph G = (V, E), a tree-decomposition of a graph is a pair
({Ci:i eI}, T)where T = (I, F) is a tree with node index set I, edge
set F', and {C;}, (one for each i € I) is a collection of subsets of V(&)
such that:

Q UiciC; =V

@ for any (y,v) € E(G), there exists ¢ € I with u,v € C;

Q for an&mhe set {i € I : v € C;} forms a connected subtree of T’
—~ e e
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Cluster graphs

Definition 7.2.4 (Cluster graph)

Consider forming a new graph based on G where the new graph has
nodes that correspond to clusters in the original G, and has edges existing
between two (cluster) nodes only when the corresponding clusters have a
non-zero intersection. That is, let C(G) = {Cl,Cg, e ’C\II} = be a set
of |I] clusters of nodes V(G), where C; C V(G),i € I. Consider a new
graph J = (I, &) where each node in J corresponds to a set of nodes in
G, and where edge (i,7) € £ if C; N C; # 0. We will also use

S;j = C; N C; as notation.

So two cluster nodes have an edge between them iff there is non-zero
intersection between the nodes.
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Cluster Trees

If we relax the definition a bit (i.e., drop the requirement for an edge if
there exists intersection), and the graph is a tree, then we have what is
called a cluster tree.

Definition 7.2.4 (Cluster Tree)

Let C = {01702, e ,C’m} be a set of node clusters of graph

G = (V,E). A cluster tree is a tree T = (I, Ep) with vertices
corresponding to clusters in C and edges corresponding to pairs of clusters
C1,Cy € C. We can label each vertex in i € I by the set of graph nodes
in the corresponding cluster in G, and we label each edge (i,7) € Er by
the cluster intersection, i.e., S;; = C; N Cj.
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Cluster Intersection Property (c.i.p.)

Definition 7.2.4 (Cluster Intersection Property)

We are given a cluster tree 7 = (I,&7), and let C1, Cs be any two
clusters in the tree. Then the cluster intersection property states that
Cy N Cy C C; for all C; on the (by definition, necessarily) unique path
between Cy and C5 in the tree 7.

@ A given cluster tree might or might not have that property.

@ Example on the next few slides.

O/f’_*’
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Running Intersection Property (r.i.p.)

Definition 7.2.4 (Running Intersection Property (r.i.p.))

Let C4,Cq,...,Cy be an ordered sequence of subsets of V(G). Then the
ordering obeys the running intersection property (r.i.p.) property if for all
i > 1, there exists j < i such that C; N (Ug<;Ck) = C; N Cj.

o Cluster j acts as a representative for all of i's history.

@ r.i.p. is defined in terms of clusters of nodes in a graph.

@ r.i.p. holds on an (unordered) set of clusters if such an ordering can be
found.
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Running Intersection Property (r.i.p.)

Given sequence of clusters C7,Co, ..., Cy. Define the history
(accumulation) of sequence at position i:

H,=CiuCyU---UC,;. (7.2)

Innovation (residual) or new nodes in C; not encountered in the previous
history, as:
R;=C;\ H;y_1. (7.3)

Lastly, define the non-innovation, commonality, or separation elements
between new and previous history:

Si=CiNH;_ (7.4)

Note C; = R; U S;, i'" cluster consists of the innovation R; and the
commonality S;.
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Running Intersection Property (r.i.p.)

Clusters are in r.i.p. order if the commonality S; between new and history

is fully contained in one element of history. l.e., there exists an j < ¢ such
that S; C Cj.

Prof. Jeff Bilmes
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Junction Trees
(ERNRARRERRRRANRAN RN

Example: c.i.p. ana r.i.p.

ABD BD BDF
- P

Example of a set of node clusters (within the cloud-like shapes) arranged
in a tree that satisfies the r.i.p. and also the cluster intersection property.
The intersections between neighboring node clusters are shown in the
figure as square boxes. Consider the path or

{B,E,H}n{B,D,F} ={B}.
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Junction Trees
(LNANRARNARRNARNRARRANNERRN]

First Two Properties: c.i.p. = r.i.p

The cluster intersection and running intersection properties are identical.

Proof.

Starting with clusters in r.i.p. order, construct cluster tree by connecting

each 7 to its corresponding j node. This is a tree. Also, take any pair
C; and assume w.l.o0.g. th < 4 and hence C} € H;_1. Then

Note that C; is one node closer to Cj,

but with pair Cy, C; (if k < j) or
C;, Cy (Ifj < k) which decreases the path by one edge until we get
adjacent clusters. This shows c.i.p.
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Junction Trees
(L RNRARNARRNARNRARNANNERRN]

First Two Properties: c.i.p. = r.i.p

... proof of Theorem 7.3.1.

()
Conversely, perform a tree traversal o o\s
(depth or breadth first search) on
. & © ON&
cluster tree to produce node ordering.
@ © © ©

Then by c.i.p., for any i in that order, and any k£ <4, C; N C}, C Cj for
any j on the unique path between k and . In particular, C; N Cy, C C,
for j < i being i's neighbor in the tree. Then |J,_,;(C; N W
implying C; N U, Cr € C; and so C; N U, Cr € C; N Cj. On the
other hand, we always have that C; N C; C C; N Uk<i C'%, and the two

together give us r.i.p. S '
I L, ~
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Junction Trees
(RRLRRRRRNRRNRRRRRRNRRRAR RN

Induced sub-tree property (i.s.p.)

Definition 7.3.2 (Induced Sub-tree Property)

Given a cluster tree T for graph G, the induced sub-tree property holds
for T if for all v € V, the set of clusters C' € C such that v € C induces a

sub-tree T (v) of T.

Note, by definition the sub-tree is necessarily connected.
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Junction Trees
(NRAR NRRNARRNARNRARNANNERRN]

Three properties

Induced sub-tree property holds iff cluster intersection property holds

and Cj in T.
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Junction Trees
(NRAR NRRNARRNARNRARNANNERRN]

Three properties

Induced sub-tree property holds iff cluster intersection property holds

Proof

Assume induced subtree holds. For any pair C;, C;, every v € C; N C}; induces a
sub-tree of 7, and all of these sub-trees overlap on the unique path between C;
and Cj in T.

Conversely, assume c.i.p. holds. For a v € V/, consider all clusters that contain v,

C(v) = {C € C: v € C}. For any pair C;,C; € C(v), we have that

v € C; NC; C O for any Cy, on the unique path between C; and C;. Hence, v
always exists on each of these paths. These paths, unioned together, cannot
form a cycle (since they are paths on a tree). Moreover, these paths unioned

together form a tree (they're connected). /b /O
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Junction Trees
(NRAR NRRNARRNARNRARNANNERRN]

Three properties

Induced sub-tree property holds iff cluster intersection property holds

Proof

Assume induced subtree holds. For any pair C;, C;, every v € C; N C}; induces a

sub-tree of 7, and all of these sub-trees overlap on the unique path between C;

and Cj in T.

Conversely, assume c.i.p. holds. For a v € V, consider all clusters that contain v,
C(v) ={C € C:v e C}. For any pair C;,C; € C(v), we have that

v e C;NC; C O for any Ci on the unique path between C; and C;. Hence, v

always exists on each of these paths. These paths, unioned together, cannot

form a cycle (since they are paths on a tree). Moreover, these paths unioned

together form a tree (they're connected).

Thus, 1) c.i.p., 2) r.i.p., and 3) the induced sub-tree property are all
identical. We'll henceforth refer them collectively as r.i.p.
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Junction Trees
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Tree decomposition and r.i.p.

