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Announcements

o Wainwright and Jordan Graphical Models, Exponential Families, and
Variational Inference http://www.nowpublishers.com/product.
aspx?product=MAL&doi=2200000001

@ Read chapters 1,2, and 3 in this book. Start reading chapter 4.

@ Assignment due Wednesday (Nov 12th) night, 11:45pm. Non-binding
final project proposals (one page max).
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Class Road Map - EE512a

@ L1 (9/29): Introduction, Families, @ L11 (11/5): LBP, exponential models,
Semantics @ L13 (11/10): exponential models, mean
@ L2 (10/1): MRFs, elimination, Inference params and polytopes, tree outer bound
on Trees o L14 (11/12):
@ L3 (10/6): Tree inference, message @ L15 (11/17):
passing, more general queries, non-tree) o L16 (11/19):
@ L4 (10/8): Non-trees, perfect elimination, o |17 (11/24):
triangulated gr.aphs o L18 (11/26):
@ L5 (10/13): triangulated graphs, k-trees,
) . o e L19 (12/1):
the triangulation process/heuristics
@ L6 (10/15): multiple queries, o L20 (12/3):
decomposable models, junction trees @ Final Presentations: (12/10):

L7 (10/20): junction trees, begin
intersection graphs

L8 (10/22): intersection graphs, inference
on junction trees

L9 (10/27): inference on junction trees,
semirings,
L10 (11/3): conditioning, hardness, LBP

Finals Week: Dec 8th-12th, 2014.
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Power method lemma

Theorem 12.2.1 (Power method lemma)

Let A be a matrix with eigenvalues A1, ..., )\, (sorted in decreasing
order) and corresponding eigenvectors x1, T2, ..., Ty. If|A1] > |A2]
(strict), then the update 2'*1 = aAx! converges to a multiple of 1
starting from any initial vector 20 = >, Bix; provided that 1 # 0. The
convergence rate factor is given by |Aa/\1].
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Belief Propagation, Single Cycle

From this, we the following theorem follows almost immediately.

Theorem 12.2.1

1. py_,1 converges to the principle eigenvector of M.

2. [19_s1 converges to the principle eigenvector of M7 .

3. The convergence rate is determined by the ratio of the largest and
second largest eigenvalue of M.

4. The diagonal elements of M correspond to correct marginal p(x1)

5. The steady state “pseudo-marginal” b(x1) is related to the true
marginal by b(x1) = Bp(x1) + (1 — 8)q(x1) where (B is the ratio of the
largest eigenvalue of M to the sum of all eigenvalues, and q(x1) depends
on the eigenvectors of M.

See Weiss2000. O
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exponential family models

@ ¢ = (¢a, € I) is a collection of functions known as potential
functions, sufficient statistics, or features. Z is an index set of size
d=1Z|.

e Each ¢, is a function of x, ¢, (x) but it usually does not use all of =
(only a subset of elements). Notation ¢, (zc,) assumed implicitly
understood, where C,, C V(G).

e 0 is a vector of canonical parameters (same length, |Z|). § € Q C R?
where d = |Z|.
@ We can define a family as

po(x) = exp((0, ¢(x)) — A(0)) (12.12)

where (0, ¢(z)) = >_,, 0ada(z). Note that we're using ¢ here in the
exponent, before we were using it out of the exponent.

o Note that ¢(z) = (¢1(z), p2(7), . .., ¢7)) where again each ¢;(x)
might use only some of the elements in vector z. ¢ : Dx™ — R%.
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Log partition (cumulant) function

o Based on underlying set of parameters 6, we have family of models
(1) = 75 D3 S badala) = exp((6, 6(x)) — AB)) (12.12)
po(x _Z(G)eXp aezaax = exp((0, ¢(x .

@ To ensure normalized, we use log partition (cumulant) function

A(0) = log/ exp ((0, ¢(x))) v(dx) (12.13)

Dx

with § € Q 2 {6 € RYA(6) < 00}
e A(0) is convex function of 6, so € is convex.

@ Exponential family for which Q is open is called regular
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Maximum entropy estimation

@ Goal (“estimation”, or “machine learning”) is to find

p* € argmax H(p) s.t. Ey[pq(X)] = fia Yo €T (12.14)
peEU
where H(p) = — [ p(z)logp(z)v(dz), and Va € T
Ep[¢a(X)] = . ¢a(@)p(z)v(dr). (12.15)

o E,[¢q(X)] is mean value as measured by potential function, so above
is a form of moment matching.

e Maximum entropy (MaxEnt) distribution is solved by taking
distribution in form of py(z) = exp({0, ¢(x)) — A(f)) and then by
finding canonical parameters 6 that solves

Ep,[¢a(X)] = fiq forall € Z. (12.16)
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Maximum entropy solution

@ Solution to maxent problem

p* € argmax H(p) s.t. Ep[¢pa(X)] = fia YaeZ (12.14)
peU

has the form of an exponential model:

po(x) = exp((0, ¢(x)) — A(0)) (12.15)
where A(0) = log/D exp ((0, ¢(x))) v(dz) (12.16)

o Exercise: show that solution to Eqn (??) has this form.
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Minimal Representation of Exponential Family

@ Minimal representation - Does not exist a nonzero vector v € R for
which (v, @(x)) is constant Vz (that are v-measurable).

o l.e., guarantee that, for all non-zero v € RY, there exists x; # o,
with v(z1), v(22) > 0, such that' (y, @(x1)) # (7, &(22))-

@ essential idea: that for a set of sufficient stats Z, there is not a
lower-dimensional vector |Z’| < |Z| that is also sufficient (a min suf
stat is a function of all other suf stats).

@ We can’t reduce the dimensionality d without changing the family.
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Overcomplete Representation

po(x) = exp((0, () — A(0)) (12.14)
where A(0) = log/D exp ({0, o(x))) v(dx) (12.15)

@ Overcomplete representation d = |Z| higher than need be

e le, Iy #0s.t. (y,¢(x)) = ¢, Vx where ¢ = constant.

o l.e., Exigts affine hyperplane of different parameters that induce
edistribution. Assume overcomplete, given v # 0 s.t.,
d some other parameters 0, we have , we have

\= exp({(0 + ), 8(z)) — A(0 +7)) (12.16)
exp((0, d(x)) + (v, d(x)) — A0 + 7)) (12.17)

(0, ¢(2)) He=AO+7)) (12.18)

0,9(x)) & A(0)) <bo(x) (12.19)

o We'll see later, this useful in understanding BP algorithm.
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(zly) = exp(yz — A(v)) (12.1)
Sop(X =1) =1—p(X =0) = exp(y — A(7)) and
p(X = 0) = exp(—A(7)).
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(zly) = exp(yz — A(v)) (12.1)
Sop(X =1)=1—p(X =0) =exp(y — A(y)) and

p(X =0) = exp(—A(7)).
@ overcomplete rep of Bernoulli dist.

p(zl0o, 01) = exp((0, ¢(x))) (12.2)
=exp(@o(1 — z) HO1z— A(v)) (12.3)

where 6 = (0p,01) and ¢(x) = (1 — z; ).
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(zly) = exp(yz — A(v)) (12.1)
Sop(X =1)=1-p(X =0) =exp(y — A(7)) and
p(X =0) = exp(—A(7)).
@ overcomplete rep of Bernoulli dist.
p(x|6o, 61) = exp((0, ¢(x))) (12.2)
=exp(0p(1 — x) + 1z — A(y)) (12.3)

where 6 = (6p,01) and ¢(x) = (1 — z,x).
@ Is there a non-zero vector a s.t. (a, ¢(x)) = c for all x, v-a.e.?
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(z]y) = exp(yz — A(7)) (12.1)
Sop(X =1)=1-p(X =0) =exp(y — A(7)) and
p(X = 0) = exp(—A(7)).
@ overcomplete rep of Bernoulli dist.
p(z|0o, 01) = exp((0, ¢(x))) (12.2)
=exp(fp(1 — ) + 12 — A(7)) (12.3)
where 6 = (6p,01) and ¢(x) = (1 — z,x).
@ Is there a non-zero vector a s.t. (a,¢(x)) = c for all z, v-a.e.?
o Ifa=(1,1) then (a,¢(z)) =(1—2)+x=1
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(zly) = exp(yz — A(y)) (12.1)
Sop(X =1)=1-p(X =0) =exp(y — A(7)) and
p(X =0) = exp(—A(7)).
@ overcomplete rep of Bernoulli dist.
p(z|60,01) = exp((0, ¢())) (12.2)
=exp(0p(1 — x) + 1z — A(y)) (12.3)
where 6 = (6p,01) and ¢(x) = (1 — z,x).
@ Is there a non-zero vector a s.t. (a,¢(x)) = c for all z, v-a.e.?
o Ifa=(1,1) then (a,¢(x)) = (1 —z)+z =1
@ This is overcomplete since there is a linear combination of feature
functions that are constant.
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Exponential family models

@ Minimal representation of Bernoulli distribution is

p(zly) = exp(yz — A(v)) (12.1)
Sop(X =1)=1—p(X =0) =exp(y — A(y)) and

p(X =0) = exp(—A(7)).
@ overcomplete rep of Bernoulli dist.

(o, 01) = exp({0, p(2)) ) = /4- 9‘) > (12.2)
= exp(90(1 —z)+ 61z — A(W) (12.3)
where 6 = (6p,01) and ¢(x) = (1 — z,x). 0
@ Is there a non-zero vector a s.t. (a,¢(x)) = c for all z, v-a.e.?
o Ifa=(1,1) then (a,¢(x)) = (1 —z)+z =1
@ This is overcomplete since there is a linear combination of feature
functions that are constant.