Recall the definition of tree decomposition from the previous lecture,
repeated again on the next slide.
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Junction Trees
(NNANRA RNARRNRRNRARNANNERRN]

Tree decomposition (definition)

Definition 7.3.3 (tree decomposition)

Given a graph G = (V, E), a tree-decomposition of a graph is a pair
({Ci:ie I}, T) whereT = (I, F) is a tree with node index set I, edge

set F', and {C;}, (one for each i € I) is a collection of subsets of V(&)
such that:

Q UiciCi =V
Q for any (u,v) € E(G), there exists i € I with u,v € C;
Q forany v € V, theset {i € I : v € C;} forms a connected subtree of T’
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Junction Trees
(RRRRARY ARRRNRRRRRRNRRRARRN

Tree decomposition and r.i.p.

Hence, we see that we see that a tree decomposition (when it exists) is
just a cluster tree that satisfies (what we now know to be the) induced
sub-tree property (e.g., r.i.p. and c.i.p. as well). l.e., property (3) is r.i.p.
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Junction Trees
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Recap

e We want all original graph (o.g.) clique marginals. Why?
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

@ Finding optimal elimination order is optimal for all o.g. clique
marginals.
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

e Finding optimal elimination order is optimal for all o.g. clique
marginals.

@ Def: decomposition of a graph, and factorization implication.

Prof. Jeff Bilmes
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

e Finding optimal elimination order is optimal for all o.g. clique
marginals.

o Def: decomposition of a graph, and factorization implication.

@ Def: decomposable graph, and decomposition tree
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

e Finding optimal elimination order is optimal for all o.g. clique
marginals.

o Def: decomposition of a graph, and factorization implication.
@ Def: decomposable graph, and decomposition tree

@ Thm: triangulated graph = decomposable graph
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

Finding optimal elimination order is optimal for all o.g. clique
marginals.

Def: decomposition of a graph, and factorization implication.
Def: decomposable graph, and decomposition tree

Thm: triangulated graph = decomposable graph

Def: tree decomposition (vertex and edge cover, and induced
sub-tree).
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

Finding optimal elimination order is optimal for all o.g. clique
marginals.

Def: decomposition of a graph, and factorization implication.
Def: decomposable graph, and decomposition tree

Thm: triangulated graph = decomposable graph

Def: tree decomposition (vertex and edge cover, and induced
sub-tree).

@ Def: cluster graph, cluster tree, based only on o.g. nodes, not o.g.
edges. Edges in cluster graph cluster tree via cluster intersection.
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

We want all original graph (o0.g.) clique marginals. Why?

Finding optimal elimination order is optimal for all o.g. clique
marginals.

Def: decomposition of a graph, and factorization implication.
Def: decomposable graph, and decomposition tree
Thm: triangulated graph = decomposable graph

Def: tree decomposition (vertex and edge cover, and induced
sub-tree).

Def: cluster graph, cluster tree, based only on o.g. nodes, not o.g.
edges. Edges in cluster graph cluster tree via cluster intersection.

Def: cluster intersection property, running intersection property,
induced sub-tree property, r.i.p.
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Junction Trees
(RRRRRRRY ARRNRRRRRRNRRRARRA

Recap

e We want all original graph (o.g.) clique marginals. Why?

Finding optimal elimination order is optimal for all o.g. clique
marginals.

Def: decomposition of a graph, and factorization implication.
Def: decomposable graph, and decomposition tree

Thm: triangulated graph = decomposable graph

Def: tree decomposition (vertex and edge cover, and induced
sub-tree).

o Def: cluster graph, cluster tree, based only on 0.g. nodes, not o.g.
edges. Edges in cluster graph cluster tree via cluster intersection.

@ Def: cluster intersection property, running intersection property,
induced sub-tree property, r.i.p.

@ Next def: Junction tree, cluster tree with r.i.p. and edge cover.
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Junction Trees
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Junction Tree

Definition 7.3.4

Given a graph G = (V, E), a junction tree corresponding to G (if it
exists) is a cluster tree 7 = (C, Er) having the r.i.p. over the clusters,
and where any nodes u, v adjacent via edge (u,v) € E(G) are together in
at least one cluster.
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Junction Trees
(RERRRRRNR ARNRRRRRRNRRRARRN

Junction Tree

Definition 7.3.4

Given a graph G = (V, E), a junction tree corresponding to G (if it
exists) is a cluster tree 7 = (C, Er) having the r.i.p. over the clusters,
and where any nodes u, v adjacent via edge (u,v) € E(G) are together in
at least one cluster.

@ So, junction tree (JT), for a given graph G, is a cluster tree that: 1)
satisfies r.i.p. over the clusters, and 2) includes all edges (edge cover).
Not all r.i.p.-satisfying cluster trees need be an edge cover.
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Junction Trees
(RERRRRRNR ARNRRRRRRNRRRARRN

Junction Tree

Definition 7.3.4

Given a graph G = (V, E), a junction tree corresponding to G (if it
exists) is a cluster tree 7 = (C, Er) having the r.i.p. over the clusters,
and where any nodes u, v adjacent via edge (u,v) € E(G) are together in
at least one cluster.

@ So, junction tree (JT), for a given graph G, is a cluster tree that: 1)
satisfies r.i.p. over the clusters, and 2) includes all edges (edge cover).
Not all r.i.p.-satisfying cluster trees need be an edge cover.

@ Clusters in JT need not be original graph cliques!!
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Junction Trees
(RERRRRRNR ARNRRRRRRNRRRARRN

Junction Tree

Definition 7.3.4

Given a graph G = (V, E), a junction tree corresponding to G (if it
exists) is a cluster tree 7 = (C, Er) having the r.i.p. over the clusters,
and where any nodes u, v adjacent via edge (u,v) € E(G) are together in
at least one cluster.

@ So, junction tree (JT), for a given graph G, is a cluster tree that: 1)
satisfies r.i.p. over the clusters, and 2) includes all edges (edge cover).
Not all r.i.p.-satisfying cluster trees need be an edge cover.

@ Clusters in JT need not be original graph cliques!!

@ JT could have clusters corresponding to cliques, maxcliques, or neither
of the above.
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Junction Trees
(RERRRRRNR ARNRRRRRRNRRRARRN

Junction Tree

Definition 7.3.4
Given a graph G = (V, E), a junction tree corresponding to G (if it
exists) is a cluster tree 7 = (C, Er) having the r.i.p. over the clusters,

and where any nodes u, v adjacent via edge (u,v) € E(G) are together in
at least one cluster.

@ So, junction tree (JT), for a given graph G, is a cluster tree that: 1)
satisfies r.i.p. over the clusters, and 2) includes all edges (edge cover).
Not all r.i.p.-satisfying cluster trees need be an edge cover.

@ Clusters in JT need not be original graph cliques!!

@ JT could have clusters corresponding to cliques, maxcliques, or neither

of the above. -

S

o If clusters correspond to the original graph cliques (resp. maxcliques)
in G, it called a junction tree of cliques (resp. maxcliques).
i

C—
———
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Examples junction trees and not

ory B Lo

Questions to answer:
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Examples junction trees and not

ory B Lo
&

Questions to answer: n 0 h D

o cluster graph?
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Junction Trees
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Examples junction trees and not

Questions to answer:

@ cluster graph? N\ ej

@ cluster tree?
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Examples junction trees and not

Questions to answer:
@ cluster graph?

@ cluster tree? w O

@ Junction tree?
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Examples junction trees and not

Questions to answer:
@ cluster graph?
cluster tree?

: Junction tree? V" 0 7/€J

Junction tree of cliques?
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Examples junction trees and not

Questions to answer:

@ cluster graph?

o cluster tree? FJ
@ Junction tree? ’
@ Junction tree of cliques?

@ Junction tree of maxcliques?
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Questions to answer:
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o cluster tree? \//')
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Examples junction trees and not

Questions to answer:

@ cluster graph?

o cluster tree? V) l’ n |)

@ Junction tree?

Prof. Jeff Bilmes EE512a/Fall 2014 /Graphical Models - Lecture 7 - Oct 20th, 2014 F27/72 (pg.49/173)



Junction Trees
(RRRRRRRRNNR NRRRRRRNRRRARRN

Examples junction trees and not

Questions to answer:
@ cluster graph?

@ cluster tree?

@ Junction tree?

@ Junction tree of cliques?
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Examples junction trees and not

Questions to answer:
@ cluster graph?
cluster tree?
Junction tree?

o
o
@ Junction tree of cliques? v) l)
o

Junction tree of maxclique
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Examples junction trees and not

Questions to answer:
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Examples junction trees and not

Questions to answer:

@ cluster graph?
@ cluster tree? 7£ {_ §
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Examples junction trees and not

Questions to answer:
@ cluster graph?

@ cluster tree?
@ Junction tree? elf
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Examples junction trees and not

Questions to answer:
@ cluster graph?
o cluster tree?
@ Junction tree?
@ Junction tree of cliques?
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Examples junction trees and not

Questions to answer:
@ cluster graph?
o cluster tree?
@ Junction tree?
@ Junction tree of cliques?
@ Junction tree of maxcliques?
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Examples junction trees and not

Questions to answer:
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Examples junction trees and not

Questions to answer:

@ cluster graph?
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Examples junction trees and not

Questions to answer:
@ cluster graph?

@ cluster tree? '7' ‘LJ
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Examples junction trees and not

Questions to answer:
@ cluster graph?
@ cluster tree?
@ Junction tree?
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Examples junction trees and not

Questions to answer:
@ cluster graph?
@ cluster tree?

@ Junction tree? J
@ Junction tree of cquues?»[ £
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Examples junction trees and not

Questions to answer:
@ cluster graph?
o cluster tree?
@ Junction tree?
@ Junction tree of cliques?
@ Junction tree of maxcliques? u
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Examples junction trees and not

CDF

BCH  cpgx  ACDF  CDFK

Tree of cliques for above graph. Does r.i.p. hold? JT? JT of cliques? JT
of maxcliques?
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Junction Tree Preserving Operations

Lemma 7.3.5

Given a junction tree, form a new cluster tree as follows. For each cluster
C' in the JT, choose an order of nodes within C, say ci,ca,...,cr, and
hang a chain of clusters off of C' consisting of C'\ {c1} hangmg from C,
C\ {c1,c2} hanging from C \ {c1}, C'\ {c1, ca anging from

C'\ {c1,c2}, and so on. Then the resultingfefister graph is/4 cluster tree,

and moreover it is still junction tree.
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Junction Tree Preserving Operations

Lemma 7.3.5
Given a junction tree, form a new cluster tree as follows. For each cluster
C' in the JT, choose an order of nodes within C, say ci,ca,...,cr, and

hang a chain of clusters off of C' consisting of C'\ {c1} hanging from C,
C \ {c1,c2} hanging from C \ {c1}, C\ {c1, c2,c3} hanging from

C'\ {c1,c2}, and so on. Then the resulting cluster graph is a cluster tree,
and moreover it is still junction tree.

Lemma 7.3.6

Given a junction tree, where (C;,C;) are neighboring clusters in the tree,
we can merge these two clusters forming a new cluster C;; = C; U C},

and where the neighbors of C;; are the set of neighbors of either C; ”
Cj. Then the resulting structure is still junction tree. or
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Junction Tree Preserving Operations

Lemma 7.3.5
Given a junction tree, form a new cluster tree as follows. For each cluster
C' in the JT, choose an order of nodes within C, say ci,ca,...,cr, and

hang a chain of clusters off of C' consisting of C'\ {c1} hanging from C,
C \ {c1,ca2} hanging from C \ {c1}, C\ {c1, c2,c3} hanging from

C'\ {c1,c2}, and so on. Then the resulting cluster graph is a cluster tree,
and moreover it is still junction tree.

Lemma 7.3.6

Given a junction tree, where (C;,C;) are neighboring clusters in the tree,
we can merge these two clusters forming a new cluster C;; = C; U C},
and where the neighbors of C;; are the set of neighbors of either C; and
Cj. Then the resulting structure is still junction tree.

If we keep doing the latter, we'll end up with one complete graph.
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Key theorem: JT of maxcliques = triangulated graphs

Theorem 7.3.7

A graph G = (V, E) is decomposable iff a junction tree of maxcliques for
G exists.

\

Proof.

a junction tree exists < decomposable: Induction on the number of
maxcliques. If G has one maxclique, it is both a junction tree and
decomposable. Assume true for < k maxcliques and show it for k + 1.
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Junction tree of maxcliques = triangulated graphs

JT of maxcliques implies Decomposable

... proof continued.

a junction tree exists = decomposable: Let T be a junction tree of
maxcliques C, and let C1,C5 be adjacent in 7. The edge C7,C5 in the
tree separates 7 into two sub-trees 77 and 7a, with V; being the nodes in
Ti, G; = G[V;] being the subgraph of G corresponding to 7;, and C; being
the set of maxcliques in 7;, for i = 1,2. Thus V(G) = V1 U V3, and

C = C1 UCy. Note that C1 NCy = 0. We also let S = V; N V5 which is the
intersection of all the nodes in each of the two trees.

C 1 C’2
Tree 7; with nodes V; forming Tree 75 with nodes V5 forming
graph Gi = G[Vi] and max- graph Gy = G[V5] and max-
cliques C;. cliques Cs.
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Junction tree of maxcliques = triangulated graphs

JT of maxcliques implies Decomposable

... proof continued.

Also, the nodes in 7; are maxcliques in G; and 7; is a junction tree for G;
since r.i.p. still holds in the subtrees of a junction tree. Therefore, by
induction, GG; is decomposable. To show that G is decomposable, we need
to show that: 1) S = Vi N V4 is complete, and 2) that S separates
G[V1\ S] from G[V2 \ S].

If v € S, then for each G; (i = 1,2), there exists a clique C] with v € C/,
and the path in 7 joining C] and C¥, passes through both C and Cs.
Because of the r.i.p., we thus have that v € C; and v € (5 and so

v € C1 N Cy. This means that V4 N Vy C C1 N Cy. But C; C V; since C;
is a clique in the corresponding tree 7;. Therefore

CiNCy CViNVy=S§, sothat S = C7; NCy. This means that S
contains all nodes that are common among the two subgraphs and
moreover that S is complete as desired.

Prof. Jeff Bilmes EE512a/Fall 2014 /Graphical Models - Lecture 7 - Oct 20th, 2014 F34/72 (pg.70/173)



Junction Trees
(NNANRARNARRNARNRARE RRRERRN]

Junction tree of maxcliques = triangulated graphs

JT of maxcliques implies Decomposable

... proof continued.