@ Since Op(1 — z) + 012 = Oy + x(61 — 6p), any parameters 61,605 such
that 0, — 0y =  gives same distribution determined by ~.
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Famous Example - Ising Model

@ Famous example is the Ising model in statistical physics. We have a
grid network with pairwise interactions, each variable is 0/1-valued
binary, and parameters associated with pairs being both on. Model
becomes

po(z) = exp Z . Ax Z Ostxsay — AO) p (12.4)
veEV (s,t)eE l

with

= log Z exp ZH Ty + Z Osi Ty (12.5)

ze{0,1}™ veV (st)eE

@ Note that this is in minimal form. Any change to parameters will
result in different distribution
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Ising Model and Immediate Generalization

@ Note, in this case Z is all singletons (unaries) and all pairs, so that
{Ca}o = {{wz‘}p {Dﬁﬂj}(i,j)eE}-

e We can easmeneraTzeW\'/ia a set system. l.e., consider (V,V),
where V = {Vl,VQ,...,VM} and where Vi, V; C V.

e We can form sufficient statistic set via {Calp= {{av}ian}-

@ Could have, for example thatpg = HieCa ;.

@ Hence, it is possible to generalize with higher order factors (which are
also called “interaction functions”, “potential functions”, or
“sufficient statistics”).
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Multivalued variables
@ Variables need not binary, instead Dx = {0, 1,...,7 — 1} for r > 2.
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Multivalued variables

@ Variables need not binary, instead Dx = {0,1,...,7 — 1} for r > 2.
@ We can define a set of indicator functions constituting sufficient
statistics. That is

1 fazg=7

]-s:j(ms) = " J (126)
’ 0 else

and

1 ifzs=jand x; =k,

12.7
0 else ( )

1st;jk(ws-/ xt) - {
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Multivalued variables

@ Variables need not binary, instead Dx = {0,1,...,7 — 1} for r > 2.
@ We can define a set of indicator functions constituting sufficient
statistics. That is

1 ifzs=1j
1g(xs) = {O else (12.6)
and
1 ifzs=jand x; =k,
1St;jk((£5,xt) = {0 else (127)

@ Model becomes

po(x) = exp ZZO N-s,] Ty) Z Zest ;i sty (zs, 2¢) — A(0)

veV =0 (s,t)EE j,k

(12.8)
-— —
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Multivalued variables

@ Variables need not binary, instead Dx = {0,1,...,7 — 1} for r > 2.
@ We can define a set of indicator functions constituting sufficient
statistics. That is

1 ifas=7

Lyj(zs) = nre = (12.6)
0 else

and

1 ifzs=jand x; =k, (12.7)
0 else

1st;jk(x57 xt) = {

@ Model becomes

r—1
po(z) = exp E Z Ou;jLs;j (o) +
i=0

(12.8)
@ Is this overcomplete?
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Multivalued variables

@ Variables need not binary, instead Dx = {0,1,...,7 — 1} for r > 2.
@ We can define a set of indicator functions constituting sufficient
statistics. That is

1 ifzs=1j
1g(xs) = {O else (12.6)

and

1 ifzs=jand x; =k, (12.7)
0 else

1st;jk(x57 xt) = {

@ Model becomes

r—1
po(x) =expd > Y Ouilaj(@) + D> Y Ostij Lok (s, 1) — A(6)

veV =0 (s,t)EE j,k
(12.8)
@ Is this overcomplete? Yes. Why?
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and
correlation matrix. |l.e.

po() = exp {w, )+ % (O, 23Ty — A0, @)} (12.9)
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and

correlation matrix. l.e.

po(z) = exp {(9, )+ % (O, 22Ty — A0, @)} (12.9)

o (©,zaT)) =3;; ©ijx;x; is Frobenius inner product.
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and

correlation matrix. l.e.

po() = exp {<9, )+ % (O, 22Ty — A(0), @)} (12.9)

® (©,zaT)) = >, ©;jz;z; is Frobenius inner product.

e So sufficient statistics are (@;)j=; and ()i ;
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and
correlation matrix. l.e.

po() = exp {<9, )+ % (O, 22Ty — A(0), @)} (12.9)

® (©,zaT)) = >, ©;jz;z; is Frobenius inner product.

e So sufficient statistics are (x;)!"; and (2;x;); ;

@ O, = 0 means identical to missing edge in corresponding graph
(marginal independence). © is negative inverse covariance matrix.
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and
correlation matrix. l.e.

po() = exp {<9, )+ % (O, 22Ty — A(0), @)} (12.9)

O,zxT) =) ..0;;x;x, is Frobenius inner product.
1] J J

So sufficient statistics are (z;)!"_; and (z;x;);

O, = 0 means identical to missing edge in corresponding graph
(marginal independence). © is negative inverse covariance matrix.

@ Any other constraints on ©7
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and
correlation matrix. l.e.

po() = exp {<9, )+ % (O, 22Ty — A(0), @)} (12.9)

O,zxT) =) ..0;;x;x, is Frobenius inner product.
1] J J

So sufficient statistics are (z;)!"_; and (z;x;);

O, = 0 means identical to missing edge in corresponding graph
(marginal independence). © is negative inverse covariance matrix.

Any other constraints on ©7 negative definite
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Multivariate Gaussian

@ Usually, multivariate Gaussian is parameterized via mean and
covariance matrix. For canonical exponential form, we use mean and
correlation matrix. l.e.

po() = exp {<9, )+ % (O, 22Ty — A(0), @)} (12.9)

O,zxT) =) ..0;;x;x, is Frobenius inner product.
1] J J

So sufficient statistics are (z;)!"_; and (z;x;);

O, = 0 means identical to missing edge in corresponding graph
(marginal independence). © is negative inverse covariance matrix.

Any other constraints on ©7 negative definite

Mixtures of Gaussians can also be parameterized in exponential form
(but note, key is that it is the joint distributionpg, (ys, Zs))-
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Other examples

A few other examples in the book

@ Mixture models
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Other examples

A few other examples in the book
@ Mixture models

@ Latent Dirichlet Allocation, and general hierarchical Bayesian models.
Key here is that it is for one expansion, not variable.
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Other examples

A few other examples in the book
@ Mixture models

o Latent Dirichlet Allocation, and general hierarchical Bayesian models.
Key here is that it is for one expansion, not variable.

@ Models with hard constraints, or having zero probabilities — key thing
is to place the hard constraints in the v measure. Sufficient statistics
become easy if complexity is encoded in the measure. Alternative is to
allow features over extended reals (i.e., a feature can provide —oco but
this leads to certain technical difficulties that they would rather not
deal with).
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Mean Parameters, Convex Cores

o Consider quantities p, associated with statistic ¢, defined as:

Ha *E ¢a /¢a ) (12-10)
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Mean Parameters, Convex Cores

o Consider quantities u, associated with statistic ¢, defined as:
Mo = E ¢a /¢cx ) (12'10)

@ this defines a vector of “mean parameters” (1, pi2, - - ., fig) with
= |Z].
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v Param./Marg. Polytope
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Mean Parameters, Convex Cores

o Consider quantities u, associated with statistic ¢, defined as:
Mo = E ¢a /¢cx ) (12'10)

o this defines a vector of “mean parameters” (u1, o, .. ., ftq) With
= |7l.
@ Define all the possible such vectors

M(@)= M= {pERY: Fp st 1o = Eylpa(X)], Va € T}

(12.11)
A=| T
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v Param./Marg. Polytope
[RERRNRANNARNRR RN RRRRAARN

Mean Parameters, Convex Cores

o Consider quantities u, associated with statistic ¢, defined as:
Mo = E ¢a /¢cx ) (12'10)

o this defines a vector of “mean parameters” (u1, o, .. ., ftq) With
= |7l.
@ Define all the possible such vectors

M(p) =M 2 {u R Ip st pa = Eylpa(X)], Ya € z}
| 12.11)

C—

@ We don't say p was necessarily exponential family
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v Param./Marg. Polytope
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Mean Parameters, Convex Cores

o Consider quantities u, associated with statistic ¢, defined as:
o = Byl (X)) = [ du(olple)(ds) (12.10)

o this defines a vector of “mean parameters” (p1, o, .. ., ftq) With
= |7l.
@ Define all the possible such vectors

M(p) =M 2 {u R Ip st pa = Eylpa(X)], Ya € z}
(12.11)

o We don’t say p was necessarily exponential family

@ M is convex since expected value is a linear operator. So convex
combinations of p and p’ will lead to convex combinations of y and p/
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v Param./Marg. Polytope
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Mean Parameters, Convex Cores

o Consider quantities u, associated with statistic ¢, defined as:
Mo = E ¢a /¢cx ) (12'10)

o this defines a vector of “mean parameters” (p1, o, .. ., ftq) With
= |7l.
@ Define all the possible such vectors

M(p) =M 2 {u R Ip st pa = Eylpa(X)], Ya € z}
(12.11)

o We don’t say p was necessarily exponential family

@ M is convex since expected value is a linear operator. So convex

combinations of p and p’ will lead to convex combinations of y and p/

o M is like a “convex core” of all distributions expressed via ¢.
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Mean Parameters and Gaussians

@ Here, we have E[XXT| = C and p = EX. Question is, how to define
M?

@ Given definition of C' and u, then C' — pu™ must be valid covariance
matrix (since this is E[X — EX|[X — EX|T = C — uuT).

@ Thus, C'— puT™ = 0, thus p.s.d. matrix.

@ On the other hand, if this is true, we can form a Gaussian using
C — upT as the covariance matrix.

@ Thus, for Gaussian MRFs, M has the form

M= {(1,C) €R™ x ST|C — ™ = 0} (12.12)

where S is the set of symmetric positive semi-definite matrices.
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Mean Parameters and Gaussians

@ “lllustration of the set M for a
scalar Gaussian: the model has Y11
two mean parameters p = E[X] |
and ¥1; = E[X?], which must
satisfy the quadratic contraint M
Y11 — p? > 0. Notice that M is
convex, which is a general
property.” but is not a polytope.
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Mean Parameters and Gaussians

@ "“lllustration of the set M for a
scalar Gaussian: the model has Y11
two mean parameters ;1 = E[X]
and ¥1; = E[X?], which must
satisfy the quadratic contraint M
Y11 — p? > 0. Notice that M is
convex, which is a general
property.” but is not a polytope.