Next, to show that S is a separator, we take u € V1 \ S and v € Vo \ S
(note that such choices mean u ¢ V5 and v ¢ V; due to the commonality
property of S). Suppose the contrary that S does not separate V; from
V5, which means there exists a path u, w1, wo, ..., w, v for the given u, v
with w; &€ S for all 4. Therefore, there is a clique C' € C containing the
set {u,w1}. We must have C' ¢ Cs since u € Va, which means C' € C; or
C C Vj implying that w; € Vi and moreover that w; € V1 \ S. We repeat
this argument with w; taking the place of u and wy taking the place of
w1y in the path, and so on until we end up with v € V7 \ S which is a
contradiction. Therefore, S must separate V; from V5. We have thus
formed a decomposition of G as (V1 \ S, V2 \ S,S) and since G; is
decomposable (by induction), we have that G is decomposable.
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Junction tree of maxcliques = triangulated graphs

Decomposable implies JT of maxcliques

... proof continued.

decomposable = a junction tree exists: Since G is decomposable, let
(W7, W, S) be a proper decomposition of G into decomposable subsets
G1 = G[V4] and Gy = G[V,] with V; = W; U S. By induction, since G;
and GG are decomposable, there exits a junction tree 77 and 7>
corresponding to maxcliques in G; and (5. Since this is a decomposition,
with separator S, we can form all maxcliques C = C; U Cy with C;
maxcliques of V; for tree 7;. Choose C7 € C; and C5 € Cy such that

S C (1 and S C (s which is possible since S is complete, and must be
contained in some maxclique in both 77 and 75. We form a new tree 7
by linking C7 € T; with Cy € T5. We need next to ensure that this new
junction tree satisfies r.i.p.
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Junction tree of maxcliques = triangulated graphs

Decomposable implies JT of maxcliques

... proof continued.

Let v € V. If v &€ V3, then all cliques containing v are in C; and those
cliques form a connected tree by the junction tree property since 77 is a
junction tree. The same is true if v ¢ V;. Otherwise, if v € S (meaning
that v € V4 N V2), then the cliques in C; containing v are connected in 7;
including C; for ¢ = 1,2. But by forming 7 by connecting C7 andC5, and
since v is arbitrary, we have retained the junction tree property. Thus, 7
is a junction tree.

Ol
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Cliques or Maxcliques

Lemma 7.3.8

A junction tree of maxcliques for graph G = (V, E) exists iff a junction
tree of cliques for graph G = (V, E) exists.
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Cliques or Maxcliques

Lemma 7.3.8

A junction tree of maxcliques for graph G = (V, E) exists iff a junction
tree of cliques for graph G = (V, E) exists.

o How can we get from one to the other? E )(,(/\U“(_
- (). 0V Mrern JT ofF

}zvu CM+I‘”\4 beﬂl m:-(!"')
W‘m\'cl:fv;

Prof. Jeff Bilmes

EE512a/Fall 2014 /Graphical Models - Lecture 7 - Oct 20th, 2014

F38/72 (pg.75/173)



Junction Trees
(RRRRRRRRANRRNRRRRRRNRRR NRRN

Cliques or Maxcliques

Lemma 7.3.8

A junction tree of maxcliques for graph G = (V, E) exists iff a junction
tree of cliques for graph G = (V, E) exists.

@ How can we get from one to the other?
Since decomposable is same as triangulated:

Corollary 7.3.9
A graph G is triangulated iff a junction tree of cliques for G exists.
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How to build a junction tree

@ Maximum cardinality search algorithm can do this. If graph is
triangulated, it produces a list of cliques in r.i.p. order.
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Maximum Cardinality Search with maxclique order

Algorithm 1: Maximum Cardinality Search: Determines if a graph G is triangulated.
Input: An undirected graph G = (V, E) with n = |V|.
Result: is triangulated?, if so MCS ordering o = (v1,...,v,), and maxcliques in r.i.p.
order.
1 L+0;i1;C«0;
2 while [V \ L| > 0 do

3 Choose v; € argmax, ey, [6(u) i /™ v;’s previously labeled neighbors has max
cardinality. */

4 ci < 0(v;))NL; /* ¢; is v;’s neighbors in the reverse elimination order. */

5 if {v;}U¢ IS not complete in G then

jangulated” ;
/* Append the next maxclique to list C. */

/* Append the last maxclique to list C. */

12 return ‘“triangulated”, the ordering o, and the set of maxcliques C which are in r.i.p.
order.
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1
2
3

-

2

Maximum Cardinality Search with maxclique order

Algorithm 2: Maximum Cardinality Search: Determines if a graph G is triangulated.

Input: An undirected graph G = (V, E) with n = |V].

Result: is triangulated?, if so MCS ordering o = (v1,...,v,), and maxcliques in r.i.p.
order.

L+0;i+1;C+0;

while [V'\ L| > 0 do

Choose v; € argmax, ey, [6(w) N L

i /™ v;’s previously labeled neighbors has max
cardinality. */
ci < 0(v)NL; /* ¢; is v;’s neighbors in the reverse elimination order. */
if {v;} Uc; is not complete in G then

| return “not triangulated” ;

/* Append the next maxclique to list C. */

/* Append the last maxclique to list C. */

return “triangulated”, the ordering o, and the set of maxcliques C which are in r.i.p.
order.
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How to build a junction tree

@ Alternatively, we can construct the maxcliques in any form (say by
running elimination) and find a maximal spanning tree over the
edge-weighted cluster graph, where clusters correspond to maxcliques,
and edge weights correspond e=gize of the intersection of the two
adjacent maxcliques.

\

2
/
— D
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How to build a junction tree

o Alternatively, we can construct the maxcliques in any form (say by
running elimination) and find a maximal spanning tree over the
edge-weighted cluster graph, where clusters correspond to maxcliques,
and edge weights correspond to the size of the intersection of the two
adjacent maxcliques.

@ Prim'’s algorithm can run in O(|E| + |V|log|V]|), much better than
|V'|? for sparse graphs.
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How to build a junction tree

o Alternatively, we can construct the maxcliques in any form (say by
running elimination) and find a maximal spanning tree over the
edge-weighted cluster graph, where clusters correspond to maxcliques,
and edge weights correspond to the size of the intersection of the two
adjacent maxcliques.

e Prim’s algorithm can run in O(|E| + |V|log |V'|), much better than
|V |? for sparse graphs.

Theorem 7.3.10

A tree of maxcliques T is a junction tree iff it is a maximum spanning
tree on the maxclique graph, with edge weights set according to the
cardinality of the separator between the two maxcliques.
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How to build a junction tree

o Alternatively, we can construct the maxcliques in any form (say by
running elimination) and find a maximal spanning tree over the
edge-weighted cluster graph, where clusters correspond to maxcliques,
and edge weights correspond to the size of the intersection of the two
adjacent maxcliques.

e Prim’s algorithm can run in O(|E| + |V|log |V'|), much better than
|V |? for sparse graphs.

Theorem 7.3.10

A tree of maxcliques T is a junction tree iff it is a maximum spanning
tree on the maxclique graph, with edge weights set according to the
cardinality of the separator between the two maxcliques.

@ Note: graph must be triangulated. l.e., maximum spanning tree of a
cluster graph where the clusters are maxcliques but the graph is not
triangulated will clearly not produce a junction tree.
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Other aspects of JTs

@ There can be multiple JTs for a given triangulated graph (e.g.,
consider any graph where d(S) > 3 for some separator S).
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Other aspects of JTs

@ There can be multiple JTs for a given triangulated graph (e.g.,
consider any graph where d(S) > 3 for some separator S).

@ JTs are not binary decomposition trees (BDTs), but they are related.
Leaf nodes of BDTs correspond to nodes in a JT of maxcliques.
Non-leaf nodes in a BDTs may correspond to edges in a JT.
Therefore, edges in a JT may correspond to all minimal separators in
triangulated graph G’ but also might not (e.g.,

{ABC} —{BCD} — {CDE} with {BCD} repeated).

M%@(@?}
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Other aspects of JTs

@ There can be multiple JTs for a given triangulated graph (e.g.,
consider any graph where d(S) > 3 for some separator S).

@ JTs are not binary decomposition trees (BDTs), but they are related.
Leaf nodes of BDTs correspond to nodes in a JT of maxcliques.
Non-leaf nodes in a BDTs may correspond to edges in a JT.
Therefore, edges in a JT may correspond to all minimal separators in
triangulated graph G’ but also might not (e.g.,

{ABC} — {BCD} — {CDE} with {BCD} repeated).

@ Set of maxcliques is unique in a triangulated graph. Set of minimal

separators is unique in a triangulated graph.
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Other aspects of JTs

@ There can be multiple JTs for a given triangulated graph (e.g.,
consider any graph where d(S) > 3 for some separator S).

@ JTs are not binary decomposition trees (BDTs), but they are related.
Leaf nodes of BDTs correspond to nodes in a JT of maxcliques.
Non-leaf nodes in a BDTs may correspond to edges in a JT.
Therefore, edges in a JT may correspond to all minimal separators in
triangulated graph G’ but also might not (e.g.,

{ABC} — {BCD} — {CDE} with {BCD} repeated).

@ Set of maxcliques is unique in a triangulated graph. Set of minimal

separators is unique in a triangulated graph.

@ Again, JT can be over not just maxcliques. JT can exist over all
cliques, or over some cliques (if they contain all maxcliques)
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Other aspects of JTs

@ There can be multiple JTs for a given triangulated graph (e.g.,
consider any graph where d(S) > 3 for some separator S).

@ JTs are not binary decomposition trees (BDTs), but they are related.
Leaf nodes of BDTs correspond to nodes in a JT of maxcliques.
Non-leaf nodes in a BDTs may correspond to edges in a JT.
Therefore, edges in a JT may correspond to all minimal separators in
triangulated graph G’ but also might not (e.g.,

{ABC} — {BCD} — {CDE} with {BCD} repeated).

@ Set of maxcliques is unique in a triangulated graph. Set of minimal

separators is unique in a triangulated graph.

@ Again, JT can be over not just maxcliques. JT can exist over all
cliques, or over some cliques (if they contain all maxcliques)

o Different JTs of maxcliques always has same set of nodes and
separators, just different configurations.
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Intersection Graphs

@ We're next going to look at seemingly very different way to view
triangulated graphs and junction trees, based on intersection graph
theory.
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Intersection Graphs

@ We're next going to look at seemingly very different way to view
triangulated graphs and junction trees, based on intersection graph
theory.

@ We'll see that triangulated graphs are identical to a type of
intersection graph, where the underlying object is a tree (furthering
our connection to trees).
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Intersection Graphs
[ERRNARRRNANN]

Intersection Graphs

@ We're next going to look at seemingly very different way to view
triangulated graphs and junction trees, based on intersection graph
theory.

o We'll see that triangulated graphs are identical to a type of
intersection graph, where the underlying object is a tree (furthering
our connection to trees).

@ first, lets talk a bit about terminology.
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)

@ Vertex cover - vertices must cover the edges (edge vertex cover)
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)
@ \ertex cover - vertices must cover the edges (edge vertex cover)

@ Edge cover - edges must cover the vertices (vertex edge cover)
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)

Vertex cover - vertices must cover the edges (edge vertex cover)

Edge cover - edges must cover the vertices (vertex edge cover)

clique cover - cliques cover the edges (edge clique cover)
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)

Vertex cover - vertices must cover the edges (edge vertex cover)
Edge cover - edges must cover the vertices (vertex edge cover)

clique cover - cliques cover the edges (edge clique cover)

The nodes of a junction tree of cliques (or maxcliques) constitute an
edge clique cover for triangulated graph G’ — start with set of nodes
V = UcecC. Add edge between u,v € V if exists a C' € C such that
u,v € C.
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Intersection Graphs
(RERNRARNRANE]

Covers (in general) and Edge Clique Covers

@ Set cover - sets must cover the ground/universal set (ground set
cover)

Vertex cover - vertices must cover the edges (edge vertex cover)
Edge cover - edges must cover the vertices (vertex edge cover)

clique cover - cliques cover the edges (edge clique cover)

The nodes of a junction tree of cliques (or maxcliques) constitute an
edge clique cover for triangulated graph G’ — start with set of nodes
V =UgecC. Add edge between u,v € V if exists a C' € C such that
u,v € C.

e Going from G’ to JT and back to the graph yields the same graph.
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Intersection Graphs
(R RNRARNRANE]

Intersection Graphs

Definition 7.4.1 (Intersection Graph)
An intersection graph is @ graph G = (V, E) where each vertex v € V(G)
(u, )

corresponds to a set Uyand each edge (u,v) € E(G) exists only if

U,NU, # 0.
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Intersection Graphs
(R ANRARNRANN]

Intersection Graphs

Definition 7.4.1 (Intersection Graph)
An intersection graph is a graph G = (V, E') where each vertex v € V(G)
corresponds to a set U, and each edge (u,v) € E(G) exists only if

U, NU, # 0.

@ some underlying set of objects U and a multiset of subsets of U of
the form U = {U1,Us,...,U,} with U; C U — might have some i, j

where U; = Uj.
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Intersection Graphs
(R ANRARNRANN]

Intersection Graphs

Definition 7.4.1 (Intersection Graph)

An intersection graph is a graph G = (V, E') where each vertex v € V(G)
corresponds to a set U, and each edge (u,v) € E(G) exists only if
U.NU, # 0.

@ some underlying set of objects U and a multiset of subsets of U of
the form U = {U1,Us,...,U,} with U; C U — might have some i, j
where U; = Uj.

Theorem 7.4.2
Every graph is an intersection graph.
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Intersection Graphs
(R ANRARNRANN]

Intersection Graphs

Definition 7.4.1 (Intersection Graph)

An intersection graph is a graph G = (V, E) where each vertex v € V(G)
corresponds to a set U, and each edge (u,v) € E(G) exists only if
U,NU, #0.

@ some underlying set of objects U and a multiset of subsets of U of
the form U = {U1,Us,...,U,} with U; C U — might have some i, j
where U; = Uj.

Theorem 7.4.2
Every graph is an intersection graph.

This can be seen informally by consider an arbitrary graph, create a U; for
every node, and construct the subsets so that the edges will exist when
taking intersection.
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Intersection Graphs
(NRL ARARNRANE]

Interval Graphs (a type of intersection graph)

@ Interval graphs are intersection graphs where the subsets are
intervals/segments [a,b] in R
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Intersection Graphs
(NRL ARARNRANE]

Interval Graphs (a type of intersection graph)

@ Interval graphs are intersection graphs where the subsets are
intervals/segments [a,b] in R

@ Any graph that can be constructed this way is an interval graph
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Intersection Graphs
(NRL ARARNRANE]

Interval Graphs (a type of intersection graph)

@ Interval graphs are intersection graphs where the subsets are
intervals/segments [a,b] in R

@ Any graph that can be constructed this way is an interval graph

4 p-C ¢ 4 b
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Intersection Graphs
(NRL ARARNRANE]

Interval Graphs (a type of intersection graph)

@ Interval graphs are intersection graphs where the subsets are
intervals/segments [a,b] in R

@ Any graph that can be constructed this way is an interval graph

A p-Cd a_—b—_,

C

@ Are all graphs interval graphs?
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Intersection Graphs
(NRL ARARNRANE]

Interval Graphs (a type of intersection graph)

@ Interval graphs are intersection graphs where the subsets are
intervals/segments [a,b] in R

@ Any graph that can be constructed this way is an interval graph

A p-Cd a_—b—_,

C

@ Are all graphs interval graphs? 4-cycle
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Intersection Graphs
(NERT NRRNRANN]

Interval Graphs

Theorem 7.4.3
All Interval Graphs are triangulated.

proof sketch.