@ Also, don't confuse the “mean
parameters” with the means of a 7
Gaussian. The typical means of
Gaussians are means in this new
sense, but those means are not
all of the means. ©®
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Mean Parameters and Polytopes

@ When X is discrete, we get a polytope since

M = {ueRb:u:ZQS(x)p(x) for somepeU} (12.13)
= conv {¢(z),z € Dx (that are v-measurable), } (12.14)

where conv {-} is the convex hull of the items in argument set.
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Mean Parameters and Polytopes
@ When X is discrete, we get a polytope since
M = {,u eRl:p= Zgb(x)p(:r) for some p € L[} (12.13)

= conv {¢(z),z € Dx (that are v-measurable), } (12.14)

where conv {-} is the convex hull of the items in argument set.
@ So we have a convex polytope
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Mean Parameters and Polytopes

@ Polytopes can be represented as a set of linear inequalities, i.e., there
is a |J| X d matrix A and |J|-element column vector b with
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Mean Parameters and Polytopes

@ Example: Ising mean parameters. Given sufficient statistics

d(x) = {xs,5 € Vizgay, (s,t) € B(G)} e RIVIHIE (12.16)
we get
po = Ep[X,] = p(Xo =1) VeV (12.17)

pse = Ep[ X X)) = p(Xs = 1, X, = 1) ¥(s,t) € B(G)  (12.18)
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Mean Parameters and Polytopes

@ Example: Ising mean parameters. Given sufficient statistics

d(x) = {xs,5 € Vizgay, (s,t) € B(G)} e RIVIHIE (12.16)
we get
po =Ep[ Xy =p(Xy=1) YoeV (12.17)

fsg = Ep[ X X)) = p(Xs = 1, X, = 1) V(s,t) € B(G)  (12.18)

@ Mean parameters lie in a polytope that represent the probabilities of a
node being 1 or a pair of adjacent nodes being 1,1 for each node and
edge in the graph = conv {¢(z),z € {0,1}"}.
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Mean Parameters and Polytopes

@ Example: Ising mean parameters. Given sufficient statistics

o(x) = {xs,5 € Vizszy, (5,1) € B(G)} € RVIFHIE] (12.16)
we get
po =Ep[ Xy =p(Xy=1) YoeV (12.17)

fsg = Ep[ X X)) = p(Xs = 1, X, = 1) V(s,t) € B(G)  (12.18)

@ Mean parameters lie in a polytope that represent the probabilities of a
node being 1 or a pair of adjacent nodes being 1,1 for each node and
edge in the graph = conv {¢(z),z € {0,1}"}.

@ Gives complete marginal since ps(1) = 1 — ps(0),
ps,t(L O) =3 ps(l) Vo pmt(lv 1)1 ps,t(oa 1) = Pt(l) - ps.,t(l-/ 1); etc.
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Mean Parameters and Polytopes

@ Example: Ising mean parameters. Given sufficient statistics

o(x) = {xs,5 € Vizszy, (5,1) € B(G)} € RVIFHIE] (12.16)
we get
po =Ep[ Xy =p(Xy=1) YoeV (12.17)

fsg = Ep[ X X)) = p(Xs = 1, X, = 1) V(s,t) € B(G)  (12.18)

@ Mean parameters lie in a polytope that represent the probabilities of a
node being 1 or a pair of adjacent nodes being 1,1 for each node and
edge in the graph = conv {¢(z),z € {0,1}"}.

e Gives complete marginal since ps(1) = 1 — p;(0),
ps,t(L O) = ps(l) - pS,t(la 1), pS,t(Oa 1) = pt(l) - ps,t(L 1)' etc.
@ Recall: marginals are often the goal of inference.
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Mean Parameters and Polytopes

@ Example: Ising mean parameters. Given sufficient statistics

o(x) = {xs,5 € Vizszy, (5,1) € B(G)} € RVIFHIE] (12.16)
we get
po =Ep[ Xy =p(Xy=1) YoeV (12.17)

fsg = Ep[ X X)) = p(Xs = 1, X, = 1) V(s,t) € B(G)  (12.18)

@ Mean parameters lie in a polytope that represent the probabilities of a
node being 1 or a pair of adjacent nodes being 1,1 for each node and
edge in the graph = conv {¢(z),z € {0,1}"}.

e Gives complete marginal since ps(1) = 1 — p;(0),
ps,t(L O) = ps(l) - pS,t(la 1), pS,t(Oa 1) = pt(l) - ps,t(L 1)' etc.
@ Recall: marginals are often the goal of inference. Coincidence?
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Example: 2-variable Ising

H12

0,1,00 H2

“Ising model with two variables (X1, X5) € {0,1}%. Three mean
parameters 11 = E[X1], po = E[X3], p12 = E[X2X2], must satisfy
constraints 0 < pyo < u; fori =1,2, and 1 4+ 1o — g — pg > 0.
These constraints carve out a polytope with four facets, contained
within the unit hypercube [0, 1]°."”
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Mean Parameters and Overcomplete Representation

@ We can use overcomplete representation and get a “marginal

polytope”, a polytope that represents the marginal distributions at
each potential function.

e Example: Ising overcomplete potential functions (generalization of
Bernoulli example we saw before)

Vo € V(G),j €{0...r — 1}, define ¢, j(z,) = L(z, = j) (12.19)

V(s,t) € E(G),j,k € {0...r — 1}, we define: (12.20)
Gst ks (Ts, Tt) 2 1(zs =jyzs = k) = 1(zs = j)1(zs = k)
(12.21)

@ So we now have |V|r + 2|E|r? functions each with a corresponding
parameter.
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Mean Parameters and Marginal Polytopes

@ Mean parameters are now true (fully specified) marginals, i.e.,
o (j) = p(xy = j) and pst(j, k) = p(xs = j, 21 = k) since

poj = Ep[L(zy = j)] = p(z0 = j) (12.22)
tst,jr = Ep[L(zs = j, ¢ = k)] = p(xs = j, 2 = k) (12.23)

@ Such an M is called the marginal polytope for discrete graphical
models. Any g must live in the polytope that corresponds to node
and edge true marginals.

@ We can also associate such a polytope with a graph G, where we take
only (s,t) € E(G). Denote this as M(G).

@ This polytope can help us to characterize when BP converges (there
might be an outer bound of this polytope), or it might characterize
the result of a mean-field approximation (an inner bound of this
polytope) as we'll see.
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.

@ Corresponds to number of linear constraints in set of linear inequalities
describing the polytope.
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.

@ Corresponds to number of linear constraints in set of linear inequalities
describing the polytope.
o “facet complexity” of M depends on the graph structure.
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.

@ Corresponds to number of linear constraints in set of linear inequalities
describing the polytope.
o “facet complexity” of M depends on the graph structure.

@ For 1-trees, marginal polytope characterized by local constraints only
(pairs of variables on edges of the tree) and has linear growth with
graph size.
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.

@ Corresponds to number of linear constraints in set of linear inequalities
describing the polytope.
o “facet complexity” of M depends on the graph structure.

@ For 1-trees, marginal polytope characterized by local constraints only
(pairs of variables on edges of the tree) and has linear growth with
graph size.

@ For k-trees, complexity grows exponentially in &
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Marginal Polytopes and Facet complexity

@ Number of facets (faces) of a polytope is often (but not always) a
good indication of its complexity.

@ Corresponds to number of linear constraints in set of linear inequalities
describing the polytope.
o “facet complexity” of M depends on the graph structure.

@ For 1-trees, marginal polytope characterized by local constraints only
(pairs of variables on edges of the tree) and has linear growth with
graph size.

@ For k-trees, complexity grows exponentially in &

@ Key idea: use polyhedral approximations to produce model and
inference approximations.
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Learning is the dual of Inference

@ We can view the inference problem as moving from the canonical
parameters # to the point in the marginal polytope, called forward
mapping, moving from 6 € Q to u € M.
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Learning is the dual of Inference

@ We can view the inference problem as moving from the canonical
parameters 0 to the point in the marginal polytope, called forward
mapping, moving from 6 € Q to u € M.

@ We can view the (maximum likelihood) learning problem as moving
from a point in the polytope (given by the empirical distribution) to
the canonical parameters. Called backwards mapping
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Learning is the dual of Inference

@ We can view the inference problem as moving from the canonical
parameters 0 to the point in the marginal polytope, called forward
mapping, moving from 6 € Q to u € M.

e We can view the (maximum likelihood) learning problem as moving
from a point in the polytope (given by the empirical distribution) to
the canonical parameters. Called backwards mapping

@ graph structure (e.g., tree-width) makes this easy or hard, and also
characterizes the polytope (how complex it is in terms of number of
faces).
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Review: Maximum Entropy Estimation

The next slide is (again) a repeat from lecture 11.
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Maximum entropy estimation

peEU

where H(p) = — [ p(z)

Ep[¢a(X)] = [ Galz)p(z)v(dr). (12.15)

Dx
o E,[¢(X)] is mean value as measured by potential function, so above
is a form of moment matching.

e Maximum entropy (MaxEnt) distribution is solved by taking
distribution in form of pg(z) = exp((0, ¢(z)) — A()) and then by
finding canonicatparameters 6 that solves

Ep,[6a(X)] = fiq for all o € T. (12.16)
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Learning is the dual of Inference

o Ex: Estimate # with § based on data D = {Z®}M ) of size M,
likelihood function

((6,D) = — Z log pg(@”) = (6, &) — A(6) (12.24)

= El6(X) = 12 > o(a) (12.25)
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Learning is the dual of Inference

o Ex: Estimate # with 6 based on data D = {zO} M of size M,
likelihood function
M

]. _ l A
(0.D) = +- ; log po(z™) =6, 1) — A(6) (12.24)
where empirical means given by

fi = Bl0(X)] = 37 D ola) (12.25)

o By taking derivatives of the above, it is easy to see that solution is the
point @ = 0(f1) such that empirical matches expected means, or what
are called the moment matching conditiops:

Eyl6(X)] ff (12.26)
this is the the backward mapping problem, going from p to 6.
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Learning is the dual of Inference

o Ex: Estimate # with 6 based on data D = {zO} M of size M,
likelihood function
M

(6.D) = 12> loapo(e®) = (0,) - A®)  (12.24)
=1

where empirical means given by

fi = Bl0(X)] = 37 D ola) (12.25)

o By taking derivatives of the above, it is easy to see that solution is the
point # = (/1) such that empirical matches expected means, or what
are called the moment matching conditions:

Eglo(X)] = p (12.26)
this is the the backward mapping problem, going from p to 6.
@ Here, maximum likelihood is identical to maximum entropy problem.
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Likelihood and negative entropy
e Entropy definition again: H(p) = — [ p(z)log p(z)v(dx)

Prof. Jeff Bilmes EE512a/Fall 2014 /Graphical Models - Lecture 12 - Nov 10th, 2014 F32/64 (pg.69/185)



v Param./Marg. Polytope
[NERRRRNNARRNRY ARRNRANRERAN]

Likelihood and negative entropy

o Entropy definition agaln H(p) = — [ p(x)log p(z)v(dz)
e Given data, D = {z( }f\i deflnes an empirical distribution

1 A .
p(z) = o 1(z =z¥) (12.27)
=1
so that Ez[¢(X)] = [ p(a)d(z)v(dz) = & Si, o(@D) = 1
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Likelihood and negative entropy

o Entropy definition agaln H(p) = — [ p(x)log p(z)v(dz)
o Given data, D = {z(W}M | deflnes an empirical distribution

p(z) = 1(33 = z() (12.27)

so that Ej[ = [p(x)
@ Starting from maximum ||

= /ﬁ(az) log p(p) (z)v(dz) = Epllog pgpy (w)]  (12.29)

= —Hp[po(p)(2)] = —Hpy;, [Po(a) (7)) (12.30)
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Likelihood and negative entropy

o Entropy definition agaln H(p) = — [ p(x)log p(z)v(dz)
o Given data, D = {z(W}M | deflnes an empirical distribution

1 & .
pz) = 7= > 1@ =2z) (12.27)
=1

so that Ex[¢(X)] = [ p(z)d()v(de) = 57 32k (@) = f
e Starting from maximum likelihood solution 6(4), meaning we are at

moment matching conditions Ey, , [#(X)] = i = Ep[¢(X)], we have
M

£(6(i), D) = (6(3), ) ~ AB(@)) = 2= > logpa(e) () (12.28)
=1

= /13(33) log po(py (z)v(dz) = Epllog pgay ()] (12.29)

= —Hp[py(p)(x)] = —Hpy;, [Po(i) (%)] (12.30)
@ Thus, maximum likelihood value and negative entropy are identical, at

least for empirical /i (which is € M).
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Learning is the dual of Inference

@ |.e., solution to the maximum likelihood problem is one that satisfies
the moment constraints and has the exponential model form.
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Learning is the dual of Inference

@ |l.e., solution to the maximum likelihood problem is one that satisfies
the moment constraints and has the exponential model form.

@ The exponential model form arises when we find the maximum entropy
distribution over distributions satisfying the moment constraints.
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Learning is the dual of Inference

@ |l.e., solution to the maximum likelihood problem is one that satisfies
the moment constraints and has the exponential model form.

@ The exponential model form arises when we find the maximum entropy
distribution over distributions satisfying the moment constraints.

@ Thus, maximum entropy learning under a set of constraints (given by
Eg[¢p(X)] = 1) is the same as maximum likelihood learning of an
exponential model form.
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Learning is the dual of Inference

@ |l.e., solution to the maximum likelihood problem is one that satisfies
the moment constraints and has the exponential model form.

@ The exponential model form arises when we find the maximum entropy
distribution over distributions satisfying the moment constraints.

@ Thus, maximum entropy learning under a set of constraints (given by
Eg[p(X)] = 1) is the same as maximum likelihood learning of an
exponential model form.

@ If we do maximum entropy learning, where does the exp(-) function
come from?
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Learning is the dual of Inference

@ |l.e., solution to the maximum likelihood problem is one that satisfies
the moment constraints and has the exponential model form.

@ The exponential model form arises when we find the maximum entropy
distribution over distributions satisfying the moment constraints.

@ Thus, maximum entropy learning under a set of constraints (given by
Eg[p(X)] = 1) is the same as maximum likelihood learning of an
exponential model form.

@ If we do maximum entropy learning, where does the exp(-) function
come from? From the entropy function. l.e., the exponential form is
the distribution that has maximum entropy having those constraints.
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Dual Mappings: Summary

Summarizing these relationships

@ Forward mapping: moving from 6 € € to u € M, this is the inference
problem, getting the marginals.
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Dual Mappings: Summary

Summarizing these relationships
@ Forward mapping: moving from 6 € € to u € M, this is the inference
problem, getting the marginals.
@ Backwards mapping: moving from pu € M to 6 € (), this is the
learning problem, getting the parameters for a given set of empirical
facts (means).
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Dual Mappings: Summary

Summarizing these relationships
@ Forward mapping: moving from 6 € € to u € M, this is the inference
problem, getting the marginals.

@ Backwards mapping: moving from p € M to 6 € (), this is the
learning problem, getting the parameters for a given set of empirical
facts (means).

@ In exponential family case, this is maximum entropy and is equivalent
to maximum likelihood learning on an exponential family model.
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Dual Mappings: Summary

Summarizing these relationships

@ Forward mapping: moving from 6 € € to u € M, this is the inference
problem, getting the marginals.

@ Backwards mapping: moving from p € M to 6 € (), this is the
learning problem, getting the parameters for a given set of empirical
facts (means).

@ In exponential family case, this is maximum entropy and is equivalent
to maximum likelihood learning on an exponential family model.

@ Turns out log partition function A, and its dual A* can give us these
mappings, and the mappings have interesting forms . ..

Prof. Jeff Bilmes EE512a/Fall 2014 /Graphical Models - Lecture 12 - Nov 10th, 2014 F34/64 (pg.81/185)



v Param./Marg. Polytope
[NERRRRNNARRNRRNNT ARRRRERRN]

Log partition (or cumulant) function

A(f) = log/ exp (0, ¢(x)) v(dz) (12.31)

Dx

o If we know the log partition function, we know a lot for an exponential
family model. In particular, we know
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Log partition (or cumulant) function

A(f) = log/ exp (0, ¢(x)) v(dz) (12.31)

Dx

o If we know the log partition function, we know a lot for an exponential
family model. In particular, we know
@ A(0) is convex in 6 (strictly so if minimal representation).
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Log partition (or cumulant) function

A(f) = log/D exp (0, ¢(x)) v(dz) (12.31)

o If we know the log partition function, we know a lot for an exponential
family model. In particular, we know

e A(f) is convex in @ (strictly so if minimal representation).

e It yields cumulants of the random vector ¢(X)

0A
e ) Eq (boz /Cbu pe ) = Ua (1232)

(%
in general, derivative of log part. function is expected value of feature

\ Ay iy, 04 2)

_/4_\
Sem(@, poilie £
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Log partition (or cumulant) function

A(f) = log/D exp (0, ¢(x)) v(dz) (12.31)

o If we know the log partition function, we know a lot for an exponential
family model. In particular, we know

e A(f) is convex in @ (strictly so if minimal representation).

e It yields cumulants of the random vector ¢(X)

g{;i(e) Eq ¢a /¢o¢ p@ ) Mo (12'32)

in general, derivative of log part. function is expected value of feature
o Also, we get

8931({;49042(9) =Ky [¢a1 (X)@az (X>] —Ey [Qboq (XH]E@ [gbaQ (X)]
(12.33)
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Log partition (or cumulant) function

A(f) = log/D exp (0, ¢(x)) v(dz) (12.31)

o If we know the log partition function, we know a lot for an exponential
family model. In particular, we know

e A(f) is convex in @ (strictly so if minimal representation).

e It yields cumulants of the random vector ¢(X)

g{;i(e) Eq ¢a /¢o¢ p@ ) Mo (12'32)

in general, derivative of log part. function is expected value of feature
@ Also, we get

2
(9951(;19042(9) =[Ey [Qbal (X)¢a2 (X)] — [Eg [¢a1 (X)]Eg [¢a2 (X)]
(12.33)

@ Proof given in book (Proposition 3.1, page 62).
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Log partition function

@ So derivative of log partition function w.r.t. 6 is equal to our mean
parameter p in the discrete case.

e Given A(#), we can recover the marginals for each potential function
¢o, € T (when mean parameters lie in the marginal polytope).

o If we can approximate A(f) with A(6) then we can get approximate
marginals. Perhaps we can bound it without inordinate compute
resources. Why do we want bounds? We shall see in future lectures.

@ The Bethe approximation (as we'll also see) is such an approximation
and corresponds to fixed points of loopy belief propagation.

@ In some rarer cases, we can bound the approximation (current
research trend).
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Log partition function

@ SoVA:Q — M, where M’ C M, and where
M= {peRYTpst. Ep[p(X)] =p}.
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Log partition function

@ SoVA:Q — M, where M’ C M, and where
M ={peRY3ps.t. Eyp(X)] = p}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between p and 6.
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Log partition function

@ SoVA:Q — M, where M’ C M, and where
M ={peRY3ps.t. Eyp(X)] = p}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between x and 6.

@ For non-minimal exponential families, more than one 6 for a given pu
(not surprising since multiple 6's can yield the same distribution).

Prof. Jeff Bilmes EE512a/Fall 2014 /Graphical Models - Lecture 12 - Nov 10th, 2014 F37/64 (pg.90/185)
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Log partition function

@ SoVA:Q — M, where M’ C M, and where
M ={peRY3ps.t. Eyp(X)] = p}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between x and 6.

@ For non-minimal exponential families, more than one 6 for a given
(not surprising since multiple 6's can yield the same distribution).

@ For non-exponential families, other distributions can vyield pu, but the
exponential family one is the one that has maximum entropy.
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Log partition function

@ So VA : Q — M, where M’ C M, and where
M= {peRFp st Ey[p(X)] = u}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between p and 6.

@ For non-minimal exponential families, more than one 6 for a given
(not surprising since multiple 6's can yield the same distribution).

@ For non-exponential families, other distributions can yield y, but the
exponential family one is the one that has maximum entropy. exl:
Gaussian, a distribution with maximum entropy amongst all other
distributions with same mean and covariance.
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Log partition function

@ So VA : Q — M, where M’ C M, and where
M= {peRFp st Ey[p(X)] = u}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between x and 6.