Given interval graph G = (V, E), consider any cycle

U, w1, wa, . .., wg,v,u € V(G). Cycle must go (w.l.0.g.) forward and then
backwards along the line in order to connect back to u, so there must be
a chord between some non-adjacent nodes (since they will overlap). [

Are all triangulated graphs interval
graphs?
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Intersection Graphs
(NERT NRRNRANN]

Interval Graphs

—

Theorem 7.4.3
All Interval Graphs are triangulated.

proof sketch.

Given interval graph G = (V, E), consider any cycle

U, w1, wa, . .., wg,v,u € V(G). Cycle must go (w.l.0.g.) forward and then
backwards along the line in order to connect back to u, so there must be
a chord between some non-adjacent nodes (since they will overlap). [

Are all triangulated graphs interval
graphs? No, consider spider graph
(elongated star graph).
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Intersection Graphs
(NERT NRRNRANN]

Interval Graphs

—

Theorem 7.4.3
All Interval Graphs are triangulated.

proof sketch.

Given interval graph G = (V, E), consider any cycle

U, w1, wa, . .., wg,v,u € V(G). Cycle must go (w.l.0.g.) forward and then
backwards along the line in order to connect back to u, so there must be
a chord between some non-adjacent nodes (since they will overlap). [

Are all triangulated graphs interval
graphs? No, consider spider graph
(elongated star graph).

Prof. Jeff Bilmes



Intersection Graphs
(NERNR ARNRANN]

Sub-tree intersection Graphs

@ Given underlying tree, create intersection graph, where subsets are
(nec. connected) subtrees of some “ground” tree.
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Intersection Graphs
(NERNR ARNRANN]

Sub-tree intersection Graphs

@ Given underlying tree, create intersection graph, where subsets are
(nec. connected) subtrees of some “ground” tree.

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.
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Intersection Graphs
(NERNR ARNRANN]

Sub-tree intersection Graphs

@ Given underlying tree, create intersection graph, where subsets are
(nec. connected) subtrees of some “ground” tree.

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.
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Intersection Graphs
(NERNR ARNRANN]

Sub-tree intersection Graphs

@ Given underlying tree, create intersection graph, where subsets are
(nec. connected) subtrees of some “ground” tree.

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.
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Intersection Graphs
(NERNR ARNRANN]

Sub-tree intersection Graphs

@ Given underlying tree, create intersection graph, where subsets are
(nec. connected) subtrees of some “ground” tree.

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.

Lets zoom in a little
on this
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Intersection Graphs
(NERNRRY RRANE]

Sub-tree intersection Graphs

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.
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Intersection Graphs
(NERNRRY RRANE]

Sub-tree intersection Graphs

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.

@ A sub-tree graph corresponds to more than one underlying tree (thus
ground set and underlying subsets).
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Intersection Graphs
(NERNRRY RRANE]

Sub-tree intersection Graphs

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.

@ A sub-tree graph corresponds to more than one underlying tree (thus
ground set and underlying subsets).

@ What is the difference between left and right trees?
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Intersection Graphs
(NERNRARNL ANN]

Sub-tree intersection Graphs

@ Intersection exists if there are any nodes in common amongst the two
corresponding trees.

@ A sub-tree graph corresponds to more than one underlying tree (thus
ground set and underlying subsets).

@ What is the difference between left and right trees?

@ Junction tree of cliques and maxcliques vs. junction tree of just
maxcliques.
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Intersection Graphs
(NERNRARNNI NI

Sub-tree intersection Graphs w. Junction Trees

8,9,10,11
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Intersection Graphs
(NERNRARNNAY ¥

Sub-tree intersection graphs

Theorem 7.4.4

A graph G = (V, E) is triangulated iff it corresponds to a sub-tree graph
(i.e., an intersection graph on subtrees of some tree).

proof sketch.

We see that any sub-tree graph is such that nodes in the tree correspond
to cliques in GG, and by the nature of how the graph is constructed
(subtrees of some underlying tree), the tree corresponds to a cluster tree
that satisfies the induced subtree property. Therefore, any sub-tree graph
corresponds to a junction tree, and any corresponding graph G is
triangulated. O
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Intersection Graphs
[NERRRARRRANY ]

Sub-tree intersection graphs

@ All interval graphs are sub-tree intersection graphs (underlying tree is
a chain, subtrees are sub-chains)
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Intersection Graphs
[NERRRARRRANY ]

Sub-tree intersection graphs

@ All interval graphs are sub-tree intersection graphs (underlying tree is
a chain, subtrees are sub-chains)

@ Are all sub-tree intersection graphs interval graphs?
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Intersection Graphs
[NERRRARRRANY ]

Sub-tree intersection graphs

@ All interval graphs are sub-tree intersection graphs (underlying tree is
a chain, subtrees are sub-chains)

@ Are all sub-tree intersection graphs interval graphs?

@ So sub-tree intersection graphs capture the “tree-like” nature of
triangulated graphs.
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Intersection Graphs
[NERRRARRRANY ]

Sub-tree intersection graphs

@ All interval graphs are sub-tree intersection graphs (underlying tree is
a chain, subtrees are sub-chains)

@ Are all sub-tree intersection graphs interval graphs?

@ So sub-tree intersection graphs capture the “tree-like” nature of
triangulated graphs.

@ Triangulated graphs are also called hyper-trees (specific type of
hyper-graph, where edges are generalized to be clusters of nodes
rather than 2 nodes in a normal graph). In hyper-tree, the unique
“max-edge” path between any two nodes property is generalized.
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Inference on JTs
[ERRRNRRRNRRNARN

Inference on JTs.

@ We can define an inference procedure on junction trees that
corresponds to our inference procedure on trees.
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Inference on JTs
[ERRRNRRRNRRNARN

Inference on JTs.

@ We can define an inference procedure on junction trees that
corresponds to our inference procedure on trees.

o We are given p € F(G', M), where G’ is triangulated. It might be
naturally triangulated, might be an MRF for which we've found a
good elimination order, or might even have come from a triangulated
moralized Bayesian network. In either case, if we solve inference for
the family 7(G’, M()) we've solved it for the original graph.
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Inference on JTs
[ERRRNRRRNRRNARN

Inference on JTs.

@ We can define an inference procedure on junction trees that
corresponds to our inference procedure on trees.

o We are given p € F(G', M), where G’ is triangulated. It might be
naturally triangulated, might be an MRF for which we've found a
good elimination order, or might even have come from a triangulated
moralized Bayesian network. In either case, if we solve inference for
the family F(G’, M()) we've solved it for the original graph.

@ Let G be the original graph with cliques C(G), and let C(G’) be the
cliques of the triangulated graph.
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Inference on JTs
[ERRRNRRRNRRNARN

Inference on JTs.

@ We can define an inference procedure on junction trees that
corresponds to our inference procedure on trees.

o We are given p € F(G', M), where G’ is triangulated. It might be
naturally triangulated, might be an MRF for which we've found a
good elimination order, or might even have come from a triangulated
moralized Bayesian network. In either case, if we solve inference for
the family F(G’, M()) we've solved it for the original graph.

@ Let G be the original graph with cliques C(G), and let C(G’) be the
cliques of the triangulated graph.

@ We know we have factorization:

p) =[] velze) (7.1)

CeC(G)
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Inference on JTs
(RERRRRRRRRRNARN

Inference on JTs.

@ Every clique C' € C(Q) is contained in at least one clique C' € C(G").
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Inference on JTs
(RERRRRRRRRRNARN

Inference on JTs.

@ Every clique C' € C(Q) is contained in at least one clique C’ € C(G").

@ Therefore, each factor Yo (x¢) for C € C(G) can be assigned to a
new factor ¢¢c/(z¢r) for some C' € C(G').
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Inference on JTs
(RERRRRRRRRRNARN

Inference on JTs.