@ For non-minimal exponential families, more than one 6 for a given
(not surprising since multiple 6's can yield the same distribution).

@ For non-exponential families, other distributions can yield y, but the
exponential family one is the one that has maximum entropy. exl:
Gaussian, a distribution with maximum entropy amongst all other
distributions with same mean and covariance. ex2: Consider the
maximum entropy optimization problem, yields a distribution with
exactly this property.
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Log partition function

@ So VA : Q — M, where M’ C M, and where
M= {peRFp st Ey[p(X)] = u}.

@ For minimal exponential family models, this mapping is one-to-one,
that is there is a unique pairing between x and 6.

@ For non-minimal exponential families, more than one 6 for a given
(not surprising since multiple 6's can yield the same distribution).

@ For non-exponential families, other distributions can yield y, but the
exponential family one is the one that has maximum entropy. exl:
Gaussian, a distribution with maximum entropy amongst all other
distributions with same mean and covariance. ex2: Consider the
maximum entropy optimization problem, yields a distribution with
exactly this property.

@ Key point: all mean parameters that are realizable are also realizable
by member of exp. family.
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Mappings - one-to-one

In fact, we have

Theorem 12.4.1

The gradient map V A is one-to-one iff the exponential representation is
minimal.
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Mappings - one-to-one

In fact, we have

Theorem 12.4.1

The gradient map V A is one-to-one iff the exponential representation is
minimal.

@ Proof basically uses property that if representation is non-minimal,
and (a, ¢(x)) = c for all z, then we can form an affine set of
equivalent parameters 0 4 ~a.
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Mappings - one-to-one

In fact, we have

Theorem 12.4.1

The gradient map V A is one-to-one iff the exponential representation is
minimal.

@ Proof basically uses property that if representation is non-minimal,
and (a, ¢(x)) = ¢ for all x, then we can form an affine set of
equivalent parameters 6 4 ~a.

@ Other direction, uses strict convexity of A(6)
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Mappings - onto

Theorem 12.4.2
In a minimal exponential family, the gradient map V A is onto the interior

of M (denoted M°). Consequently, for each . € M°, there exists some
0 = 0(n) € Q such that Eg[p(X)] = p.
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Mappings - onto

Theorem 12.4.2
In a minimal exponential family, the gradient map V A is onto the interior

of M (denoted M°). Consequently, for each . € M°, there exists some
0 = 0(n) € Q such that Eg[p(X)] = p.

@ Ex: Gaussian. Any mean parameter (set of means E[X] and
correlations E[X X7]) can be realized by a Gaussian having those
same mean parameters (moments).
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Mappings - onto

Theorem 12.4.2

In a minimal exponential family, the gradient map V A is onto the interior
of M (denoted M°). Consequently, for each . € M°, there exists some
0 = 0(un) € Q such that Eg[¢p(X)] = p.

e Ex: Gaussian. Any mean parameter (set of means E[X] and
correlations E[X X7]) can be realized by a Gaussian having those
same mean parameters (moments).

@ The Gaussian won't nec. be the “true” distribtuion (in such case, the
“true” distribution would not be a Gaussian, and might be an
exponential family distribution with additional moments (e.g., 1D
Gaussians have zero skew and kurtosis) or might not be exponential
family at all).
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Mappings - onto

Theorem 12.4.2

In a minimal exponential family, the gradient map V A is onto the interior
of M (denoted M°). Consequently, for each . € M°, there exists some
0 = 0(un) € Q such that Eg[¢p(X)] = p.

e Ex: Gaussian. Any mean parameter (set of means E[X] and
correlations E[X X7]) can be realized by a Gaussian having those
same mean parameters (moments).

@ The Gaussian won't nec. be the “true” distribtuion (in such case, the
“true” distribution would not be a Gaussian, and might be an
exponential family distribution with additional moments (e.g., 1D
Gaussians have zero skew and kurtosis) or might not be exponential
family at all).

@ The theorem here is more general and applies for any set of sufficient
statistics.
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Conjugate Duality

@ Consider maximum likelihood problem for exp. family
0* € argmax ({6, 1) — A(9)) (12.34)
0
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Conjugate Duality

@ Consider maximum likelihood problem for exp. family
0* € argmax ({6, 1) — A(9)) (12.34)
0

e Convex conjugate dual (also sometimes Fenchel-Legendre dual or
transform) of A(0) is defined as:

A*(p) £ sup ((6,11) = A(9)) (12.35)
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Conjugate Duality

@ Consider maximum likelihood problem for exp. family
0* € argmax ({6, 1) — A(9)) (12.34)
0

e Convex conjugate dual (also sometimes Fenchel-Legendre dual or
transform) of A(0) is defined as:

wr N A
A(p) = Sup ((0, ) — A(0)) (12.35)
€
@ So dual is optimal value of the ML problem, when p € M, and we

saw the relationship between ML and negative entropy before.
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Conjugate Duality

@ Consider maximum likelihood problem for exp. family
0* € argmax ({6, 1) — A(9)) (12.34)
0

e Convex conjugate dual (also sometimes Fenchel-Legendre dual or

transform) of A(0) is defined as:
A" (1) 2 sup ({0, 1) — A(9)) (12.35)
0eQ?

@ So dual is optimal value of the ML problem, when . € M, and we
saw the relationship between ML and negative entropy before.

o Key: when p € M, dual is negative entropy of exponential model
Po(u) Where 0(p) is the unique set of canonical parameters satisfying
this matching condition

B [¢(X)] = VA1) = (12.36)
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Conjugate Duality

@ Consider maximum likelihood problem for exp. family
0* € argmax ({6, 1) — A(9)) (12.34)
0

e Convex conjugate dual (also sometimes Fenchel-Legendre dual or

transform) of A(0) is defined as:
A" (1) 2 sup ({0, 1) — A(9)) (12.35)
0eQ?

@ So dual is optimal value of the ML problem, when . € M, and we
saw the relationship between ML and negative entropy before.

o Key: when p € M, dual is negative entropy of exponential model
Po(u) Where O(u) is the unique set of canonical parameters satisfying
this matching condition

Eo(u[0(X)] = VA(O(1)) = (12.36)
@ When p ¢ M, then A*() = 400, optimization with dual need

consider points only in M.
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Conjugate Duality, Maximum Likelihood, Negative Entropy

Theorem 12.4.3 (Relationship between A and A*)

(a) For any u € M°, 6(u) unique canonical parameter sat. matching
condition, then conj. dual takes form:

A% (p) = Sup ({0, 1) — A(9)) =

; (12.37)

—H(py(y) ifpeM®
+o0 ifpeM

(b) Partition function has variational representation (dual of dual)

A(0) = sup {(0, u) — A*(n)} (12.38)
HEM

(c) For 6 € 2, sup occurs at 1 € M° of moment matching conditions

p= [ dpo()(dn) = Eofg(X)] = VA®) (12339)
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Conjugate Duality

@ Note that Ax isn't exactly entropy, only entropy sometimes, and
depends on matching parameters to p via the matching mapping 6(u)
which achieves
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Conjugate Duality

@ Note that Ax isn't exactly entropy, only entropy sometimes, and
depends on matching parameters to p via the matching mapping 0(u)
which achieves

Eo([6(X)] = p (12.40)

@ A(#) in Equation 12.38 is the “inference” problem (dual of the dual)
for a given 6, since computing it involves computing the desired
node/edge marginals.
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Conjugate Duality

@ Note that Ax isn't exactly entropy, only entropy sometimes, and
depends on matching parameters to p via the matching mapping 0(u)
which achieves

Eo([6(X)] = p (12.40)

e A(#) in Equation 12.38 is the “inference” problem (dual of the dual)
for a given 6, since computing it involves computing the desired
node/edge marginals.

@ Whenever u ¢ M, then A*(u) returns oo which can't be the resulting
sup in Equation 12.38, so Equation 12.38 need only consider M.
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Conjugate Duality

A(6) = sup {(0,1) — A*(n)} (12.38)
HEM

e computing A(#) in this way corresponds to the inference problem
(finding mean parameters, or node and edge marginals). Key: we
compute the log partition function simultaneously with solving
inference, given the dual.
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Conjugate Duality

A(6) = sup {(0,1) — A" ()} (12.38)
HEM

e computing A(f) in this way corresponds to the inference problem
(finding mean parameters, or node and edge marginals). Key: we
compute the log partition function simultaneously with solving
inference, given the dual.

@ Good news: problem is concave objective over a convex set. Should
be easy. In simple examples, indeed, it is easy. ©
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Conjugate Duality

A(6) = sup {(0,1) — A" ()} (12.38)
HEM

e computing A(f) in this way corresponds to the inference problem
(finding mean parameters, or node and edge marginals). Key: we
compute the log partition function simultaneously with solving
inference, given the dual.

@ Good news: problem is concave objective over a convex set. Should
be easy. In simple examples, indeed, it is easy. ©®

@ Bad news: M is quite complicated to characterize, depends on the
complexity of the graphical model. ®
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Conjugate Duality

A(6) = sup {(0,1) — A" ()} (12.38)
HEM

e computing A(f) in this way corresponds to the inference problem
(finding mean parameters, or node and edge marginals). Key: we
compute the log partition function simultaneously with solving
inference, given the dual.