@ Every clique C' € C(Q) is contained in at least one clique C’ € C(G").

@ Therefore, each factor ¢o(x¢) for C € C(G) can be assigned to a
new factor ¢¢c (zcr) for some C” € C(G').

@ Given that we have a junction tree of maxcliques, we are going to

allocate “storage” for maxclique potentials ¢¢cr(x ) for all
C’ € C(@’) (equivalently all nodes in the junction tree).
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Inference on JTs
(RERRRRRRRRRNARN

Inference on JTs.

@ Every clique C' € C(Q) is contained in at least one clique C’ € C(G").

@ Therefore, each factor ¢o(x¢) for C € C(G) can be assigned to a
new factor ¢ (zcr) for some C' € C(G).

@ Given that we have a junction tree of maxcliques, we are going to
allocate “storage” for maxclique potentials ¢/ (/) for all
C'" € C(G’) (equivalently all nodes in the junction tree).

@ We are also going to allocate storage for all separators in the junction
tree. That is, we will have a function ¢g(xg) for all S € S(G’) where
S(G") are the set of separators in the junction tree corresponding to
triangulated graph G'.
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Inference on JTs
(RERRRRRRRRRNARN

Inference on JTs.

@ Every clique C' € C(Q) is contained in at least one clique C’ € C(G").

@ Therefore, each factor ¢o(x¢) for C € C(G) can be assigned to a
new factor ¢ (zcr) for some C' € C(G).

@ Given that we have a junction tree of maxcliques, we are going to
allocate “storage” for maxclique potentials ¢/ (/) for all
C'" € C(G’) (equivalently all nodes in the junction tree).

@ We are also going to allocate storage for all separators in the junction
tree. That is, we will have a function ¢g(xg) for all S € S(G’) where
S(G') are the set of separators in the junction tree corresponding to
triangulated graph G’.

@ We need to know how to initialize these separators.
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

@ Initialization Step: For each C’" € C(G’), assign Y¢r(zcr) = 1.
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

o Initialization Step: For each C" € C(G'), assign Y (zcr) = 1.
@ For each clique C' € C(G), find one C" € C(G") such that C' C ',
and update ¢ (zcr) as follows:

Lbc/(l’c/) < 1/}()/ ({EC/)QbC(J?C) (72)
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

e Initialization Step: For each C’ € C(G’), assign ¢¢r(zcr) = 1.
@ For each clique C' € C(G), find one C" € C(G") such that C' C ',
and update Yo (z¢r) as follows:
’(ﬁc/ (J,‘C/) < QIDC/(:L‘C/)dJC(LL“C) (72)
@ Crucial: Only do this once, otherwise, we'll be double counting the

clique Yo (zco).
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

e Initialization Step: For each C’ € C(G’), assign ¢¢r(zcr) = 1.
@ For each clique C' € C(G), find one C" € C(G") such that C' C ',
and update Yo (z¢r) as follows:
’(ﬁc/ (J,‘C/) < wC’($C’)¢C(xC) (72)
@ Crucial: Only do this once, otherwise, we'll be double counting the

clique Yo (zco).
@ We now have the following representation of p € F(G, M®):

pe)= [[ velee) (7.3)

crec(a)
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

Initialization Step: For each C" € C(G’), assign ¢¢r(zcr) = 1.
For each clique C' € C(G), find one C’ € C(G’) such that C' C (",
and update Yo (z¢r) as follows:

’(ﬁc/ (J,‘C/) < wC’($C’)¢C(xC) (72)
Crucial: Only do this once, otherwise, we'll be double counting the

clique Yo (zco).
@ We now have the following representation of p € F(G, M®):

px)=J] velee) (7.3)

crec(G')
We also initialize all separators by doing ¢s(xg) =1 VS.
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Inference on JTs
(R RRRRRRRRNARN

Inference on JTs - table initialization

Initialization Step: For each C" € C(G’), assign ¢¢r(zcr) = 1.
For each clique C' € C(G), find one C’ € C(G’) such that C' C (",
and update Yo (z¢r) as follows:

’(ﬁc/ (J,‘C/) < wC’($C’)¢C(xC) (72)
Crucial: Only do this once, otherwise, we'll be double counting the

clique Yo (zco).
@ We now have the following representation of p € F(G, M®):

px)=J] velee) (7.3)
crec(a)
e We also initialize all separators by doing ¢s(xg) =1 VS.
@ Once this is done, we have

[erecay ber(zer)
a(s)—1

p(z) = “
[sesian ¢s(@s)
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Maxclique marginals as the goal

@ Since G’ is triangulated, and is decomposable, we know it is possible
to represent p as:

pa)= [ voleo) = o—eeePTe) g

crec(ar) [Ises)pxs)

where d(.5) is the shattering coefficient of separator S.
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Inference on JTs
(R RRRRNRRRNARN

Maxclique marginals as the goal

@ Since G is triangulated, and is decomposable, we know it is possible
to represent p as:

= J] te@e)= Heee plrer) (7.5)
ored(a) - ses plas)™!

where d(S) is the shattering coefficient of separator S.

o If we set pg(zg) =1 for all S, then

[cec volze)
Hsgs(c/) s (xg) 1S~

p(z) =
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Inference on JTs
(R RRRRNRRRNARN

Maxclique marginals as the goal

@ Since G is triangulated, and is decomposable, we know it is possible
to represent p as:

H Yo (zer) = [loee plzcr) (7.5)

crec(c) - sesion plas)

where d(S) is the shattering coefficient of separator S.
o If we set pg(zg) =1 for all S, then

HCEC(G’) Yo(ze)

[sesian ¢s(zs) S~

p(x) = (7.6)

@ In Equation 7.8, we have the functions at each maxclique and at each
separator equal to the marginal distribution over the corresponding
nodes.

Prof. Jeff Bilmes EE512a/Fall 2014/Graphical Models - Lecture 7 - Oct 20th, 2014 F59/72 (pg.145/173



Inference on JTs
(R RRRRRRRRARN

Maxclique marginals as the goal

@ With the marginals, we can easily compute any desired original-graph
clique marginal for any C' € C(G).
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Inference on JTs
(R RRRRRRRRARN

Maxclique marginals as the goal

o With the marginals, we can easily compute any desired original-graph
clique marginal for any C' € C(G).

@ Our goal is to efficiently go from the representation at Equation 7.7 to
the representation at the right of Equation 7.8.
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Inference on JTs
(R RRRRRRRRARN

Maxclique marginals as the goal

o With the marginals, we can easily compute any desired original-graph
clique marginal for any C' € C(G).

@ Our goal is to efficiently go from the representation at Equation 7.7 to
the representation at the right of Equation 7.8.

@ Can we do this using a similar message passing procedure to what
we've already seen?
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Inference on JTs
(AR ARNRRRNARN

Maxclique marginals as the goal

e Start out (after initialization) with the expression

HC/GC(G’) Yer(wer)
= 7.7
pe) IISGS(G’) ¢S($S)d(s)71 70

@ Do message passing, so that we end up with

[erecr) ber(@er) _ [cce p(zcr)
Msesiy ¢s@s)™@ ™ Tsesia ples)™

p(x) = (7.8)

S-1

e Meaning, Yo/ (zcr) = p(zer) for all C" and ¢s(xs) = p(xg) for all S,
marginals.
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Inference on JTs
(NRARRL RRRRRRARN

Maxclique marginals as the goal

e We do this using a junction tree (which we know to exist over the
cliques and/or maxcliques of G”). So form a junction tree.
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Inference on JTs
(NRARRL RRRRRRARN

Maxclique marginals as the goal

e We do this using a junction tree (which we know to exist over the
cliques and/or maxcliques of G’). So form a junction tree.