@ Good news: problem is concave objective over a convex set. Should
be easy. In simple examples, indeed, it is easy. ©®

@ Bad news: M is quite complicated to characterize, depends on the
complexity of the graphical model. ®

@ More bad news: A* not given explicitly in general and hard to
compute. ®
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Conjugate Duality

A(6) = sup {(6, 1) — A"()) (12.38)
neM

@ Some good news: The above form gives us new avenues to do
approximation. ®
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Conjugate Duality

A(6) = sup {(6, 1) — A"()) (12.38)
neM

@ Some good news: The above form gives us new avenues to do
approximation. ©

@ For example, we might either relax M (making it less complex), relax
A*(u) (making it easier to compute over), or both. ®
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Conjugate Duality

A(6) = sup {(6, 1) — A"()) (12.38)
neM

@ Some good news: The above form gives us new avenues to do
approximation. ©

o For example, we might either relax M (making it less complex), relax
A*(p) (making it easier to compute over), or both. ®

@ Surprisingly, this is strongly related to belief propagation (i.e., the
sum-product commutative semiring). @®
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Conjugate Duality

A(6) = sup {(6, 1) — A"()) (12.38)
neM

@ Some good news: The above form gives us new avenues to do
approximation. ©

o For example, we might either relax M (making it less complex), relax
A*(p) (making it easier to compute over), or both. ®

@ Surprisingly, this is strongly related to belief propagation (i.e., the
sum-product commutative semiring). @®

@ Much of the rest of the class will be above approaches to the above
correspond not only to junction tree algorithm (that we've seen) but
also to well-known approximation methods (LBP, mean-field, Bethe,
expectation-propagation (EP), Kikuchi methods, linear programming
relaxations, and semidefnite relaxations, some of which we will cover).
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LBP and Tree Outer Bound
[NERRN]

Overcomplete, simple notation

e We'll see: LBP (sum-product alg.) has much to do with an
approximation to the aforementioned variational problems.
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LBP and Tree Outer Bound
[NERRN]

Overcomplete, simple notation

o We'll see: LBP (sum-product alg.) has much to do with an
approximation to the aforementioned variational problems.
@ Recall: dealing only with pairwise interactions (natural for image

processing) — If not pairwise, we can convert from factor graph to
factor graph with factor-width 2 factors.
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LBP and Tree Outer Bound
[NERRN]

Overcomplete, simple notation

o We'll see: LBP (sum-product alg.) has much to do with an
approximation to the aforementioned variational problems.

@ Recall: dealing only with pairwise interactions (natural for image
processing) — If not pairwise, we can convert from factor graph to
factor graph with factor-width 2 factors.

@ Exponential overcomplete family model of form

po(x) = 7(0) exp Z 0, ( Z Ost(zs, 1)

veV (G (s,t)EE(G)

with simple new shorthand notation functions 6, and 6.

) 2 29“»1 2z, = i) and (12.41)
9925 $5,{I’t Zest ij xs =1, y Lt = ]) (1242)
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LBP and Tree Outer Bound
(LEARN

Marginal notation, and graph
Marginal polytope

@ We also have mean parameters that constitute the marginal polytope.

po(@o) 2N poil(a, = i), forue V(G) (12.43)
’iEDXL,
A .
pst(xs, x4) = Z pst jkl(zs = j,xp = k), for (s, t) € E(G)

(jvk)eDX{&[}
(12.44)
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LBP and Tree Outer Bound
(LEARN

Marginal notation, and graph
Marginal polytope

@ We also have mean parameters that constitute the marginal polytope.

o (24) 2 Z fyil(zy = 1), foru € V(G) (12.43)

iEDXv

Z /Lst,jkl(l‘s = jv Ty = k)a for (Svt) € E(G)
(jvk)EDX{S’t}

A
Mst(ﬂUs,fEt) =

(12.44)

e And M(G) corresponds to the set of all singleton and pairwise
marginals that can be jointly realized by some underlying probability
distribution p € F(G, M) that contains only pairwise interactions.
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LBP and Tree Outer Bound
(LEARN

Marginal notation, and graph
Marginal polytope

@ We also have mean parameters that constitute the marginal polytope.

o (24) 2 Z ty,il(xy = 1), for u e V(G) (12.43)

’iEDXv

Z Mst,jkl(xs = jv Ty = k)a for (87t> € E(G)
(jvk)EDX{S’t}

A
Mst(l‘s,fft) =

(12.44)

e And M(G) corresponds to the set of all singleton and pairwise
marginals that can be jointly realized by some underlying probability
distribution p € F(G, M) that contains only pairwise interactions.

e Note, M((G) is respect to a graph G.
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LBP and Tree Outer Bound
(LEARN

Marginal notation, and graph
Marginal polytope

@ We also have mean parameters that constitute the marginal polytope.

o (24) 2 Z ty,il(xy = 1), for u e V(G) (12.43)

’iEDXv

Z Mst,jkl(xs = jv Ty = k)a for (87t> € E(G)
(jvk)EDX{S’t}

A
Mst(l‘s,fft) =

(12.44)

e And M(G) corresponds to the set of all singleton and pairwise
marginals that can be jointly realized by some underlying probability
distribution p € F(G, M) that contains only pairwise interactions.

o Note, M(G) is respect to a graph G.

@ M can be represented as a convex hull of a set of points, or by a set
of linear inequality constraints.
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LBP and Tree Outer Bound
(NEARN

Local consistency polytope

@ An “outer bound” of M consists of a set that contains M, and if it is
formed from a subset of the linear inequalities (subset of the rows of
matrix module (A, b)), then it is a polyhedral outer bound. Lets call
this L.
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LBP and Tree Outer Bound
(NEARN

Local consistency polytope

@ An “outer bound” of M consists of a set that contains M, and if it is
formed from a subset of the linear inequalities (subset of the rows of
matrix module (A, b)), then it is a polyhedral outer bound. Lets call
this L.

@ Another way to form outer bound: require only consistency, i.e.,
consider set {7,,v € V(G)} U {74, (s,t) € E(G)} that is
non-negative and satisfies normalization

ZTU(-TU) =1 (1245)

Lo

and pair-node marginal consistency constraints

ZTSJ('TS:J";) = 7s(7s) (12.46a)
w;

ZTS,t<$;=$t) = 7(24) (12.46b)
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LBP and Tree Outer Bound
(NRA RN

Local consistency polytope

e Define L(G) to be the (locally consistent) polytope that obeys the
constraints in Equations 12.45 and 12.46.

@ Recall: local consistency was the necessary conditions for potentials
being marginals that, it turned out, for junction tree that also
guaranteed global consistency.

@ Clearly M C LL(G) since any member of M (true marginals) will be
locally consistent.

@ When G is a tree, we say that local consistency implies global
consistency, so for any tree T', we have M(T") = L(T))

@ When G has cycles, however, M(G) C L(G) strictly. We refer to
members of L(G) as pseudo-marginals

o Key problem is that members of . might not be true possible
marginals for any distribution.
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LBP and Tree Outer Bound
(NERY N

Pseudo-marginals

To(wy) = [0.5,0.5], and 7 4(zs, 2;) = ['5 étﬁt '5@5“] (12.47)

@ Consider on 3-cycle (5, satisfies local consistency.
@ But for this won't give us a marginal. Below shows M(C3) for
p1 = po = ps = 1/2 and the IL(C3) outer bound (dotted).

23
0.5
0.5

12

(a) (b)
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LBP and Tree Outer Bound
(NNARY

Exponential Family: Recap

@ Exponential Family

po(x) = exp((0, ¢(x)) — A(0)) (12.48)

with

A(f) = log/D 0, ¢(z)) v(dr) (12.49)
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LBP and Tree Outer Bound
(NNARY

Exponential Family: Recap

@ Exponential Family

po(x) = exp((0, o(x)) — A(0)) (12.48)

with
A(0) = log/D 0, ¢(z)) v(dx) (12.49)

o A(0) is key.
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LBP and Tree Outer Bound
(NNARY

Exponential Family: Recap

@ Exponential Family

po(x) = exp((0, o(x)) — A(0)) (12.48)

with
A(0) = log/D 0, ¢(z)) v(dx) (12.49)

o A(0) is key.

@ Forward mapping, inference: from 6 € ) to u € M, get marginals.
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LBP and Tree Outer Bound
(NNARY

Exponential Family: Recap

@ Exponential Family

po(x) = exp((0, o(x)) — A(0)) (12.48)

with
A(0) = log/D 0, ¢(z)) v(dx) (12.49)

o A(0) is key.
o Forward mapping, inference: from 6 € Q) to u € M, get marginals.

@ Backwards mapping, learning: from pu € M to 0 € (), getting best
parameters associated with empirical facts (means).
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LBP and Tree Outer Bound
(NNARY

Exponential Family: Recap

@ Exponential Family

po(x) = exp((0, o(x)) — A(0)) (12.48)

with
A(0) = log/D 0, ¢(z)) v(dx) (12.49)

o A(0) is key.
o Forward mapping, inference: from 6 € Q) to u € M, get marginals.

@ Backwards mapping, learning: from pu € M to 0 € (), getting best
parameters associated with empirical facts (means).

@ So learning is dual of inference.
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Bethe Entropy Approx
[NERRNNRRNRAY]

Bethe Entropy Approximation

A(0) = sup {(0, ) — A™(n)} (12.38)
neM

@ So inference corresponds to Equation 12.38, and we have two
difficulties M and A* ().

@ Maybe it is hard to compute A*(u) but perhaps we can reasonably
approximate it.

@ In case when —A* () is the entropy, lets use an approximate entropy
based on L being those distributions that factor w.r.t. a tree.

@ When p € f(G,M(f)) and G is a tree T, then we can write p as:

p(z1, .. H pv Ty) H Pisli2;) (12.50)

veVv(T (6. EE(T) pi(ﬂfi)Pj(JUj)
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Bethe Entropy Approx
[LRRRRNNAREY

Bethe Entropy Approximation

@ In terms of current notation, we can let € IL(7'), the pseudo
marginals associated with T". Since local consistency requires global
consistency, for a tree, any p € IL(T) is such that p € M(T), thus

pu@) = [ meles) [ Hetlfmte) (12.51)

seV(T) (s,t)GE(T} ps(@s) e ()
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Bethe Entropy Approx
[LRRRRNNAREY

Bethe Entropy Approximation

@ In terms of current notation, we can let u € IL(T'), the pseudo
marginals associated with T". Since local consistency requires global
consistency, for a tree, any p € L(T) is such that u € M(T), thus

= I w@ ] _Ho(@s 20) (12.51)

seV(T) (e Mo (T (Tt)
@ When G =T is a tree, and p € L(T') = M(T") we have

AW =Hp) = Y HX) - Y I(XeX) (1252)
veV(T) (s,t)eE(T)

= Z HU(N’U)_ Z Ist(/‘st) (1253)

veV(T) (s,t)eE(T)
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Bethe Entropy Approx
[LRRRRNNAREY

Bethe Entropy Approximation

@ In terms of current notation, we can let u € IL(T'), the pseudo
marginals associated with T". Since local consistency requires global
consistency, for a tree, any p € L(T) is such that u € M(T), thus

= I w@ ] _Ho(@s 20) (12.51)

seV(T) (e Mo (T (Tt)
@ When G =T is a tree, and p € L(T') = M(T) we have

—A ) =H(p) = Y. H(X,)— Y I(XgXy) (1252)

veV(T) (s,t)eE(T)
= Z Hv(:uv) - Z Ist(ﬂst) (1253)
veV(T) (s,t)eE(T)

@ Thatis, for G =T, —A*(u) is very easy to compute (only need to
compute entropy and mutual information over at most pairs).
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Bethe Entropy Approx
(NLRNRRNNAREY

Bethe Entropy Approximation

@ We can perhaps just use this as an approximation, i.e., say that for
any graph G = (V, E) not nec. a tree.
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Bethe Entropy Approx
(NLRNRRNNAREY

Bethe Entropy Approximation

@ We can perhaps just use this as an approximation, i.e., say that for
any graph G = (V, E) not nec. a tree.