@ Goal (again) is for the clique and separator functions to equal
marginals.
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Inference on JTs
(NRARRL RRRRRRARN

Maxclique marginals as the goal

e We do this using a junction tree (which we know to exist over the
cliques and/or maxcliques of G’). So form a junction tree.

@ Goal (again) is for the clique and separator functions to equal
marginals.

@ What must be true of clique functions if they are marginals?
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Inference on JTs
(NRARRL RRRRRRARN

Maxclique marginals as the goal

e We do this using a junction tree (which we know to exist over the
cliques and/or maxcliques of G’). So form a junction tree.

@ Goal (again) is for the clique and separator functions to equal
marginals.

@ What must be true of clique functions if they are marginals? They
must (at least) agree with what they have in common.
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Inference on JTs
(NRARRL RRRRRRARN

Maxclique marginals as the goal

e We do this using a junction tree (which we know to exist over the
cliques and/or maxcliques of G’). So form a junction tree.

@ Goal (again) is for the clique and separator functions to equal
marginals.

@ What must be true of clique functions if they are marginals? They
must (at least) agree with what they have in common.

@ Consider pair of neighboring cliques in a JT. Given maxclique C{ and
CY of C, with S = C] N CY, they must agree, i.e.,:

> vorlae) = > veylaey) (7.9)

Tors Tol\s
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Inference on JTs
(NERRRRY RRRRRARN

Maxclique marginals as the goal

@ This is a necessary condition for the clique/separator functions to be
marginals because

> ter(we) = Y plae) = D placy) = Y deyleey)

Tolvs Tolvs /AN Tol\s

(7.10)
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Inference on JTs
(NERRRRY RRRRRARN

Maxclique marginals as the goal

@ This is a necessary condition for the clique/separator functions to be
marginals because

> verlwe) = Y plee) = Y pleey) = Y dey(zey)
Tors Torns To\s /AN
(7.10)
o Given two maxcliques U and W with separator S = U N W, and
potential functions vy, ¥y, and ¢g, arranged in small JT as follows:

Yu Yw
¢s

S
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Inference on JTs
(NERRRRRY RRRRARN

Maxclique marginals as the goal

@ Shorthand notation: ¢% = ZU\S 1y — represents new potential over
separator S obtained from 1y where all but S has been marginalized
away.
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Inference on JTs
(NERRRRRY RRRRARN

Maxclique marginals as the goal

@ Shorthand notation: ¢ = ZU\S 1y — represents new potential over
separator S obtained from v where all but S has been marginalized
away.

@ Thus,

D v Y duler) = ) dulzs, vs) = ¢5(ws)

U\S TU\S TU\s

which is a function only of zg.
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Inference on JTs
(NERRRERED NRRARN

Maxclique marginals as the goal

@ More shorthand notation: table multiplication

*

viy = B (7.11)
bs
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Inference on JTs
(NERRRERED NRRARN

Maxclique marginals as the goal

@ More shorthand notation: table multiplication

. 0%
¢W = *Sﬂ}W (7-11)
¢s
@ Let Wg =W\ S, so that W =S UWg. then
Yw = vw(rw) = Yw(zs, Twg), ¢s = ¢s(Ts) (7.12)
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Inference on JTs
(NERRRERED NRRARN

Maxclique marginals as the goal

@ More shorthand notation: table multiplication

i = Bow (711)
o Let Wg =W\ S, so that W =S UWg. then
Yw = Yw(zw) = Yw(zs, zwy), ¢s = ¢s(zs) (7.12)
and
Yy = Y (ew) = Y (zs, zwy), ¢5 = ds(zs) (7.13)
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Inference on JTs
(NERRRERED NRRARN

Maxclique marginals as the goal

@ More shorthand notation: table multiplication

i = Bow (7.11)
o Let Wg =W\ S, so that W =S UWg. then
Yw = Yw(zw) = Yw(zs, zwy), ¢s = ¢s(zs) (7.12)
and
Yy = v (zw) = iy (zs, 2ws), d5 = ds(as) (7.13)

so to expand everything out, we get

P5(xs)
ps(rs)

Uy = Yy (xs, 2wy) = Yw(Ts, Twg) (7.14)
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Inference on JTs
(NERRRRRNNT RRARN

Maxclique marginals as the goal

@ Suppose, JT potentials start out inconsistent. i.e.,

Y vu# Y dw and ¢s=1 (7.15)

U\S W\S

but we still have that p(zy, 2w) = p(zy, Tg) = Yuw/és.
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Inference on JTs
[NERRRRRNRT RNAR

Maxclique marginals as the goal

@ Suppose, JT potentials start out inconsistent. i.e.,

D tu# Y dw and gs=1 (7.15)

U\S W\S

but we still have that p(zy, 2w) = p(zy, Tg) = Yuw/és.

@ Note (again) that we may treat evidence Ty as additional factors
contained within a clique and that any summation would only sum
over corresponding evidence value, so we can avoid mentioning
evidence for now.
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Inference on JTs
(NERRRRRNNT RRARN

Maxclique marginals as the goal

@ Suppose, JT potentials start out inconsistent. i.e.,

D tu# Y dw and gs=1 (7.15)

U\S W\S

but we still have that p(zy, 2w) = p(zy, Tg) = Yuw/és.

@ Note (again) that we may treat evidence Ty as additional factors
contained within a clique and that any summation would only sum
over corresponding evidence value, so we can avoid mentioning
evidence for now.

@ What we'll do: exchange information between cliques via separators to
achieve consistency.
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Inference on JTs
(NERRRRRNNRT NRRN

Maxclique marginals as the goal

o Marginalize U:

¢5 =Y v (7.16)

U\S

which leads to a new separator potential ¢ and can be seen as a
partial message, as shown in the following figure

WU o= 5. Yw

S
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Inference on JTs
(NERRRRRNRRAR RN

Maxclique marginals as the goal

@ Rescale W:

i = B (7.17)
S

This produces a new potential on W based on the updated separator
potential at S. This can also be seen as a partial message.

Yy Yw
bs —>

S
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Inference on JTs
(NERRRRRNRRRNE IR

Maxclique marginals as the goal

@ After these ops, joint has not changed: define 1), = v for
convenience, we get:

Yotw _ Yudwos _ Yudw (7.18)

oy PPk bs
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Inference on JTs
(NERRRRRNRRRNE IR

Maxclique marginals as the goal

o After these ops, joint has not changed: define 1), = v for
convenience, we get:

Y _ Yudwes _ Yudw

% Psd% bs

(7.18)

@ Don't yet (nec.) have consistency since

Sup =Y o =o5£ Y iy = ;fi Suw  (719)

U\S U\S W\S W\S
which follows because
b5 2 Y vw (7.20)
W\S
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Inference on JTs
(NRRRRRRNRRRNAY N

Maxclique marginals as the goal

@ We do at least have one marginal at v};,. This is because we started

with:
pla) = plaw,aw) = P50 (7.21)
s
and
Yy = zi?bw = Yw Z Yy = Z p(ra, ) =plzw)  (7.22)

U\S TU\S

is one of the marginals that we desire.
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Inference on JTs
(NERRRERRRNRNNNT ]

Maxclique marginals as the goal

@ We see this as a message passing procedure, passing a message
between two nodes in a cluster tree.
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Inference on JTs
(NERRRERRRNRNNNT ]

Maxclique marginals as the goal

@ We see this as a message passing procedure, passing a message
between two nodes in a cluster tree.

@ Message from cluster U through S and to W is the message directly
from U to W (but done in two steps).
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Sources for Today's Lecture

@ Most of this material comes from the reading handout
tree_inference.pdf
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