@ That is, assuming that the distribution is structured over pairwise
potential functions w.r.t. a graph G, we can make an approximation
to —A*(7) based on equation that has same form, i.e.,

*A*(T) ~ HBethe(T) é Z HL(TL) — Z [st<7—5t) (1254)

veV(Q) (s,t)€E(G)
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Bethe Entropy Approx
(NLRNRRNNAREY

Bethe Entropy Approximation

@ We can perhaps just use this as an approximation, i.e., say that for
any graph G = (V, E) not nec. a tree.

@ That is, assuming that the distribution is structured over pairwise
potential functions w.r.t. a graph G, we can make an approximation
to —A*(7) based on equation that has same form, i.e.,

_A*(T) ~ HBethe(T) é Z H’U(T’U) - Z -[st(Tst) (12.54)

veV(G) (s,t)EE(Q)

e Key: Hpgewne(T) is not necessarily concave as it is not a real entropy.
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Bethe Entropy Approx
(NLRNRRNNAREY

Bethe Entropy Approximation

@ We can perhaps just use this as an approximation, i.e., say that for
any graph G = (V, E) not nec. a tree.

@ That is, assuming that the distribution is structured over pairwise
potential functions w.r.t. a graph G, we can make an approximation
to —A*(7) based on equation that has same form, i.e.,

_A*(T) ~ HBethe(T) é Z H’U(T’U) - Z Ist(Tst) (12.54)

veV(G) (s,t)EE(Q)

o Key: Hpgeine(T) is not necessarily concave as it is not a real entropy.
@ MI equation is not hard to compute O(r?).

Ist(Tst) = Ist(Tst(fL’s:xt» (1255)

= 3 ez ) log e 7). (12.56)

Ts(Ts)Te(2¢)

Prof. Jeff Bilmes EE512a/Fall 2014/Graphical Models - Lecture 12 - Nov 10th, 2014 F53/64 (pg.142/185



Bethe Entropy Approx
(NRY RRRNNAREY

Bethe Variational Problem and LBP

Original variational representation of log partition function

A(B) = sup {(6. 1) — A™(w)} (12.57)
pneM
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Bethe Entropy Approx
(NRY RRRNNAREY

Bethe Variational Problem and LBP

Original variational representation of log partition function

AB) = sup {(6, 1) — A*(u)} (12.57)
HEM

Approximate variational representation of log partition function

Agethe(0) = SEE {(0,7) + Hgethe(7)} (12.58)

=sup (0,7) + Z H,(my) — z T (7st) (12.59)

T€L VeV (G) (s,)€E(G)
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Bethe Entropy Approx
(NRY RRRNNAREY

Bethe Variational Problem and LBP

Original variational representation of log partition function

AB) = sup {(6, 1) — A*(u)} (12.57)
HEM

Approximate variational representation of log partition function

ABethe(0) = SEE {(0,7) + Hpethe(7)} (12.58)

=supy (0,7) + Z Hy(1y) — Z Isi(7st) ¢ (12.59)

€L veV(Q) (s,0)EE(G)

@ Exact when G =T but we do this for any G, still commutable
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Bethe Entropy Approx
(NRY RRRNNAREY

Bethe Variational Problem and LBP

Original variational representation of log partition function

AB) = sup {(6, 1) — A*(u)} (12.57)
HEM

Approximate variational representation of log partition function

ABethe(0) = SEE {(0,7) + Hpethe(7)} (12.58)

=supy (0,7) + Z Hy(1y) — Z Isi(7st) ¢ (12.59)

€L veV(Q) (s,0)EE(G)

@ Exact when G =T but we do this for any G, still commutable

@ we get an approximate log partition function, and approximate
(pseudo) marginals (in L), but this is perhaps much easier to compute.
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Bethe Entropy Approx
(NRY RRRNNAREY

Bethe Variational Problem and LBP

Original variational representation of log partition function

AB) = sup {(6, 1) — A*(u)} (12.57)
HEM

Approximate variational representation of log partition function

ABethe(0) = SEE {(0,7) + Hpethe(7)} (12.58)

=supy (0,7) + Z Hy(1y) — Z Isi(7st) ¢ (12.59)

€L veV(Q) (s,0)EE(G)

@ Exact when G =T but we do this for any G, still commutable

@ we get an approximate log partition function, and approximate
(pseudo) marginals (in L), but this is perhaps much easier to compute.

@ We can optimize this directly using a Lagrangian formulation.
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Bethe Entropy Approx
(NRRN NRRNAREY

Bethe Variational Problem and LBP

@ Lagrangian constraints for summing to unity at nodes

T) =1- ZTv(wv) (1260)

@ Lagrangian constraints for local consistency

Cts(xs§ =Ts xs ZTst .%'S,.’,Et (1261)

@ Yields following Lagrangian

‘C(Ta A ‘9) = <9> T> + HBethe(T) + Z Ao Cop (T) (1262)
veV
+ Z Z /\ts (l‘s)cts ($s§ 7-) + Z )\st ($t)cst (:L't; 7-)
(s,t)EE(G) L zs Tt
(12.63)
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Bethe Entropy Approx
(NRRNR ARNAREY

Fixed points: Variational Problem and LBP

Theorem 12.6.1

LBP updates are Lagrangian method for attempting to solve Bethe
variational problem:

(a) For any G, any LBP fixed point specifies a pair (7%, \*) s.t.

VAL(T*,\*;0) =0 and VAL(T*,\*;0) =0 (12.64)

(b) For tree MRFs, Lagrangian equations have unique solution (7%, \*)
where T* are exact node and edge marginals for the tree and the optimal
value obtained is the true log partition function.

@ Not guaranteed convex optimization, but is if graph is tree.

@ Remarkably, this means if we run loopy belief propagation, and we
reach a point where we have converged, then we will have achieved a
fixed-point of the above Lagrangian, and thus a (perhaps reasonable)
local optimum of the underlying variational problem.
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Bethe Entropy Approx
(NRRNNT ARAREY

Fixed points: Variational Problem and LBP

@ The resulting Lagrange multipliers Ag; end up being exactly the
messages that we have defined. l.e., we get

Nat(@e) = posi(w) =Y tsu(we, ) [ mwoslas)  (12.65)
ked(s)\{t}
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Bethe Entropy Approx
(NRRNNT ARAREY

Fixed points: Variational Problem and LBP

@ The resulting Lagrange multipliers Ag; end up being exactly the
messages that we have defined. l.e., we get

)\st(xt) = Ms—)t(xt) = Zdﬂs,t(%ﬁ xt) H Nk%s(xs) (1265)

e ked(s)\{t}

@ Proof: take derivatives of Lagrangian, set equal to zero, use
Lagrangian constraints, do a bit of algebra, and amazingly, the BP
messages suddenly pop out!!! (see page 86 in book).
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Bethe Entropy Approx
(NRRNNT ARAREY

Fixed points: Variational Problem and LBP

@ The resulting Lagrange multipliers Ag; end up being exactly the
messages that we have defined. l.e., we get

)\st(xt) = Ms—>t(xt) = Zws,t(x& xt) H Nk%s(xs) (1265)

e ked(s)\{t}

@ Proof: take derivatives of Lagrangian, set equal to zero, use
Lagrangian constraints, do a bit of algebra, and amazingly, the BP
messages suddenly pop out!!! (see page 86 in book).

@ So we can now (at least) characterize any stable point of LBP.
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Bethe Entropy Approx
(NRRNNT ARAREY

Fixed points: Variational Problem and LBP

@ The resulting Lagrange multipliers Ag; end up being exactly the
messages that we have defined. l.e., we get

Nat(@e) = posi(w) =Y tsu(ws,m) [ mroslas)  (12.65)
Ts kes(s)\{t}

@ Proof: take derivatives of Lagrangian, set equal to zero, use
Lagrangian constraints, do a bit of algebra, and amazingly, the BP
messages suddenly pop out!!! (see page 86 in book).

@ So we can now (at least) characterize any stable point of LBP.

@ This does not mean that it will converge.
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Bethe Entropy Approx
(NRRNNT ARAREY

Fixed points: Variational Problem and LBP

@ The resulting Lagrange multipliers Ag; end up being exactly the
messages that we have defined. l.e., we get

)\st(xt) = Ms—>t(xt) = Zws,t(x& xt) H Nk%s(xs) (1265)

e ked(s)\{t}

@ Proof: take derivatives of Lagrangian, set equal to zero, use
Lagrangian constraints, do a bit of algebra, and amazingly, the BP
messages suddenly pop out!!! (see page 86 in book).

@ So we can now (at least) characterize any stable point of LBP.
@ This does not mean that it will converge.

@ For trees, we'll get Agethe(f) = A(0), results of previous lectures
(parallel or MPP-based message passing).
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds?
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0" e argznax((ﬁ,,&) — A(0)) (??7)
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
A" (1) 2 sup ({0, 1) — A(9)) (72)
0eQ
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
wr \ A
A" () = sup ((6, ) — A(0)) (?7)
0eQ

@ Recall again the expression for the partition function

AB) = sup {(6, 1) — A*(u)} (12.38)
HeEM
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
wr \ A
A" () = sup ((6, ) — A(0)) (?7)
0eQ

@ Recall again the expression for the partition function
A(0) = sup {(0,p) — A" ()} (12.38)
neM

and some approximation to A(#), say Aapprox(f)-
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
wr \ A
A" () = sup ((6, ) — A(0)) (?7)
0eQ

@ Recall again the expression for the partition function
A(0) = sup {(0,p) — A" ()} (12.38)
neM

and some approximation to A(6), say Aapprox(6)-
@ Due to sup, we might want, an upper bound A,pprox(6) > A(0),
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
wr \ A
A" () = sup ((6, ) — A(0)) (?7)
0eQ

@ Recall again the expression for the partition function
A(0) = sup {(0,p) — A" ()} (12.38)
neM

and some approximation to A(6), say Aapprox(6)-
@ Due to sup, we might want, an upper bound A,pprox(6) > A(0),
e mean-field methods (ch 5 in book) provides lower bound on A(6).
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Bethe Entropy Approx
[NRRNRRY NRRRY

Bounds on A

@ Moreover, this does not mean Apgethe(f) will be a bound on A(6)
rather an approximation to it. Why bounds? Recall Max. Likelihood

0* € argmax ({0, 1) — A(9)) (??)
0
and convex conjugate dual of A(0)
wr \ A
A" () = sup ((6, ) — A(0)) (?7)
0eQ
@ Recall again the expression for the partition function
A(9) = sup ({8, 1) — A ()} (12.38)
HeEM
and some approximation to A(6), say Aapprox(6)-
@ Due to sup, we might want, an upper bound A,pprox(6) > A(0),
e mean-field methods (ch 5 in book) provides lower bound on A(6).
@ For certain “attractive” potential functions, we get Agethe(6) < A(0),

these are common in computer vision and are related to graph cuts.
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Bethe Entropy Approx
(NRRNRRNR AR

Bounds on A

@ In general, ideally we would like methods that give us (as tight as
possible) bounds, and we can use both upper and lower bounds.
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Bethe Entropy Approx
(NRRNRRNR AR

Bounds on A

@ In general, ideally we would like methods that give us (as tight as
possible) bounds, and we can use both upper and lower bounds.
@ Recall definition of the family

po() = exp((0, ¢(x)) — A(6)) (12.66)
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Bounds on A

@ In general, ideally we would like methods that give us (as tight as
possible) bounds, and we can use both upper and lower bounds.
@ Recall definition of the family

po(x) = exp((0, o(x)) — A(0)) (12.66)

@ So bounds on A can give us bounds on p. E.g., lower bounds on A
will give us upper bounds on p.
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Bounds on A

@ In general, ideally we would like methods that give us (as tight as
possible) bounds, and we can use both upper and lower bounds.
@ Recall definition of the family

po(x) = exp((0, o(x)) — A(0)) (12.66)

@ So bounds on A can give us bounds on p. E.g., lower bounds on A
will give us upper bounds on p.
@ To compute conditionals

xalr _ p(l'AuB) . ZZL'V\(AUB)])(J;)
p(zalrp) = Pam) Sy, p@) (12.67)

we would like both upper and lower bounds on A depending on if we
want to upper or lower bound probability estimates.
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Bounds on A

@ In general, ideally we would like methods that give us (as tight as
possible) bounds, and we can use both upper and lower bounds.
@ Recall definition of the family

po(x) = exp((0, o(x)) — A(0)) (12.66)

@ So bounds on A can give us bounds on p. E.g., lower bounds on A
will give us upper bounds on p.

@ To compute conditionals

x
p($A|ZCB) _ p(mAUB) _ ZSEV\(AUB) p( ) (12.67)
p(zB) 2wy 5 P(2)

we would like both upper and lower bounds on A depending on if we
want to upper or lower bound probability estimates.

@ Perhaps more importantly, exp(A(#)) is a marginal in and of itself
(recall it is marginalization over everything). If we can bound A(6),
we can come up with other forms of bounds over other marginals.
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate:
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L;
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Bethe Entropy Approx
[NRRNRRNNE ANY

Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpethe in place of the true dual A*.
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpgethe in place of the true dual A*.

e Example of inaccuracy (example 4.2 from book), consider a 4-clique

ps(zs) =10.5 0.5] for s =1,2,3,4 (12.68a)
05 0 }

st (s, 1) = { Vo V(s,t) € B(G) (12.68b)
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Bethe Entropy Approx
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpgethe in place of the true dual A*.

@ Example of inaccuracy (example 4.2 from book), consider a 4-clique
ps(xs) =[0.5 0.5] fors=1,2,3,4 (12.68a)

0.5 O}

pst(xs, x4) = { 0 05 V(s,t) € E(G) (12.68b)

e Valid marginals, equal 0.5 probability for (0,0,0,0) and (1,1,1,1).
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpgethe in place of the true dual A*.

@ Example of inaccuracy (example 4.2 from book), consider a 4-clique

ps(xs) =[0.5 0.5] fors=1,2,3,4 (12.68a)
st (0, 21) = [ " } V(s,t) € B(G)  (12.68b)

e Valid marginals, equal 0.5 probability for (0,0,0,0) and (1,1,1,1).
e Each H,(us) =log2, and each I (us) = log2 giving

Hpethe(1t) = 4log2 — 6log2 = —2log2 < 0 (12.69)
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpgethe in place of the true dual A*.

@ Example of inaccuracy (example 4.2 from book), consider a 4-clique

ps(xs) =[0.5 0.5] fors=1,2,3,4 (12.68a)
st (0, 21) = [ " } V(s,t) € B(G)  (12.68b)

e Valid marginals, equal 0.5 probability for (0,0,0,0) and (1,1,1,1).
e Each H,(us) =log2, and each I (us) = log2 giving

Hpethe (1) = 4log2 — 6log2 = —2log2 < 0 (12.69)
which obviously can't be a true entropy since we must have H > 0 for

discrete distributions.
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Lack of bounds for Bethe

@ Two reasons A might be inaccurate: 1) We have replaced M with
outer bound L; and 2) we've used Hpgethe in place of the true dual A*.

@ Example of inaccuracy (example 4.2 from book), consider a 4-clique

ps(xs) =[0.5 0.5] fors=1,2,3,4 (12.68a)

0.5 O}

pst(xs, x4) = { 0 05 V(s,t) € E(G) (12.68b)

e Valid marginals, equal 0.5 probability for (0,0,0,0) and (1,1,1,1).
e Each H,(us) =log2, and each I (us) = log2 giving

Hpethe(1t) = 4log2 — 6log2 = —2log2 < 0 (12.69)

which obviously can’t be a true entropy since we must have H > 0 for
discrete distributions.

@ True —A*(p) =log2 > 0.
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for

non-tree graphs)?
e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py.
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?

e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py. true for Lagrangian optimization as well. ®
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@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?

e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py. true for Lagrangian optimization as well. ®

@ Recall notion of reparameterization: for tree graph, such that we can
reparameterize so that the edges and nodes are true marginals. e.g.,

0i(a0) = S, ()
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?

e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py. true for Lagrangian optimization as well. ®

@ Recall notion of reparameterization: for tree graph, such that we can
reparameterize so that the edges and nodes are true marginals. e.g.,
¢i(x;) = EIV\{i} p(x). A goal of inference is to change factors to
become true marginals, can't be done for graphs with cycles in
general.
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?

e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py. true for Lagrangian optimization as well. ®

@ Recall notion of reparameterization: for tree graph, such that we can
reparameterize so that the edges and nodes are true marginals. e.g.,
¢i(x;) = Ezv\{} p(z). A goal of inference is to change factors to
become true marginals, can't be done for graphs with cycles in
general.

@ Fixed points of LBP do not get marginal reparameterization but it
does get something identical when global renormalized.
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What about IL \ M?

@ Do solutions to Bethe variational problem (equivalently fixed points of
LBP) ever fall into L(G) \ M(G) (which we know to be non-empty for
non-tree graphs)?

e Unfortunately, for all 7 € L(G), then it can be a fixed point for LBP
for some py. true for Lagrangian optimization as well. ®

@ Recall notion of reparameterization: for tree graph, such that we can
reparameterize so that the edges and nodes are true marginals. e.g.,
¢i(x;) = va\{,} p(z). A goal of inference is to change factors to

become true marginals, can't be done for graphs with cycles in
general.

o Fixed points of LBP do not get marginal reparameterization but it
does get something identical when global renormalized.

@ That is, we have
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Reparameterization Properties of Bethe Approximation

Proposition 12.6.2
Let 7 = (17,5 € V74, (s,t) € E(G)) denote any optimum of the Bethe

variational principle defined by the distribution pg. Then the distribution
defined by the fixed point as

pT*(w)ﬁz(lT*)ng:(ws) [[ —Dtle (12.70)

is a reparameterization of the original. That is, we have pg(x) = p«(x)
for all x.

@ For trees, we have Z(7*) = 1.

@ Form gives strategies for seeing how bad we are doing for any given
instance (by, say, comparing marginals) - approximation error (possibly
a bound)
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What about IL \ M?

o Consider
0s(zs) = log 75(xs) = log 0.5 0.5] for s =1,2,3,4
(12.71a)
Tst(x&wt)
Ost(ws, x1) = log ——~——~
t(x l't) °8 Ts(xs)Tt(-Tt>
,Bst 0.5 — ﬁst
= log4 Y(s,t) € E(G) (12.71b
81| g5 s p | Vs € B©G) (12710)
@ We saw in the slide that, for a 3-cycle, a choice of
parameters that gave us 7 € IL \ M. Is this achievable as fixed point of

LBP?

@ For this choice of parameters, if we start sending messages, starting
from the uniform messages, then this will be a fixed point. ®
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Sources for Today's Lecture

o Wainwright and Jordan Graphical Models, Exponential Families, and
Variational Inference http://www.nowpublishers.com/product.
aspx?product=MAL&doi=2200000001
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